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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1357-1366 (June, 1958) 
The energy spectra of 7 and m mesons from p+C collisions are measured at an angle 
of 56° to the proton beam, using a magnetic spectrometer designed especially for such types 

of measurements. The spectra of both 7‘ and 7 mesons each had a maximum in the re- 

gion ~110 Mev and could still be measured up to ~400 Mev. Smearing out of the spectrum 
on the high-energy side is thought to result from preduction of + mesons inside the nucleus 
on correlated groups of nucleons which have large relative momenta. The differential cross 
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sections for 7’ and m production were (5.1 +0.8) x10-27 and (1.0 + 0.2) x 1072" 


em?/sterad. The angular distributions of m* 


c.m. system of the colliding nucleons. The measured ratio of 1* 


and m mesons were nearly isotropic in the 


to m yields was not in 


agreement with that predicted by the simple model in which m7 mesons are produced only 
via excitation of the nucleon toa T=J=% intermediate state, and indicates that inelastic 
collisions in the T=0 state contribute substantially. 


1. INTRODUCTION 


ly a preceding article! we described measure- 
ments of the energy spectra of mt and m mesons 
produced by 660-Mev protons on beryllium and 
carbon. For both elements the 7 spectrum, ob- 
served at an angle of 24° relative to the proton 
beam, showed a strong maximum in the region of 
energies in the center of mass system of the two 
colliding nucleons (c.m.s.) corresponding to the 
maximum of the total cross section for the scatter- 
ing of 7 mesons by nucleons. This situation can 
be viewed as an indication that the production of 

m@ mesons at this energy in nucleon-nucleon colli- 
sions inside the nucleus is mainly determined by 
the presence of resonance interaction between the 
m™ meson and one of the nucleons in a state of an- 
gular momentum J = _/, and isotopic spin T= 

i (P372,3/2 -state). However, for both elements 

the measured ratio of 7 to m production turned 
out to be markedly lower than the ratio calculated 
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under the assumption that the interaction of the 
nucleon with the nucleus can be reduced to a series 
of collisions of nucleon pairs, in which the produc- 
tion of a mesons proceeds only via the intermedi- 
ate Ps/2,3/, -state.” 

For a more detailed explanation of the character 
of the process of m-meson production by protons 
on complex nuclei, it is essential, first, to make a 
quantitative estimate of how the form of the energy 
spectra and a to m ratio change with angle. 
Second, it is necessary to note the influence of the 
process of m7 -meson production in collisions of the 
incident proton with compact groups of strongly- 
interacting nucleons on the form of the spectra 
near to the upper energy limits. Such a process 
appears possible, if one takes account of the fact 
that collisions of protons with quasi-deuteron 
groups in the nuclei occur fairly often.? 

The experiments described in this article were 
carried out on the six-meter synchrocyclotron of 
the Joint Institute for Nuclear Research with the 
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object of clarifying the features indicated above of 
charged m-meson production on carbon by 670- 
Mev protons. 


2. EXPERIMENTAL SETUP 


The energy spectra of at and m mesons were 
measured with a magnetic spectrometer. Its place- 
ment relative to the vacuum chamber of the synchro- 
cyclotron and concrete shielding is shown in Fig. 1. 
The extracted proton beam was focused by two quad- 
rupole lenses, deflected through 12° by a magnet, 
and then led through a 2-cm diameter steel collima- 
tor, placed in a four-meter shielding wall of rein- 
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FIG. 2, Diagram of the spectrometer: 
target, C, to C, — scintillators. 
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FIG. 1. Placement of the spectrometer 
(1), shielding wall (2), deflecting magnet 
(3), and focusing lens (4), shown relative 
to the synchrocyclotron chamber. 
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forced concrete, and directed towards the spectrom 
eter. The intensity of the beam was controlled by 
ionization chamber (He at a pressure of 0.5 atmos }) 
At the position of the target, the mean proton energy 
in the beam was 670 + 5 Mev, and the intensity of 
the current in the beam (cross section ~7 cm?) 
was ~3%x10®protons/cm?’sec. 

The basic piece of experimental apparatus was 
an analyzing magnet which weighed 28 tons and had © 
circular pole tips of diameter 60 cm and a gap of _ 
6cm. The maximum magnetic field was 20,000 
oersteds. The field strength H in the gap was 
measured to an accuracy of 0.2% by nuclear ab- 
sorption. An electronic stabilizer held the given 
magnetic field strength constant within 0.2%. The 
supply to the magnet was such that the field through 
the coils could be reversed, making it possible to 
analyze particles of either polarity. A vacuum 
chamber of diameter 60 cm was mounted between 
the poles of the magnet. In the brass rim of this 
chamber were ten radial openings with soldered 
brass tubes. The ends of the tubes were covered 
with copper foil 40 p thick. 

Using channels I, I, Il], and IV of the spec- 
trometer, shown in Fig. 2, ™ mesons with energies 
up to 500 Mev could be analyzed. As the charged 
particles pass through the channels II, III, and IV, 
they are focused in the horizontal plane by the ho- 
mogeneous magnetic field of the spectrometer. In 
the experiments described, the distance from the 
center of the target to the edge of the poles was 
144 cm. The calculated distances from the edge 
of the poles to the focal surface for channels II, 

III and IV are given in Table I, together with other 
spectrometer characteristics. In calculating the 
parameters of the spectrometer, the drop off of 
the field at the edge and the stray field in the gap 
of the magnet were taken into account. Values for 
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Channel I 17 nor nv 


Angle of deflection 20° 40° 66° | gse 


Radius of curvature p of the 


mean trajectory in cm 200 Se || Od |, ee 


Distance from the edge of the pole 926 | 82 | 49 
to the focal surface in cm 


the radii of curvature of the mean trajectories were 
found by measurements with a thin current-carrying 
wire and also by calibration measurements of the 
position of the peaks corresponding to protons from 
elastic p-p scattering and m* mesons from the 
reaction p+p—~>déin'. 

The entrance telescope, consisting of the two 
scintillation counters C;, and C, connected for 
two-fold coincidence, selected t mesons from 
the beam produced in the target. The scintillators 
of the counters C; and Cy, were placed ina 
branch tube connected to the chamber of the spec- 
trometer. Particles going through the spectrom- 
eter were registered by an exit telescope composed 
of four scintillation counters C3, Cy, C, and Cg, 
connected pairwise (C3C,, CsC,) for two-fold co- 
incidence. Pulses from the two-fold coincidences 
were, in turn, included in a secondary two-fold co- 
incidence circuit. In the experiments, two-fold co- 
incidences in the entrance telescope, four-fold co- 
incidences in the exit telescope, and six-fold coin- 
cidences in the pulses from all counters could be 
registered. The background of random coincidences 
was measured by introducing a delay line, to shift 
the coincidence pulse from counters CsCeg. Stand- 


- ard electronic circuitry was employed for amplifi- 


cation, discrimination, and for the coincidence cir- 
cuits. The resolving times of the coincidence 
schemes are given in Table II, along with the widths 
and heights of the scintillators, ground tolan crys- 
tals about 2.5 mm thick. The scintillators defined 
the dimensions of the beam traversing the spec- 
trometer so that particles in the path did not touch 
the walls of the apparatus at any point. This ex- 
cluded any possibility of distortion of the form of 
the spectrum because of scattering or slowing down 
of the particles. The scintillators were joined to 
photomultipliers of type FEU-19M. To collect the 
light more effectively, the scintillators were sur- 
rounded by reflectors made of aluminum foil. The 
photoelectric multiplier was shielded from scat- 
tered magnetic fields by multi-layer screens of 
soft iron. Before the measurements were begun, 

it was established that the counting equipment 
worked on a plateau of ~100 v with respect to the 
voltage of the photoelectric multipliers. The scin- 
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tillation-counting efficiency was close to 100% in 
the entire range of m7-meson energies studied. 

In view of the high intensity.of the beam in the 
experimental area, it was necessary to surround 
the entrance telescape and chamber of the spec- 
trometer by a thick lead shield, as shown in Fig. 2. 
To shield the counting apparatus from the protons 
scattered off the end of the collimator which defined 
the beam, a supplementary reinforced-concrete 
wall, which was one meter thick and had an opening 
of diameter 5 cm through which the focused beam 
from the target passed was placed in front of the 
spectrometer. 

Depending on the purpose of the experiment, the 
exit telescope was placed in one of the guiding 
grooves cut, coaxial with channels I to IV, ina 
duraluminum plate securely attached to the magnet. 
The analyzing magnet, together with the vacuum 
chamber, shielding and the equipment on which the 
target was fastened, could be rotated on a platform 
which, in turn, could be moved along a rail perpen- 
dicular to the proton beam. In this way the angle 
of observation of the secondary particles could be 
varied between 15 and 175° relative to the primary 
beam. 

The system described here, comprising two 
telescopes and an analyzing magnet between them, 
was especially well suited for the counting of par- 
ticles in a narrow range of momenta. Under the 
conditions of the present experiment, such particles 
were secondary protons, 7 mesons, m mesons, 
and electrons. The relative content of these par- 
ticles in the beam with given momentum was de- 
termined by range measurements in copper, for 
which copper filters were introduced just in front 
of the scintillator Cs. 


TABLE II 
Dimen- 
sions of A . : Sine 
Courtca eee Resolution is a Hes coincidence 
ter tillator, a Naa 
cm 

Cy eS conn Miges 

Cy | test ree Ho 

Gs, | 3.0 x 3.0 \ 3.40-8 : 

Gy 2.04.0 5.40-8 

Cs 6.0«6.0 \ Apes 

CeO ie 


3. EXPERIMENTAL PROCEDURE AND ANALYSIS 
OF RESULTS 


In these experiments the energy spectra of posi- 
tive and negative mesons from p+C collisions 
were observed at an angle of 56° relative to the 
initial beam; this corresponded to emission of 1 


AZHGIREI, VZOROV, ZREUOV wer aie 


942 
TABLE III 
2 | 
Energy of hist ae oe a SRE @ot deo 
Senne dade sterad Mey | dadi ’ see sterad Mev ( dadly \/ a ) ‘ 
| 
30 1.08--0.10 0.23-+40.02 4.72+0.64 
47 1 .66-F0.09 
68 2.28+0.13 0.54-40.03 4,22+0.34 | 
85 2.92-40.13 
109 3.08-+0.08 0.59-+-0.02 5.23-++0.27 
130 2,960.07 mee | 
154 2.66-+0.05 0.51-+0.02 5.18+0.27 | 
186 2.42+0.06 
203 1.56-+0.06 0.27-+0.02 5.8640.54 
226 1.06-E0.05 
250 0.58-40.06 0.09-40.04 6.44+0.87 
247 0.33-£0.05 
300 0.18-+0.02 0.022-+-0.006 8.13+2.43 
324 0.080-E0.016 0.009--0.004 8.644.35 
348 0.068-++0.009 0.003-+40.004 
370 0.052-+0.031 0.012-+-0.005 
394 0.008-+0.014 
A | 
sections of m* and m7 mesons. In this way, cor- 


mesons at approximately 90° in the c.m.s. of the 
colliding nucleons. The main part of the measure- 
ments were carried out with a graphite target of 
height 3 cm, width 2 cm, and thickness 1.53 g/cm’. 
The target impurities did not exceed 0.01% by 
weight. The target was so placed that the normal 
to its surface coincided with the axis of the tele- 
scope C,C,. The energy of the incident protons 
in the center of the target was 669 Mev. The angu- 
lar divergence of the analyzed beam constituted 
~+1° in the horizontal plane. The exit telescope 
was so placed at the end of channel II that the dis- 
tance from the edge of the pole to the scintillator 
C,, which acted as an exit slit, was 75 cm. Under 
these conditions, the momentum interval selected 
by the scintillators of the spectrometer was con- 
stant over the whole range of momenta studied, 
and comprised Ap & 0.05p. 

The experiments reduced to measurements, as 
a function of the magnetic field, of the following 
quantities: (a) the rate of counting of the six-fold 
coincidences between pulses from counters C;—C, 
with the target in the beam and without it; (b) the 
rate of counting of six-fold random coincidences 
with the target in the beam and with a delay line 
to shift the coincident pulse from the pair of count- 
ers Cs5Cg by 3.2 x 107'sec. When the range of sec- 
ondary protons present in the analyzed beam be- 
came equal to the thickness of the first five scin- 
tillators, a copper filter was placed between 
scintillators C, and Cx. Its thickness was suffi- 
cient to stop secondary protons. The measurements 
were carried out so that the momentum intervals 
corresponding to the various thicknesses of filters 
employed overlapped; this made it possible to es- 
timate directly the magnitude of correction needed 
to account for absorption of mt mesons in the filter. 
In addition, this correction was also calculated 
from known data on the nuclear-interaction cross 
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rections were introduced for absorption of 7 me- 
sons in the target and in the scintillators, and also 
for the change in energy loss with changing energy 
of the mesons. The loss of a mesons in the 
beam by multiple scattering in the target and in the 
first scintillators was found to have a negligible 
effect on the spread of the energy interval studied, 
and, therefore, no corresponding correction was 
introduced. 

In calculating the correction for the decay of 
the a mesons in flight, their mean life time was 
taken to be (2.55 + 0.11) x 107° sec. Corrections 
for the presence of -mesons and electrons in the 
analyzed beam of a mesons of both signs were 
found, as already noted at the end of Sec. 2, by 
painstaking measurements of the range curves in 
copper at various energies. To minimize the pos- 
sible effect of vertical defocusing in the scattered 
magnetic field, the analyzed beam was made of 
relatively small height in these experiments and 
the particles were made to enter and leave at right 
angles to the edge of the field. Comparison of the 
counting rate for ma mesons at various field 
strengths and for a different height of analyzed 
beam showed that the distortion of the form of the 
spectrum due to the variation of vertical defocusing 
with field strength was within the limits of the sta- 
tistical errors of the measurements. 

Introduction of the corrections listed above into 
the number of registered six-fold coincidences per 
monitor count gave the relative yield Q(p) of 7 
mesons emitted with momentum in the interval 
p —3zAp to p+4Ap. The differential cross section 
per unit momentum of the meson, d?c/dw dp, was 
conne¢gted with Q(p) by the usual relation 


d’s | dodp = Q(p)/nNAwAp ~ Q (p)/nNAoHe, 


where n is the number of carbon nuclei per cm? 


of target surface, N is the current of primary 
_ protons incident on the target per unit monitor 
' count, and Aw is the solid angle subtended by the 
scintillators at the center of the target. 

The transformation from momentum distribution 
to energy distribution was carried out by the for- 
mula 


d’s |dwdp = vd*s / dw dE, 


where v is the velocity of the t meson. 

In view of the impossibility of defining accurately 
the quantity Aw, the absolute values of d’c/dwdE 
were evaluated by normalizing the area under the 

_™-meson spectrum, using the differential cross 
section for elastic p-p scattering. This operation 
reduced to comparing the areas lying under the 
m™-meson spectrum and under the proton peak in 
p-p scattering, measured by the polyethylene- 
carbon difference method under the same conditions 
as the m-meson spectrum. The m-meson curves 
giving d’c/dw dp as a function of p were extra- 
polated linearly from the lowest experimental point 
to the origin of coordinates. The differential cross 
section for elastic p-p scattering for 670 Mev and 
56° (60° in the c.m.s. of the colliding protons) was 
taken to be the same as for 657 Mey, i.e., equal to 
(6.70 + 0.26) x 10°2"em?/sterad [(3.41 + 0.13) x 
10-2"cm?/sterad in the c.m.s.].4 


4. RESULTS OF THE EXPERIMENTS AND 
DISCUSSION 


The values of d’o‘/dwdE and d’c-/dwdE, in 

the laboratory system, are given in Table III to- 
'gether with the statistical errors of measurements. 
The spectra of the a and ma mesons, constructed 
from the data in Table III, are shown in Fig. 3. 
There the upper parts of both spectra are shown 
separately, with the ordinate enlarged ten-fold com- 
pared with the remaining parts of the spectra. It 
can be seen that the spectra of m mesons of both 
signs have maxima in the region ~110 Mev. The 
mean energy of the ma’ mesons is ~136 Mev, that 
of the m mesons ~126 Mev. If, neglecting the 
motion of the nucleons inside the nucleus, we trans- 
form the spectra to the c.m.s. under the assumption 
that a mesons are produced by collision of the 
protons with individual nucleons inside the nucleus, 
then it turns out that in this system: (a) the mean 
energy of the mt mesons is 108 Mev, and thus does 
not differ appreciably from the value found previ- 
ously at 24° (~45° inthe c.m.s.); (b) the mean en- 
ergy of the m mesons is 102 Mev, whichis ~17 
Mev larger than the value found at ~45°; (c) the 
energy interval from 30 to 200 Mev, which includes 
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FIG. 3. Energy spectra of 7+ and 7~ mesons from p + C 
collisions at an angle of 56° to the beam of 670- Mev protons. 
O— m+ mesons, ® — 7” mesons. 


about 90% of the m mesons, corresponds in the 
c.m.s. to emission angles between 110 and 88°. In 
this angular interval, the yields of 7 and m me- 
sons from the reactions pn > a+ +2n and pn— 
a + 2p should be roughly the same, because of 
charge invariance. From the values obtained for 
the mean energies of 7 and a mesons, it fol- 
lows that in a single act of production of a 7 me- 
son, emitted at an angle of 56° to the beam, about 
80% of the available energy is used up on the aver- 
age. 

' Putting these data together with results of analo- 
gous measurements of Yuan and Lindenbaum, it is 
seen that upon increasing the energy of the incident 
protons from 670 to 1000 and 2300 Mev (in the last 
case paired production of 7 mesons is dominant), 
the maximum of the 7* -meson spectrum is hardly 
shifted in the direction of higher energies. Over 
the whole region of energies and angles studied, 
the position of the maximum in the a spectra 
closely corresponds to the resonance energy of 
the P3/3/.-state. This is convincing proof that 
the interaction of the m meson with the nucleon 
in the T=J-=%, state plays the essential role in 
the production of a large part of the 7 mesons 
in nucleon-nucleon collisions. 

A characteristic feature of the observed 1 
and mt spectra is the presence of a long ‘tail’ on 
the high energy side. It can be seen from Fig. 3 
that the spectra of + mesons of both signs per- 
sist almost up to 400 Mev. It can not be excluded 
that the spectra stretch even further, right up to 
the maximum possible energy (470 Mev) corre- 
sponding to the reaction p+ c?2 — qt +c, How- 
ever, observations at such high energies would re- 
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quire the expenditure of a great deal of time, since 
even at 390 Mev the number of random coincidences 
comprises about 90% of the number of six-fold co- 
incidences. Judging from the fact that at energies 
above the maximum possible, the number of six- 
fold coincidences was equal to the number of ran- 
dom coincidences, within the limits of statistical 
error, it should be considered that the excess in 
the number of six-fold coincidences over the back- 
ground of random coincidences (observed with the 
carbon target in the region of energies above 320 
Mev) really indicates the presence of 7 mesons 
of high energy. This is also supported by the fact 
that in analogous measurements of the 1 -spec- 
trum due to p-p collisions in a liquid hydrogen 
target, no increase in the number of six-fold co- 
incidences over the background of random coinci- 
dences was observed to the right of the peak cor- 
responding to the am mesons from the reaction 
(0) 4p Jo Cl ae wT, 

In order for a a meson to be emitted, ina 
proton-proton collision, with energy 400 Mev at 
an angle of 56° to the beam of 669-Mev protons, 
the nucleon in the nucleus must move towards the 
incident proton with a momentum of at least* 
~ 350 Mev/c, which exceeds by more than ~ 100 
Mev/c the upper limit of the momentum corre- 
sponding to a degenerate Fermi gas of noninter- 
acting nucleons. The separate nucleons in the 
nucleus possess high momenta because of the 
presence of strong, short-acting interactions be- 
tween pairs of nucleons which lead to the appear- 
ance of compact two-nucleon groups’?’ that last 
for only a short time. Observation of deuterons 
knocked out of light nuclei by 675-Mev protons? 
shows that the incoming protons sometimes under- 
go elastic collisions with such compact two-nucleon 
groups inside the nucleus. The substantial smear- 
ing out of the 7-meson spectra on the high energy 
side means that collisions inside the nucleus be- 
tween the incident protons and groups of nucleons 
having large relative momenta sometimes also 
gives rise to m meson production. Since this ob- 
servation comes only from the high-energy parts 
of the spectra, of the -mesons produced on com- 
pact groups of nucleons, it is hard to estimate 
quantitatively the contribution of this process to the 
total yield of the + mesons. However, it is clear 


*This value of the minimum momentum of a nucleon in the 
nucleus was obtained by considering the p+p+>d+m+ reac- 
tion under the assumption that, in all, 30 Mev went into tearing 
the nucleon away, exciting the final nucleus, and into the re- 
coil. For this, the Fermi energy of the nucleon E ~ 24 Mev 
corresponds to a maximum 7-meson energy of ~ 310 Mev. 


that the dominant process is that of production of 
m mesons in the collision of the incident protons 
with individual nucleons. It should be noted that, ‘ 
owing to the Pauli principle, emission of 7 mesons 
with energies close to the maximum possible shoulc 
be strongly suppressed in collisions of nucleons wit 
compact groups of nucleons. In the case of produc-: 
tion of 7 mesons by protons on two-nucleon groups 
the Pauli principle should have a greater effect in | 
processes such as p+ pp —> n+ 3p, ptnp— 7 +} 
3p, p+nn— 7 + 8n than in processes of the type | 
ptpp—- mt +n+ 2p, ptpp— 7m +p + 2n, ete. 
Integration of d’c/dwdE over the energy yields’ 
the following values for the differential cross sec- _ 
tions for the production of a mesons at angle of | 
56° to the proton beam in p+C_ collisions: | 
| 


dst | deo = (5.1-L.0.8)-10-2? em?/sterad; 


da~ / dw = (1.0-- 0.2). 10-2? em?/sterad. 


The indicated errors include both the statistical 
errors and all uncertainties arising in determining 
the absolute value of d’o/dwdE. Corresponding 
values of do/dw for * and m~ mesons in the 
c.m.s. are (3.3 + 0.7) X1072" and (0.65 + 0.12) x 
10727cm2/sterad. From this, the differential cross 
section for production of m* mesons on one proton 
in the carbon atom turns out to be ~0.5 x 107?! 
em2/sterad, whereas the differential cross section 
for production of 1+ mesons under the same con- 
ditions in free p-p collisions is (0.65 + 0.10) x 
107*" cm?/sterad. 

Together with measuring the spectra at 56°, we 
also determined the absolute values of d2a/dwdE 
for the m-meson spectra measured earlier!»® at 
24°. These were emitted in the bombardment of 
hydrogen, beryllium, and carbon by protons of 
roughly the same energy. It was found that at 
~ 465° in the c.m.s., the differential cross sections 
for production of + and m7 mesons on carbon 
were (3.6+1.0) x 1072" and (0.52 + 0.13) x 1072" 
cm2/sterad respectively. In this case the differen- 
tial cross section for production of 7 mesons on 
a single proton in the carbon nucleus has again a 
value ~0.5 x 10°?" cm?/sterad, whereas in free 
p-p collisions this is ~1.4 x 1072%cm?, 

Thus, from the results of absolute measure- 
ments of yields of charged t mesons from p+C 
collisions at 24° and 56° to the proton beam, one 
can assert the following: (1) The differential cross 
section for production of t* and m~ mesons does 
not depend strongly on the angle in the c.m.s. (2) 
When the angle is reduced from ~ 90° to ~ 45°, the 
ratio of differential cross sections for production 
of m mesons in p-p collisions inside the carbon 
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nucleus to that in collisions of free protons drops 


from ~0.8 to ~0.3. This is caused both by the 
reabsorption of 7 mesons in the initial nuclei, the 
influence of which increases with decreasing angle, 
and by the difference in the angular distributions 


| of the 7 mesons produced by protons on free pro- 


. tons and on those bound in a nucleus. 


for production of 1* 


In the former 
case, according to Neganov and Savchenko,’ the an- 
gular distribution of 7* mesons in the reaction 
ptpom+n+ p has the form 0.66 + cos? J. 
Under the assumption that the emission of charged 
m™ mesons in p+C collisions is isotropic over 
the entire range of angles, the total cross sections 
and mt mesons would be es- 
timated to be ~44 x 107*'em?* and ~7 x 1072" cm?, 
respectively. From this, on account of charge in- 
dependence, one has the relation of + o~ = 20° be- 
tween the cross sections for the production of posi- 
tive, negative, and neutral 7 mesons on nuclei 
with isotopic spin zero. For p+C collisions at 
670 Mev, this gives o° ~ 25 x 1072%cm?, which 
agrees well with the value (28 +3) x107?%cm? 
obtained at roughly the same energy by observing 
y -rays from the decay of 7° mesons.?? 

As can be seen from Table III, the values of the 
ratio (d’at/dwdE)/(d’0-/dwdE) increase slowly 
with energy, namely, from ~4.7 for 30 Mev to ~8 
for 300 Mev. This result differs markedly from 
that obtained at 24°, where the same ratio grew 
from ~1 to ~15 over the energy interval 30 to 
300 Mev. For 56°, the ratio of integrated yields 
(dot/dw)/(do“/dw) was 5.2 +0.7. Approximately 
the same value should be obtained for the ratio 
o'/o” of the total cross sections for the production 
of m’ and m mesons in hydrogen, if the conclu- 
sion about the weak dependence of do'/dw and 
do~/dw on angle is correct. In fact, at 24° the 
ratio (do*/dw)/(do-/dw) constitutes 7.0 + 0.8. 

If it is assumed that single production of 7 
mesons in nucleon-nucleon collisions proceeds 
only through the excitation of one of the colliding 
nucleons into an intermediate resonant P3/2 3/2 - 
state, then, according to the calculation of Peas- 
lee,? the ratio ot/o” should be 11 in the case of 
protons bombarding a nucleus containing equal 
numbers of protons and neutrons. The sharp dis- 
agreement between this number and experiment 
means, first, that in collisions of protons with 
bound nucleons nonresonant production of 7 me- 
sons in the p-n system in the state T=0 pro- 
ceeds together with resonant production of 7 
mesons in p-p and p-n systems with states of 
T=1. In order to satisfy the observed value of 
the ratio (do'/dw)/(do"/dw), it is necessary 
to assume that production of 7 mesons in the 
p-n system proceeds equally in states with T= 1 
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and T=0.* Peaslee’s disregard of the interfer- 
ence between different states of the two-nucleon 
system, which participate in the process of pro- 
duction of m mesons, could evidently also lead to 
an erroneous value of o*/o~. This argument was 
recently used by Mandelstam” to explain the marked 
difference between the theoretical and experimen- 
tal values of the ratio o*/o° for p-p collisions at 
660 Mev. Finally, it should also be considered that 
the production of 7 mesons inside the nucleus 
could be partly suppressed as a result of de-exci- 
tation of the P3/,3/2 State without emission of a 
m meson in collision of the excited nucleon with 
one of the neighboring nucleons.!? 4 

The authors would like to express their grati- 
tude to A. S. Kuznetsov for participation in planning 
and setting up the electronic gear. 
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*In connection with this, it should be noted that in the data 
of Kazarinov and Simonov, !! the total cross section for inelas- 
tic scattering at 590 Mev, in the T = 0 state of the two-nucleon 
system, is (9.3 + 3.7) x 10°’ cm’. 
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ENERGY LEVELS OF Dy**** 
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The decay of beta-active Tb!*! was studied using a double focusing magnetic 6 -spectrometer, 
a proportional counter spectrometer and a scintillation spectrometer. The results of the inves- 
tigation enable us to establish the existence of the following y -transitions Dyne 25.6 (E1); 
25.8 (El); 27.7; 42; 48.9 (M1); 52; 57.6; 74.5 (E1); 103.8; 131.5 kev. Gamma ray transi- 
tions with Ey = 20:4) 23.1, (46.3, "53.27 57.059 7823, 84.05 1105.8 vande= 20 new were established 
less reliably. In studying the decay of Tb!®!, we also observed groups of -particles with end- 
points Eo; = 540 kev, Ep, = 465 kev, (E3 = 415 kev), and Ey © 215 kev. On the basis of the 


experimental data, a possible energy level scheme is proposed for Dy. 


1. INTRODUCTION were done with another Tb’®! source, whose abso- 
lute decay rate had previously been measured with 

Rapioactive Tb'*! decays by beta emission to a 4m -counter! operating in the region of limited 
stable Dy'®!, The half-life of Tb'®! is 7.2 days. proportionality. The various equipments were cali 
Some information concerning the radiations emitted brated using well-known electron and y -ray lines 
in the decay of this nucleus and about the levels of of Am*4! (references 13 and 14), Cs!*!.o andaNacm 
Dy'®# cee been given in several quite incomplete The Tb'*! sample was obtained from the reac- — 
papers.’~* ps 

In 1956, Cork et al.’ and Smith et al.!°, using tion: Gal® ay) cas’ 3.7 min Tpit’. The Sac 
scintillation and 6-spectrometers, studied the material was gadolinium, enriched to 99.9% in the 
decay of Tp'*! in more detail, and constructed dif- Gq" isotope. The Gd" sample was irradiated 
ferent level schemes for Dy'®!. These investiga- with thermal neutrons in the RFT reactor for a 
tions still did not enable one to resolve certain dis- period of seven days. The irradiated sample was 


crepancies in the decay scheme of Dyeth, We there- dissolved in dilute HCl and then the rare earths 
fore undertook a further more careful investigation were precipitated out as fluorides using HF. The 


of both the electron spectrum, including its low- hydroxide residue was dissolved in a minimal 
energy part (Egony. min = 3 Kev), and the soft amount of 0.1N HCl, and the solution was trans- 
y -radiation occurring in the decay of Tp ferred to a column of Dowex-50 resin. The chro- 


matographic separation was carried out with 0.4N 


2. APPARATUS AND PREPARATION OF RADIO- as ye ae Pe ee en ee 
ACTIVE Tb!*! SOURCE scribed by ompson et al. The eluate fraction 
corresponding to the terbium peak on the chromato-: 
For our investigation of the electron spectrum gram was dried, and the residue was heated and 


of Tb'*!, we used a magnetic $-spectrometer with dissolved in HCl. The twice-normal (with respect 
atV2 double focusing.'! The resolving power of the to HCl) solution which was obtained was deposited 


spectrometer was 0.3%, with a solid angle equal to on an organic backing. After drying, TbCl,; was 
0.4% of 47. The Tb!®! source used here was de- left on the plate. 
posited on a thin organic backing (thickness 107° For the 8 -spectrometer studies, we first de- 
cm) and had dimensions 1.5 x 25 mm?. posited a small (1.5 xX 25 mm?) semi-transparent 
To study the y -radiation accompanying the strip of aquadag on the organic backing. The aqua- 
Tb'®! decay, we used proportional-counter spec- dag guaranteed that the source wetted the backing 
trometers filled with mixtures of A+ CH,, Kr + and had the necessary conductivity. The Tb!®! sam- 
CHy, and Xe + CHy, and a scintillation spectrom- ple prepared in this way had a surface density of 
eter with a Nal (T1) crystal. These experiments about 5 micrograms/cm?. 


Since the thickness of the film over the window 
*This work was reported at the eighth All-Union Conference of the -detector in the B -spectrometer was 
on Nuclear Spectroscopy (Leningrad, January, 1958). ~1075 cm, this together with the source just de- 
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FIG. 1. Electron Spectrum of Tb*°’. 


scribed enabled us to study the electron spectrum 
down to very low energies. 


3. EXPERIMENTAL RESULTS 
(a) B-Spectrometer Measurements 


Figure 1 shows a large part of the 6-spectrum 
(source #3) and electron spectrum of Tb!*! in the 
range of Hp values from 200 to 900 Gauss-cm as 
obtained with the thin source (surface density 5 
microgm/cm), and in the interval of Hp values 
from 780 to 980 Gauss-cm, as gotten with a more 
intense source (#2). 

The tens of electron lines observed by us, which, 
as we see from Fig. 1, are primarily in the low- 
energy part of the spectrum, and the absence of 
even weak high energy conversion lines would seem 
to justify the assumption that almost all of the en- 
ergy levels of Dy v) are located in the energy inter- 
val from 0 to 132 kev. Analysis of individual parts 
of the electron spectrum enabled us to show that in 
this nucleus there are y -transitions with only 
slightly different energies. As an example of this 
statement, a portion of the spectrum is shown in 
Fig. 2 in which there are clearly visible the L- 
conversion lines (19, 20, 22) of the known y - 
transition with energy 25.75 kev (cf. for example 
Ref. 10), and the L-lines of an unknown y -tran- 


sition with = 25.6 kev (lines 18, 19a, 21). The 
dotted lines in the Figure are the Ly and Ly 
lines of Ey, = 25.75, as obtained by graphical reso- 
lution. One can apparently also assert the existence 
of a y-transition with = 23.1 kev (cf. Table I 
and Fig. 1, peaks 14, 15, 16). 

Table I gives the interpretation of the conversion 
lines corresponding to y -transitions in Dye as 
well as the intensities for some of the lines. In the 
last column we give the multipolarities of the tran- 
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FIG. 2. Portion of the electron spectrum of Tb*®’. 
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sitions, as determined from the experimental data. 
It should be noted that the identification of individ- 
ual lines is not unique, and certain of the lines are 
not given in the table. 

In the Kurie plot (cf. Fig. 3) constructed from 
the experimental data, one can resolve four partial 
spectra with end points respectively equal to Eo = 

940 +5 kev, Eo. = 465 kev, Ep3 = 410 kev and Egy 
= 215 kev. The portion of the B-spectrum corre- 
sponding to £-particle energies above 500 kev was 
taken very carefully with three different sources. 
However, we did not observe the partial 8 -spec- 
trum with end point 570 kev which was reported by 

Smith et al.!” Since the method of resolution of a 

Kurie plot into individual components is very in- 
exact, as we shall show later the possibility is not 
excluded that there are additional partial 6B -spec- 

tra with end point energies of 515 and 490 kev, as 

were reported in reference 10. 


FIG. 3. Kurie plot of 6-spectrum of 
Tb’*'; N is the number of particles re- 
corded, E is the total energy of the 6- 
particles; F, p, 0 are tabulated functions 
from @-decay theory. 
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the y-spectrum in the energy interval 2 to 130 kev 
was therefore done only with such counters, filled 
with mixtures of the following gases: A+ CH, 

Kr + CH,, and Xe+CHy. A scintillation spectrom- 
eter with a Nal (Tl) crystal was used to study the 
spectrum of y -rays with Ey, > 130 kev. 

Combined with these detectors we used an un- 
saturated linear amplifier and multi-channel pulse- 
amplitude differential analyzers. One of these had 
150 channels, and was constructed under the direc- 
tion of, and according to the design of Tsytovich.”* 
The shape of the low energy spectrum of x-rays 
and y -radiation was reproduced on a linear scale 
on one of the oscillograph tubes (diameter 300 mm) 
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Summarizing the experimental data presented 
here, we may conclude that the decay of Tb'*! shows 
a complex £-spectrum, consisting of at least 4 
to 6 partial £-spectra having (except for Eo, ~ 
215 kev) only slightly different end points. To- 
gether with the large number of low energy y - 
transitions observed in Dy. (ce Table I), this 
indicates the existence of a large number of en- 
ergy levels close to the ground state in Dy 


(b) Measurements with the Proportional Counter 
Spectrometer and Gamma Spectrometer 


The use of proportional counters for studying 
x-rays and soft y -radiation has a variety of ad- 
vantages over the use of a scintillation y -spec- 
trometer. This is especially true with regard to 
resolving power, which is the fundamental charac- 
teristic of such equipment. The investigation of 


a 
te Eo3 = 410 
Seid 
ae Eo2 =, 465 
. } 
_ iS 540+5 
“Srey 
os 
Se 
200 3U0 GU 500 ~E, kev 


of this analyzer. 

Figure 4 shows the spectrum of x-rays and soft 
y -radiation from Dy'6! in coordinates (N, Ex y), 
where N is the number of pulses and Ey y is the 
energy of the x-ray or y-ray in kev, for three dif- 
ferent series of measurements. The data from 
which these curves were constructed were not cor- 
rected for the negligible background or for the 
variation of counting efficiency with y-ray energy 
Ey. 

The use of a Kr + CH, counter filling in the 
first series and of Xe + CH, in the other two sets 
enables us clearly to separate the main x-ray and 
y -ray lines and to eliminate the so-called satellite 


SS 
Ss 
—— 
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| 
FIG. 4. X-rays and soft y-radiation from Dy***: | 
(a) counter filled with Kr + CH, mixture, (b) and 
(c) counter filled with Xe + CH, mixture; (a) and 


(b) — 2 mm Al Absorber, (c)— 1 mm Cu absorber 


Ene 
10 8 kev * 
14 
y 
ae 
= Eee! (seen ae i t n 1 L Ie 
0 10 20 0) 40 50 60 10 0 kev %Y 


peaks.* From a comparison of Figs. 4a and 4b, for 
example, we easily see that lines 2, 6, 7, 12, and 
13 (Fig. 4a) are satellite peaks. Figure 4c shows 
the same spectrum with a 1 mm thick copper ab- 
sorber placed between the source and the end win- 
dow of the proportional counter. This experiment 


*The absorption of low energy y-quanta in a counter filled 
with a heavy gas occurs via the photoeffect. If the character- 
istic x-radiation of the gas atoms is not recorded by the counter 
then in addition to the main line (E, = Ey) there will appear a 
satellite line, having energy E = Ey~Ex,, Here E, is the 
energy of the y-quanta entering the counter, and Ex, is the 
energy of the K,-radiation of the atoms of the gas in the 
counter, 


? 


enabled us to establish with certainty the presence 
of the two seemingly doubtful satellite peaks 5 and 

7. These lines have a complex shape. Consequently: 
the possibility is not excluded that there are four 

y -rays corresponding to them, with energies of ap- 
proximately 52, 53, 57, and 57.6 kev. This state- 
ment is not in contradiction with the data given in 
Table I. A similar conclusion can apparently be 
drawn concerning peak 2 of Fig. 4c. 

The detailed interpretation of the observed y- 
ray lines shown in Figs. 4a and 4b is given in Table 
Il. The intensities of individual y -lines are given 
in percent in the last column. In this case correc- 
tions were made for background and for the effi- 
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TABLE II 
Counter filling (Kr + CH,) Counter filling (Xe + CH,) 
. baie a 
Line No. Energy Ex, y, kev Interpretation of line Energy Ex, y, kev Interpretation of line Intensity in % 
8.0 +0.1 Ex of counter wall 0) ae 51 Ex of counter wall 
material material 
2 WAS a= (0, il E% from sum of E,, AO, 26 Osx Es of Ey = 41.5 kev 
= 25.75 and Ey = 25.58 kev 
3 Pl ae Or Ey (?) HBS) B08) Eg of Ex = 45 kev 
4 25:5°2 053 sum of Ey= 25.75 19,3 + 0.3 Eg of Ey = 49 kev 
and E, = 25.58 kev 
5 PAD) 26 (0) 83 Ey Ips) a= (03) Eg of Ex, y = 52 kev 
6 32.5 + 0.3 Be ch hy = 45 kev 25.5 £0.3 sum of Ey = 25.75 26.3 +3 
and 25.58 kev 
if SOLO OLS Eg of Ex = 49 kev DEAD 26 OS sum of Ey and Eg of 
Ey =57 kev 
8 AVS OFS Ey+Eg of Ex, y Ati) ae(0)53} sum of Ey and Eg of Oe) ae il 
= 52 kev Ey =72 kev 
9 45.0 + 0.3 Ex ZT aaa 0) sum of Ex and Eg of 
Ey =75 kev 
10 49.0 + 0.3 Ey 49.0 + 0.3 sum of Ey and Eg of 42 +4 
Ey = 78 kev 
11 BYPLO) ae (0)533 Ex,y SAO) ae 0:8 Ex,y 
12 6255521054 Es of Ey = 75 kev By7/0) 28 O38} Ey 4.4 40.5 
13 65.0 + 0.5 Eg of Ey = 78 kev 7120) 22 0,5 (Ey and Eg) of Ey 26085 
= 102 kev? 
14 S60 as OsS) Ey Tso) 22 Os5 Ey 8.6 + 0.9 
15 78.0 £0.5 Ey cae 78.08 055 Ey ?* SeOEe OIG 


*E.s denotes a satelite line. 


**Part of the equipment using the proportional counter was shielded with lead, so that the 78-kev y-ray line can be 


assigned to the characteristic Pb radiation. 


TABLE III. Energy (in kev) of y-transitions in Dy 
| j 

This Cork et Smith et This | Cork et Smith et R fr 
Paper alo || aloes paper al.° alneo Se 
20.35 | eeoweOaent 56.9+0.4 | 
2am | 57.64 Dod oP 
DISS 74.45 74.8 | 74.640.4 | 
25.75 O51 25. 5-E0u1 TS tol) 78.oa | Low prob- 
27.70 QTET al te 83.90 | ability of 
42.70 |, CES ae existence 
46.27 | 405.77 | 106.2 
48.86 ASR Oe 4801-0 eAueel eied).5 132.4 
yay) | i! ~270* 
53.15 | 


*These y-rays were observed in a scintillation spectrometer with a very 


strong source. 


ciency of recording of y -rays of different energies 
by the counter filled with the Xe + CH, mixture. 
An examination of the data of Table II shows 

that some of the y -lines are masked by the satel- 
lite peaks of y -quanta of higher energy. However, 
in the majority of cases, simultaneous analysis of 
the results of the measurements with the £8 -spec- 
trometer and the proportional counters makes it 


possible to eliminate the uncertainty. The y -lines 
corresponding to y-ray energies of 72 and 78 kev 
are peculiar. These lines cannot be interpreted 
uniquely, and their existence remains an open 
question. 

Table III summarizes the data concerning y- 
transitions in Dyn as found in the present work 
and in Refs. 9, 10. These data will be used later 


SHKIN, and CHISTIAKOV 


952 BARANOV, RODIONOV, SHI | 
TABLE IV. Absolute Conversion Coefficients 7 for y-rays 
of Dy 
| | Experimental values of 7 = i Theoretical values of 77 4 
| op mT eee | E | Multi- 
Ey, | Ey | | a ae E\ E2 Ee a ie 
key | 7% ¢* | Ax|B sae oy Br ——_—<—_— ie 
| | Paice le tbs | ere | egbaves i ie ASL 
I = 
25.75. |-~0.0 0.98--0.18 | 1.79 89.41 17.9 19 | 
48.88 0.40 1.72+0.30 0.264 25.96%) ZOO Mek oe 
| “7 0). 266* eae 
74.45 Ld .15| 0.46-40.10 0.56 |0.083 | 2.82 | 2.57 | 4.49 | 0.74 LRA 
a Tie 0.52*|0.088*| 1.97*} 2.41*| 4.37*] 0.654 


*These are theoretical conversion coefficients calculated by Sliv, taking 


into account the finite size of the nucleus and 


The remaining values of 7 were obtained by interpolation in Rose’s tables. 17 


in the paper to construct the level scheme of Dye 


4. DETERMINATION OF MULTIPOLARITY OF 
GAMMA-TRANSITIONS 


The measurements which were done only with 
the B-spectrometer enable us quite definitely to 
assign the multipolarity of the 25.75 kev y -tran- 
sition. For this case, (Ly/Ly])exp = 0.793. The 
theoretical values of this ratio for El, E2, and 
M1, respectively, are 0.781, 1.424, and 7.000. 
Thus the 25.75 kev y-line can be assigned to be 
electric dipole. From the data presented in Table 
I and Fig. 1, one might also conclude that the mul- 
tipolarities of the y -quanta with Ey = 48.86 and 
Ey = 74.45 kev mustbe M1 and El, respec- 
tively. This conclusion is not certain, especially 
for the second case. We therefore chose a differ- 
ent way of determining the multipolarity of the 
y -radiation, based on the determination of abso- 
lute conversion coefficients from the experimental 
data. 

As we said earlier, the measurements of the 
y -radiation of Dy'* with a proportional counter 
were done using a source whose absolute 8 -activ- 
ity had been determined using a 4m counter. After 
introducing the appropriate corrections, this enabled 
us to determine the quantity B, i.e., the number 
of y -quanta of the given energy accompanying a 
single B-emission. The results with the 6 -spec- 
trometer, in turn, enabled us to determine the 
other essential quantity A — the number of K-, 
L- or M-electrons (for a given Ey) which accom- 
pany a single B-decay. The ratio »=A/B of 
these two quantities is the absolute conversion co- 
efficient. By comparing the experimental and theo- 
retical values, we established the multipolarities 
of some of the y -transitions. 

In Table IV we give the experimental values of 
the absolute conversion coefficients for the 25.75, 
48.9 and 74.5 kev y-rays. The right half of the 


screening by the atomic electrons. 


table gives the theoretical values of 7 for various 
multipolarities. The assigned multipolarities of 
the y-transitions are given in the last column. | 

It is easy to see from Table IV that the y-radi- _ 
ations with energy 48.9 and 74.5 kev should be as- 
signed respectively to magnetic and electric dipole. 
The disagreement between the theoretical and ex- 
perimental values of » (for El) for Ey, = 25.8 
kev cannot be explained by the inaccuracy of the 
theoretical values or by the large experimental 
errors. 

As we showed earlier (cf. Fig. 2 and Table ]), 
there are two y-transitions in Dy with almost 
equal energies Ey = 25.75 and 25.58 kev. In study- 
ing the y-spectrum with a proportional counter, 
it is not pussible to separate these two lines. There- 
fore y-line 6 in Fig. 4a (and the corresponding 
line 4 in Fig. 4b) is the sum of these two y -lines. 
If we take account of this fact, the value of B 
should be somewhat lower for Ey, =%5.75 kev than 
the value used for the calculation of nyy, = Ayy,/B. 
Consequently, Nlexp = Ay_/B is in this case close 
to the theoretical value ny;,=1.79 (for El radi- 
ation) given in Table IV. It is not difficult to show 
by a simple calculation thatthe y-ray with Ey = 
25.56 kev is electric dipole. 


| 


5. DISCUSSION OF RESULTS; LEVEL SCHEME 
FOR Dy'@! 


There are many difficulties in constructing a 
level scheme for Dy'*! from the experimental data. 
As we said earlier, the B-spectrum of Tb!®! igs 
complex, and consists of 4 to 6 partial 8 -spectra 
whose end points differ very little from one another. 
The construction of these spectra from the Kurie 
plct and the estimate of their intensity is very inac- 
curate. 

With the present accuracy of the experiment, 
the interpretation of certain of the conversion and 
y -ray lines is not unique, which also complicates 
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the setting up of a level scheme for Dy?*!, In this 
connection it is not without interest to remark that 
even the apparently definitely established y -lines 
with energies 25.7 and 48.9 kev (cf. for example 
Ref. 10) are complex, each consisting of two com- 
ponents. This assertion is obvious for the case of 
Ey = 25.7 kev (cf. Fig. 2). The proof of the assertion 
for the 48.9 kev line follows from the fact that the 
halfwidth £4) = AHp/Hp of the L;—48.9 line is 
somewhat greater than the halfwidth £75 of the 

K — 74.5 line.* According to our estimates, the 
second component Ey has an energy ~0.2 kev 
less than the main y-line which is several times 
more intense. It should be mentioned that we are 
at the limit of our experimental accuracy, which 
reduces the rigor of this proof. However, as we 
shall see later, this interpretation is supported by 
other experimental facts. 

Using the energy values for these four y -quanta, 
it is easy to see that the sums (25.75 + 48.70) and 
(25.58 + 48.86) kev coincide precisely with Ey = 
74.45 kev. Consequently, the y-rays with energies 
25.75 and 25.58 kev are, respectively, in cascade 
with the 48.70 and 48.86 y-quanta. 

Using the data of Table I, it is not hard to show 
that the 74.5 kev transition, which is equal to the 
energy difference of two partial B-spectra (E 9; 
— Ep.) is a direct transition to the ground state 
of Dy‘*!, Thus there must also be levels at 25.8 
and 48.9 kev between the ground state of this nu- 
cleus and the level at 74.5 kev. 

If we make use of the experimental values of 
the intensities I = Nj, + N,, of the y -transitions, 
it can be shown that Im 5 ~ 35, Iyg.9448.7 © 290, 
Ip5.g ~ 100, and finally I,5.. ~ 30 (intensities in 
arbitrary units). These data show that in the 6 - 
decay of Tb!*! there is also a $-transition to the 
48.9 kev level, and possibly also to the 25.8 kev 
level in Dy'®!, The end point of the first partial 
B-spectrum is ~490 kev, and that of the second 
~514 kev. As was stated earlier (cf. Section 3a), 
this is not contradicted by the data of Smith et 
al.!° In addition, the y-ray at 131.5 kev, the cas- 
cade y-rays with energies Ey = 74.5 and 57.0 
kev, and the observed partial 8B -spectrum with 
end point Ep3 = 410 kev indicate the existence of 
a level at 131.5 kev. From the data of Tables I 
and III it also follows that there should be levels 
at 103.8 and ~ 325 kev. 

It is clear that we have by no means used all 
of the experimental data in this analysis. Appar- 


*The analysis was carried out for four series of measure- 
ments of the K-74.5 and Ly—48.9 conversion lines from dif - 
ferent sources. 
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FIG. 5. Level Scheme of Dy**, 


ently, in addition to those given above, there are 
levels of Dy'*! which manifest themselves weakly 
in the B-decay of Tb‘*!, 

There are statements in the literature that 
Pieper and Heydenburg!® have repeated their ex- 
periments on Coulomb excitation of dysprosium, 
using enriched isotopes. Similar experiments 
have also been done very recently by Elbeck, Niel- 
sen and Olsen.* According to these investigators, 
the first two levels of the ground rotational band 
of Dy'*! are located at distances of (46 —44) and 
(103 —102) kev from the ground state, which has 
a spin Ij= Tene 

The 44 and 102 kev levels scarcely appear in 
the 8-decay of Tb'®!. Some indications for the 
44 — 46 kev level can be found from our data (cf. 
Table I and Fig. 1). There may be a very weak 
L-46 conversion line in this energy range, which 
is masked by the K-LL Auger electrons. The 
103.8 kev y-transition mentioned earlier could 
also be a proof of the existence of the 102 kev 
level. However this is unlikely, since the observed 
y -ray of energy 27.7 = (131.5 — 103.8) kev can 
hardly be assigned to be magnetic quadrupole or 
E38 radiation (cf. the level scheme in Fig. 5). 

Summarizing our discussion, we conclude that 
the following energy levels of Dy!*! are established: 
25.8, 44—46, 74.5, 84?, 102, 103.8, 131.5, ~ 325 
kev. 

In Fig. 5 we show a possible level scheme for 
Dy'*! constructed from the experimental data. The 
spin assignments are shown at the right. The levels 
are designated by the numbers given on the left. 
Levels 3 and 7 belong to the ground rotational band, 
which is associated with collective motion of the 


*This work was done at the Institute for Theoretical Phys- 
ics of Copenhagen University in 1957 (Private communication). 


954 


nucleons in the nucleus. Levels 2 and 5 are due to 
single particle excitation. Levels 8 and 9 are ap- 
parently terms of the rotational bands based on 
levels 2 and 5. Levels 4, 6 and 10 are not com- 
pletely established, and their nature remains an 
open question. 

The proposed scheme does not pretend to be 
conclusive. Certain similarities with this scheme 
can be found from the theoretical computations of 
Nilsson”! and Mottelson and Nilsson.” 

In conclusion we should mention that we have 
not given the log ft values of the various y -tran- 
sitions, because these quantities cannot be deter- 
mined accurately from the experimental data. The 
log fr value is approximately 6 to 7. We should 
also mention that the half life of Tb'®!, as deter- 
mined using a 4m counter, was Ty = (7.20 + 0.07) 
days. This value is in good agreement with the 
value of Ty/, given in the short note of Cork et al.? 

We are very grateful to G. Ia. Shchepkin for pre- 
paring the pure eq! isotope, and to S. N. Belenkii 
and R. M. Polevoi for assistance in this work. 

We should like to thank P. E. Nemirovskii, A. I. 
Baz’, V. M. Strutinskii, L. K. Peker and D. F. 
Zaretskii for participating in discussion of this 
work. We are also greatly indebted to L. A. Sliv 
for providing us with new values of the L -subshell 
conversion coefficients. 


Note added in proof (May 24, 1958). 
After this paper went to press, one of us (S.A.B.) 


received from the Institute for Theoretical Physics 
of Copenhagen University two preprints of papers 
on the levels of Byres The experimental study of 
the Tb'*! decay was done by a group of authors 
(P. G. Hansen, O. Nathan, O. B. Nielsen, R. K. 
Sheline), and the theoretical work by D. R. Bes. 
The main results of these papers are in agree- 
ment with the results presented in our paper. How- 
ever, there is a considerable discrepancy between 
the estimates of the intensity of the y -rays with 
E,, = 25.7 and 48.9 kev. This discrepancy is appar- 
ent from the following data: 


Ratio of 

intensity Cork Smith Baranov Hansen 
of Y-tran- et al.? et al. 2° et al. et al. 
sitions 

To6/Ta9 He Ak 0.6 0.4 1.0 


The discrepancy apparently arises from inac- 
curacy in determining the intensity of the 25.7 kev 
y -transition. 

This question is of vital importance for the con- 
struction of the Dy! level scheme, and requires 
more careful checking. Unfortunately, the experi- 
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mental curves in the low-energy region of a elec-_ 
tron spectrum are given only by Smith et al.'? and . 
in the present paper. | 


1Krisberg, Pool, and Hibdon, Phys. Rev. 74, 44 
(1948). 

2f D. S. Butement, Phys. Rev. 75, 1276 (1949). 

3B. H. Ketelle, Oak Ridge Report, cited in Hol= 
lander, Perlman and Seaborg, Revs. Mod. Phys. 
25, 469 (1953). 

4 Scharff-Goldhaber, der Mateosian, McKeown, 
and Sunyar, Phys. Rev. 78, 325 (1950). 

5R. E. Hein and A. F. Voigt, Phys. Rev. 79, 783 
(1950). 

6 Cork, LeBlanc, Nester, and Stumpf, Phys. Rev. 
88, 685 (1952). 

7R. Barloutaud and R. Ballini, Compt. rend. 241, 
389 (1955). 

8N. P. Heydenburg and G. M. Temmer, Phys. 
Rev. 100, 150 (1955). 

% Cork, Brice, Schmid, and Helmer, Bull. Am. 
Phys. Soc., Ser. II, 1, 297 (1956). 

10 Smith, Hamilton, Robinson, and Langer, Phys. 
Rev. 104, 1020 (1956). 

1! Baranov, Malov, and Shliagin, IIpudops u 
TexHuka okcnepuMeuta (Instr. and Meas. Eng.) 1, 
1 (1956). 

12S. A. Baranov and R. M. Polevoi, [Ipudopsi u 
TexHuka 9kcnepumeuta (Instr. and Meas. Eng.) 8, 
32 (1957). 

13S. A. Baranov and K. N. Shliagin, Tp. ceccuu 
AH CCCP no mupHomy ucnosbs0BaHuio aToMHoO; 


aHepruu. Orzenenue cbu3.-mat. nayk. (Reports of 
the Session of the Academy of Sciences of the 
U.S.S.R. on Peaceful Uses of Atomic energy. Divi- 
sion of Physical and Mathematical Sciences) 
p. 251, 1956. 

“Hollander, Smith, and Rasmussen, Phys. Rev. 
102, 1372 (1956). 

15 Thompson, Harvey, Choppin, and Seaborg, 
J. Amer. Chem. Soc. 76, 6231 (1954). 

16 4 P. Tsytovich, I[pu6opsi u TrexnuKka 
aKkcnepumenta (Instr. and Meas. Eng.) 5, 118 (1957). 

" Beta- and Gamma-Ray Spectroscopy, ed. by 
K. Siegbahn, Amsterdam, 1955. 

'8N. P. Heydenburg and G. F. Pieper, Phys. Rev. 
107, 1297 (1957). 

19.4. H. Cooke and J. G. Park, Proc. Phys. Soc. 
A69, 282 (1956). 

208. Mottelson and S. G. Nilsson, Phys. Rev. 99, 
1615 (1955). 

ou SaGe Nilsson, Kgl. Danske Videnskab. Selskab 
Mat.-fys. Medd. 29, No. 16 (1955). 


Translated by M. Hamermesh 
285 


| SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 6 


DECEMBER, 1958 


_ FISSION OF URANIUM NUCLEI AND PRODUCTION OF MULTI-CHARGED FRAGMENTS ON 


EMULSION NUCLEI BY HIGH-ENERGY POSITIVE 1t MESONS 


I. S. IVANOVA 


Radium Institute, Academy of Sciences U.S.S.R. 


Submitted to JETP editor December 7, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1381-1388 (June, 1958) 


The interaction between 280-Mev 1° 


mesons and uranium nuclei, accompanied by fission, 


was studied by means of nuclear emulsions. It has been concluded, from an analysis of the 


light charged particles emitted in fission, that the absorption of 1 


mesons occurs predomi- 


nantly in interactions involving a pair of nucleons (n,p). The main features of uranium fis- 
A : . + : : 
sion induced by high-energy m mesons are investigated. Some peculiarities of production 


of multi-charged (Z = 


4) fragments on emulsion nuclei by high-energy positive mesons 


are noted. An estimate is given for the cross section for production of such fragments on 


heavy emulsion nuclei (Ag, Br). 


ici present work is devoted to two problems con- 


nected with the interaction between high-energy 1* 
mesons and complex nuclei: the fission of uranium 
nuclei induced by 280-Mev m* 
production of multi-charged fragments on emulsion 
nuclei by at 


mesons, and the 


mesons of the same energy. 
The work has therefore been divided into two 


parts, corresponding to the above phenomena. 


1. INTERACTION BETWEEN 280 Mev 7 MESONS 
AND URANIUM NUCLEI ACCOMPANIED BY 
NUCLEAR FISSION 


In the study of the properties of + mesons, 
which are so important for the problem of nuclear 
forces, attention has been mainly given to the ele- 
mentary interactions of mesons with protons and 
deuterons. Many investigations have been carried 
out, and interesting qualitative and quantitative re- 
sults have been obtained. A number of processes 
going on in the nucleus can be observed in interac- 
tions between ma mesons and complex nuclei, which 
makes it difficult to interpret the primary interac- 


tion between mesons and the nucleons of the nucleus. 


Some problems, however, such as the question of 
whether the meson is absorbed in interaction with 
a pair of nucleons or with several nucleons, or 
whether the interaction between a 7 meson and 
the nucleons can be considered as consecutive in- 
teractions with separate nucleons, etc., can be 
solved only by studying the interaction with com- 
plex nuclei. 

Majority of the investigations devoted to these 


problems have been carried out by means of nu- 
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clear emulsions and have been mainly concerned 
with the interaction between comparatively low- 
energy positive and negative m mesons (E < 150 
Mev) and emulsion nuclei. The interaction between 
high-energy m mesons (E> 150 Mev) and nuclei 
of the emulsion has been studied mainly for the 
case of negative 7 mesons.!~* Interactions be- 
tween fast mesons with Pb, C, Be, Al, and Cu 
nuciei have been studied mainly by means of cloud 
chambers’~’? and scintillation counters.!!~¥8 

According to our present ideas, a high-energy 
meson colliding with a nucleus can, in interaction 
with nucleons, undergo elastic or inelastic scatter- 
ing, scattering accompanied by a change of charge, 
or absorption. Energetic nucleons due to scatter - 
ing or meson absorption, can collide with other nu- 
cleons (cascade process) in traversing the nucleus 
and leave the nucleus altogether (if their energy is 
sufficient). The excited nucleus loses energy emit- 
ting nucleons. 

A certain difficulty is encountered in interpret- 
ing interactions with the emulsion nuclei due to the 
presence of both light and heavy nuclei in the emul- 
sion. Besides, the result of the primary interac- 
tion between a 7 meson and an emulsion nucleus 
is strongly masked by the large number of charged 
particles “evaporated” from the nucleus. 

There are some advantages in studying the in- 
teraction between high-energy positive 7 mesons 
with uranium nuclei. Firstly, such events can be 
easily identified by subsequent fission of the ura- 
nium nucleus which is bound to happen in the ma- 
jority of cases. Fission serves, therefore, as an 
identification mark for uranium nuclei. Secondly, 
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IVANOVA 
TABLE I 


Relativistic emulsion Emulsion P-9 | 
; mb 
Particle type and Mean mambes Forwards/ pr psn ae Forwards/ ‘| 
of charged | of charg heabeo na 
ocrey particles backwards particles te A 
per fission ratio per fission ratio | 
oo E280 2.4+0.17 1.4--0.2 1.01+ 9.05 1.2740.17 
phe 350 Weert ee 0.603.0.06 4270.2 
o, e120 0.40-L0.06 4 0250.02 2.60.5 - 
Slow 77> mesons ~U.12 0.100.0 


only a small number of charged particles is ex- 
pected to evaporate from a uranium nucleus since, 
in heavy nuclei, excitation energy is dissipated 
mainly through the emission of neutrons. In con- 
sequence, it is easier to identify charged particles 
emitted as the result of interaction between a 7 
meson and nucleons. 

We have selected and studied the interaction 
events accompanied by fission. An analysis of the 
charged particles emitted in such events makes it 
possible to draw certain conclusions concerning 
the absorption of m mesons. Besides, we studied 
the fission of U nuclei induced by high-energy 
positive mesons, in view of the lack of data on that 
subject.* 

Uranium was introduced into the emulsions by 
soaking the plates in a 4% aqueous solution of 
UO,Na (C,H30,)3. In that way it was possible to 
introduce ~10?? uranium nuclei into 1 cm? of emul- 
sion. The plates were then irradiated. Positive 
300-Mev mesons were produced by the synchrocy- 
clotron of the Joint Institute for Nuclear Research. 
The plates were bombarded with 280-Mev mesons 
selected from the beam by means of a copper ab- 
sorber. 

Two types of special fine-grain emulsionst+ 
were used in the experiment. The first type was 
capable of recording relativistic particles of mini- 
mum ionization, while the second (type P-9) had 
a sensitivity threshold for 45 to 50-Mev protons. 
Both these emulsions have high sensitivity and 
good discrimination for particles of different 
charge. The relativistic emulsion made it pos- 
sible to detect all charged particles accompanying 
the interaction and, consequently, to obtain a full 
picture of the event (as far as charged particles 
were concerned). This emulsion cannot, however, 
be irradiated by a large meson flux (because of 
the resulting background which makes scanning 


*The only data available are on uranium fission induced by 
slow negative mesons !4-17 and on the fission of Hg induced by 
150-Mev 7~- mesons. 18 

tThe emulsions were prepared in the laboratory of Prof. 

N. A. Perfilov. 


difficult), and the number of fission events ob- 
served in this emulsion is small. A large number 
of fission events has been observed and studied in 
the P-9 emulsion, which could be irradiated with 
a large meson flux. The data thus obtained aug- 
mented substantially those obtained by means of | 
the relativistic emulsion, and made it possible to | 
study the main features of uranium fission induced — 
by high-energy positive mesons. 

We found and studied 73 cases of fission of the 
U nucleus, induced by fast a mesons in the rela- 
tivistic emulsion, and 460 cases in the P-9 emul- 
sion. The majority of fission events induced by 
high-energy 7‘ mesons is accompanied by emis- 
sion of charged particles. 

The mean number of charged particles per fis- 
sion induced by 7 mesons (E = 280 Mev) for the 
two types of emulsion (columns 2 and 4), and the 
angle formed by these particles with the direction 
of the incident 7 meson (columns 3 and 5), are 
given in Table I. Analogous data on fission induced 
by 350-Mev and 140-Mev protons and slow negative 
mesons, obtained by us earlier, are included for 
comparison. 

It follows from the second column of the table 
that, in relativistic emulsion, the mean number of 
charged particles per fission induced by fast a 
mesons is much larger than the mean number of 
charged particles emitted in fission induced by 
350-Mev and 140-Mev protons. It follows from 
the comparison of the mean numbers of charged 
particles in fission induced by m+ mesons, ob- 
served in different emulsions (columns 2 and 4), 
that most of these particles have a high energies, 
E > 50 Mev. 

Let us consider now the angles of emission with 
respect to the fission producing particle, given in 
the third column of the table for relativistic emul- 
sion (the ratio of the number of particles emitted 
in the forward direction to the number of particles 
emitted backwards). For the case of 7 -meson 
induced fission, the distribution is nearly isotropic 
(1.1 + 0.2), while for fission induced by fast pro- 
tons there is a strong preponderance of forward- 
moving particles (the forward to backward ratio 
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is > 3). 

The above data on the mean number of charged 
particles and their direction do not contradict the 
assumption that the majority of charged particles, 
associated with fission induced by fast mesons, 
results from the primary interaction between the 
m meson and nucleons of the nucleus. These par- 
ticles may comprise both scattered protons and 
particles ejected by them in a cascade process, 
and protons produced in the absorption of the me- 
son together with charged particles ejected by 
them from the nucleus in a cascade process. The 
number of charged particles evaporated by the 
uranium nucleus is small. 

If the interaction in 7 meson absorption in- 
volves a (n,p) pair, we should observe two pro- 
tons emitted at 180° to each other in c.m. system. 
High-energy cascade particles ejected by these 
nucleons preserve, essentially, the directions of 
the primaries. If the absorbed m* meson inter- 
acts with several nucleons, there is no preference 
for large angles (> 120°) between emitted parti- 
cles. We have carried out an analysis of the light 
charged particles, accompanying the 7 -meson 
induced fission in relativistic emulsion. The angles 
(in space) between emitted protons, and their en- 
ergies, were measured in events accompanied by 
the emission of two or three protons. The energies 
of these protons were measured by the grain density 
method. The dependence of the spatial angle of 
proton pairs on the sum of the energies of these 
protons is shown in Fig. 1. It can be seen that the 
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aoe FIG. 1. Dependence of the 


spatial angle between protons 
of a pair on the total energy 
of the protons: O — for events 
with emission of two protons, 
x — for events with emission 
of three protons (relativistic 
emulsion). 
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angle increases with the energy of emitted protons, 
approaching 150° for a pair energy equal to ~ 400 
Mev. This is in agreement with the assumption 
that the 280-Mev 7’ mesons are, mostly absorbed 
in interaction with the (n,p) pairs. 

A large number of the charged particles accom- 
panying the fission of uranium induced by a me- 
sons is, evidently, produced in a cascade process. 
It is possible, however, for example in emission 
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of two protons after the absorption of a 7 meson, 


that one of the protons leaves the nucleus without 
undergoing a collision with other nucleons in the 
nucleus, while the other collides first with a neu- 
tron. In the emission of three protons, it is pos- 
sible that one of the two protons produced as the 
result of m* absorption leaves the nucleus without 
collision, while the other ejects another proton. A 
microphotograph of such an event is shownin Fig. 2. 


FIG. 2. Fission of a uranium nucleus induced by a 280-Mev 
7+ meson. 1 — proton of ~ 220 Mev, 2 — proton of ~ 100 Mev, 
3 — proton of ~ 80 Mev (Magnification 1550 x). 


The assumption that the mesons are mostly 
absorbed by (nyp) pairs is indirectly confirmed 
by data obtained by means of the P-9 emulsion. 
In this emulsion we measured the projection of 
the angles between emitted protons. The solid 
line in Fig. 3 illustrates the dependence of the 
number of proton pairs on the angle (projected) 


FIG. 3. Dependence of the 
number of emitted pairs on 
the projected angle between 
the particles of the pair: 
solid line — for 7+-meson 
induced fission, dotted line — 
for high-energy proton induced 
fission (emulsion P-9). 
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Number of fission events induced by 7+ mesons 
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Number of fission events induced by protons 
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between the components of a pair. We note a 
marked increase in the number of events with 
large angles (> 120°). In Fig. 3 we included for 
comparison (dotted line) a similar dependence 
for protons emitted in uranium fission induced by 
high-energy (460 to 660 Mev) protons, investi- 
gated by us earlier in the P-9 emulsion. The his- 
togram is constructed also for fission events ac- 
companied by the emission of two and three parti- 
cles. The charged particles recorded in the emul- 
sion P-9 in proton-induced fission events are 
mainly evaporated protons. These should possess 
an almost isotropic distribution of the angles of 
emission, very different from the curve obtained 
for fission induced by fast 7 mesons. This ef- 
fect can be seen in Fig. 3. Consequently, the pre- 
ponderance of large angles between emitted pro- 
tons (in fissions induced by am mesons) can be 
explained by the presence of cascade particles, 
ejected from the nucleon by the proton pair origi- 
nating in the absorption of am meson. 

The above analysis of fission events induced 
by mt mesons in both types of emulsion, relativ- 
istic and P-9, makes it possible to conclude that, 
for the most part, the 7 mesons are absorbed 
in interaction with the (n,p) nucleon pairs. The 
data obtained in the present experiment do not ex- 
clude the possibility that the 7 mesons may be 
absorbed in the first interaction, without previous 
energy loss. 

All fission events detected in the relativistic 
emulsion were specially examined for the presence 
of a scattered meson emitted from the nucleus un- 
dergoing fission. In seven cases out of 73, a a 
meson with energy greater than 45 to 50 Mev was 
observed in addition to light charged particles.* 


Number of fragments 
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FIG. 4. Range distribution of single fragments in emulsion 


for fission events, induced by: e — 280-Mev 7+ mesons 0 —350- 


Mev protons, x — slow 7~ mesons. 


*It should be noted that only mesons with energies greater 
than > 45 to 50 Mev can be properly identified from the ratio of 
the grain density of the given particle to the grain density of a 
particle with minimum ionization. 
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This amounts to ~10% of the interaction events | 
leading to fission. | 

The fission of uranium nuclei induced by posi- .f 
tive mesons can therefore be explained as due to 
passage of fast nucleons through the nucleus, origi-| : 
nating in meson absorption, and to meson scatter - 
ing with large energy transfer. 

We shall note the following features of uranium 
fission, induced by 280-Mev m mesons, which 
were obtained in our experiment: The solid curve 
in Fig. 4 represents the range distribution of single 
fragments of uranium fission induced by 280-Mev 
m+ mesons. The curve has a maximum indicating 
a predominantly symmetric fission. The dots in | 
the figure represent distributions in fission induced 
by 350-Mev protons!® and by slow 7 mesons.4 ff 
It can be seen that, within the limits of errors, all | | 
the points lie on the curve. The mean total range _ 
of fragments in mt -meson induced fission events, 
equal to 23.5u, coincides, within experimental er- 
ror, with that in fission induced by 350-Mev and 
140-Mev protons (23.1 and 23.3 respectively ) 
and by slow tm mesons (23.7). 

We estimated the cross-section for the fission 
of uranium by 280-Mev 7* mesons. The cross- 
section was determined both from the experiments 
with the relativistic emulsion and those with the 
P-9 emulsion. The number of uranium nuclei in 
the emulsion was measured by counting the number 
of a-particles emitted by uranium. The meson 
flux in the relativistic emulsion was measured by 
counting the meson tracks, and was calculated for 
the P-9 emulsion from the irradiation time. Ac- 
cording to our measurements, the cross-section 
for the fission of uranium, induced by 280-Mev 1° 
mesons, is equal to (1.0 + 0.2) x 107 cm?. 


2. PRODUCTION OF MULTI-CHARGED (Z = 4) 
FRAGMENTS ON EMULSION NUCLEI IN INTER- 
ACTION WITH 280-Mev POSITIVE MESONS 


The mechanism of production,of multi-charged 
fragments accompanying the interaction between 
fast mesons and nuclei has not been fully explained. 
The production of multi-charged fragments can be 
observed not only in interactions of cosmic rays,2°~ 
but in interactions between nuclei and nucleons 
with energy of the order of several hundred Mev.2°~22 
An extensive study,** devoted to the production of 
multi-charged fragments on emulsion nuclei by 
high energy protons, has shown that the process 
cannot be explained by an evaporation or a cascade 
theory, but requires special assumptions on the in- 
teraction between fast protons and nuclei. In con- 
nection with the above, it is of interest to investi- 
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FIG. 5. Interaction between a 7+ meson 
(E = 280 Mev) and a heavy emulsion nucleus, 
accompanied by the emission of a multi-charged 
fragment (B’) (Magnification 1000 x). 
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TABLE II 
Relativistic emulsion Emulsion P-9 Forwards/ 
Mean num- Forwards/ | Mean num- Forwards/ pies 
ber of backwards ber of backwards oe aol t 
prongs per ratio of prongs per ratio of (one . 
star prongs star prongs emulsions) 


Stars with multi-charged 


fragments produced by 9.4+0.2 1,3+0.3 4.9+0.2 1.4-+0.1 3.241 
280-Mev 7+mesons =e £0. aie 0.4 +! 
Stars without multi- : H 
Ehaccediagmentss pres) 20k) S20 40-114 15-1-0),06 
duced by 280-Mevy 7 + (~3.9) (~3.3) 
mDSSOnsS: 
gate the production of such fragments by high- dent a? meson) to the number of charged particles 


energy mt mesons as well.* 

In the experiments with the relativistic emulsion 
we recorded 24 interaction events between 280-Mev 
am mesons and emulsion nuclei, accompanied by 
production of multi-charged (Z = 4) fragments. 
Sixty-five similar events were observed in the P-9 
emulsion. 

A microphotograph of an interaction between a 
m™ meson and a heavy emulsion nucleus, accompa- 
nied by emission of B3, is shown in Fig. 5 (rela- 
tivistic emulsion ). 

Some data on stars, accompanied by emission 
of multi-charged fragments and unaccompanied by 
such an event, are given in Table II. 

The mean number of prongs in stars, with and 
without emission of multi-charged particles is 
given in the first and third column of the table for 
the two types of emulsion. The mean number of 
prongs in stars unaccompanied by fragment emis- 
sion should be lower than that given in the table, 
since such stars with zero and one charged parti- 
cles are not noted in scanning, while stars with 
two charged particles are also partially overlooked. 
Approximate values of the mean number of prongs, 
calculated with allowance for missed stars, are 
given,in parentheses. 

The ratios of the numbers of light charged par- 
ticles emitted forwards (with respect to the inci- 


*The presence of such fragments in interaction between 


750-Mev 7~ mesons and emulsion nuclei (16 cases) is mentioned 


in reference 2. 


emitted backwards are given in the second and 
fourth columns. The same ratio for the fragments, 
measured by means of both emulsions, is given in 
the last column. 

The above data indicate a certain similarity be- 
tween the production of multi-charged fragments 
in interaction between high-energy 7 mesons 
and emulsion nuclei and the production of these 
fragments in interaction involving the emulsion 
nuclei and high-energy protons.** It follows from 
Table II that, for m mesons, production of frag- 
ments is more probable in events with many prongs. 
The same has been noted for fast protons.*? 


Ss 


S 
S 


FIG. 6. Distribution of multi- 
charged fragments as function of 
the projected angle of emission 
relative to the 7+-meson direc- 
tion. 
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The angular distribution of the emitted multi- 
charged fragments about the direction of the inci- 
dent m’ meson is of special interest. It has been 
found that the emitted fragments are directed pre- 
dominantly forwards. This follows from the last 
column of Table II (forwards/backwards = 3.2) 
and from Fig. 6, representing the dependence of 
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the number of emitted fragments on the projected 
angle of emission relative to the direction of the 
incident meson. It should be noted that a similar 
preponderance of multi-charged fragments emitted 
forwards has been observed for production of these 
fragments on emulsion nuclei by high-energy pro- 
tons.*® All other light charged particles produced 
in nuclear disintegrations induced by 7 mesons 


are emitted almost isotropically (columns 2 and 4). 


The cross section for the production of multi- 
charged fragments on heavy emulsion nuclei (Ag, 
Br) by 280-Mev 7 mesons, estimated from the 
data obtained in the present work, equals (0.62 + 
0.2) Xx 1077" cm?. 

We investigated the possibility of multi-charged 
fragment production in events in which the incident 
ma meson is not absorbed in the nucleus, but only 
scattered. We studied the light charged particles 
emitted in addition to the fragments in stars, ob- 
served in the relativistic emulsion. The ratio of 
grain density of the tracks of fast particles to the 
grain density of tracks of particles with minimum 
ionization was measured. As particles with mini- 
mum ionization we chose the primary-meson back- 
ground recorded in the relativistic emulsion. This 
made it possible to detect scattered mesons of 
> 45 to 50 Mev. 

An emitted mt meson, accompanying a multi- 
charged fragment, was found in five events out of 
the 24 stars detected in the sensitive emulsion. 
Four events were identified by a low value of 
Ipart /Imin, and the fifth from the general energy 
balance of all emitted charged particles. It fol- 
lows that the absorption of the meson is not neces- 
sary for the production of a multi-charged frag- 
ment by a fast meson. 

The preliminary data given above do not contra- 
dict the assumption that the production of multi- 
charged fragments in the interaction between fast 
a mesons and nuclei can be induced by fast nucle- 
ons produced in the first scattering act of the 7 
meson on a nucleon accompanied by a large energy 
transfer. This fact could explain to a certain ex- 
tent the angular distribution of emitted fragments. 
It can also be maintained, however, that the angular 
distribution observed is not contradicted by the as- 
sumption that the fragments are produced in the 
nucleus in the first inelastic interaction of the 
meson. 

In conclusion, the author wishes to express his 
gratitude to B. S. Neganov of the Joint Institute of 
Nuclear Research for his help in irradiating the 
plates with 7* mesons, and to Prof. N. A. Perfilov 
for his constant interest in the work. 
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The apparatus described here can be used to measure the surface impedance of a metal at a 
wavelength of 3.2 cm in the “super-low” temperature region of ~0.1°K. The complex surface 
impedance of a cadmium single crystal has been measured in the temperature interval between 
0.1 and 0.6°K. The results of the measurements are analyzed. The penetration depth of the 
electromagnetic field in the superconducting cadmium has been determined and found to be 


6) =(13+1.4) x10%cm for T—0. 


The measurement of the surface impedance of 
superconductors is particularly interesting in the 
frequency range satisfying the condition hv/kTe¢ 
> 1, which can also be written as ATe< 1 (A= 
wavelength incm, Te critical temperature of the 


superconductor in °K). This condition can be satis- 


fied by two different methods: by decreasing the 
wavelength A of the applied electromagnetic radi- 
ation, and by investigating superconductors with 
lower critical temperatures Tg. 

Until now most investigators have followed the 
first method!“ up to the present limits of radio 
techniques (A ~ 0.2 cm). Only preliminary work 
has been carried out with the second method.® In 
this case, as in all work in this field, the tempera- 
ture of the sample (Al) was reduced to 0.85°K by 
pumping off the liquid helium which cooled the 
whole of the apparatus under investigation. 

This paper describes apparatus for the meas- 
urement of samples cooled to ~0.1°K by the mag- 
netic method (with ammonium iron alum used as 
the cooling agent). This makes possible a value 
hv/kT¢ = 0.9 in investigations of cadmium at a 
wavelength of 3.2 cm, for example. This value is 
reached only at ’ = 0.46 cm when working with 
tin. One of the features of the apparatus is that 


FIG. 1. Outline of the appa- 
ratus. On the right are shown 
some constructional details of 
the apparatus. The vacuum 
jacket is not shown. 
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only the sample, which serves as part of the meas- 
uring resonator, is cooled to the temperature of 

the alum. The remaining parts of the apparatus 

are at the temperature of the helium bath (~1.6°K). 


APPARATUS 


The coaxial resonator (Fig. 1) with cavity 1 of 
diameter 1.6 cm and length 3.4 cm (somewhat 
larger than = 3.2 cm, owing to the effect of the 
conical ends of the internal conductor) has two 
symmetrical apertures 2, which are connected to 
the generator and to the detector by means of the 
coaxial lines 3. The power transfer efficiency 
(107 to 10-4 at resonance) may be regulated ex- 
ternally by means of a device which rotates the 
resonator about its axis of symmetry and displaces 
the two apertures relative to the coaxial lines. 
Cavity 1 of the resonator is formed by four con- 
ductors: cylinder 4 of length 4/2, two end flanges 
5 of length A/4, and the central part of the sam- 
ple 6, which serves as the axial conductor. The 
electric contacts between the different parts of the 
resonator are not important, because all connec- 
tions coincide with nodal lines of the resonance 
currents. The internal surfaces of the axial bores 
(diameter 1 mm) of flanges 5 are covered by layer 
of polystyrene of thickness 3 to 5u. This prevents 
electrical contact between the specimen and the 
flanges. The cylinder and the flanges are made of 
oxygen-free copper and have been electropolished 
internally. 

The cylindrical sample 6, with a diameter of 
0.9 mm, fits closely into the bores of the end flanges 
of the resonator and extends in length right through 
the resonator. The losses in high-frequency power 
from the resonator via the sample are smaller by 
1 to 1.5 orders of magnitude than the power trans- 
ferred to the detector; this is brought about by the 
open-circuited quarter-wave lines, which are formed 
by the conical parts of the resonator flanges together 
with the sample, and also by the quarter-wave “re- 
flectors” 7 placed at the ends of the sample. The 
lower part of the sample is soldered to copper 
strip 8 with cadmium — the same metal as the 
sample. Copper strip 8 serves to conduct the 
heat to carbon thermometer 9, which measures 
the temperature of the sample. A heat conductor 
10, made of the same metal as the sample but hav- 
ing a thermal resistance an order of magnitude 
higher than the sample, is also soldered to strip 8. 
This arrangement ensures a homogeneous tempera- 
ture in the sample when heated by high frequency 
currents throughout the temperature range over 
which the measurements are made. An additional 
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thermometer measures the temperature at the 
upper end of the sample, to check that this condi- 
tion was fulfilled. ‘ 

Heat conductor 10 is soldered to copper strip 
11 (OAexCib reo mm’), at the upper end of which 
is located heater 12. The latter enables one to | 
raise the temperature of the sample above that of 
the salt by means of the heat flow produced in strip 
11 and conducted away by heat conductor 13. This 
conductor is a copper wire, 2 mm in diameter, 
whose end has been flattened into a broad strip 
(2 cm) and pressed into the salt 14. Heater 15 
is connected to strip 8 by means of heat conductor 
16 whose thermal resistance is about half that of 
the sample. This heater is used to determine the 
power dissipated in the sample by the high-fre- 
quency current. For this an equivalent direct cur- 
rent is made to flow through the heater and adjusted 
so that there is no change in the reading of ther- 
mometer 9. The thermometers were made of re- 
sistor material in the shape of thin copper-plated 
platelets of a conducting substance (0.5x2x5 mm’). 
The copper strips of the electric and thermal con- 
ductors were also electroplated to the thermometer: | 
the completed thermometer was soldered with 
Wood’s metal to a thin-walled copper screen. The _ 
resistance of the thermometer changes from ~50Q - 
at 4.2°K to ~400Q at 0.1°K. The heaters are 
fabricated like the thermometers, but are made of 
a material whose resistance is practically constant 
in the temperature range of the experiment. 

The thermometers were calibrated by the mag- 
netic temperature of the ammonium iron alum used 
as cooling agent. The alum permeability was deter- 
mined by measuring the mutual inductance of coils 
surrounding the salt with an R-56 ac potentiometer 
at 60 cycles. The alum was cooled by helium until 
the start of demagnetization; the helium was then 
removed from the cavity of the apparatus by means 
of a carbon adsorption pump. The pressure of the 
helium used as heat exchanger was estimated from 
the rise in the temperature of a special carbon 
thermometer over that of the helium bath. The 
thermometer was hung inside the vacuum jacket 
of the apparatus with thin caprone threads (meas- 
uring current 80 ya, resistance 3kQ). 

The electric leads to the sample for measuring 
its de conductivity, to the thermometers, and to the 
heaters are made of constantan 30 microns in di- 
ameter. The center of each lead 17 (only a few of 
them are shown in Fig. 1) was brought into ther- 
mal contact with heat conductor 13. 

By demagnetizing the salt from ~7 kilogauss 
at ~1.6°K it was possible to obtain a temperature 
of ~C.12°K. The salt warmed up at a rate of 
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FIG. 2. Block-diagram of the electronic equip- 
ment for the continuous registration of the fre- 
quency characteristic and of the changes in the 
resonant frequency of the resonator. The letters 
represent the voltages and currents shown in 
Fig. 3. 1—Standard Signal Generator GSS-6; 
2—Sweep Generator and Modulator of the 
Klystron; 3—Klystron K-20; 4—Standard res- 
Onator; S—Resonator to be Measured; 6—Detec- 
tors; 7—Amplifiers; 8—First Differentiating 
Circuit; 9—Second Differentiating Circuit; 10— 
Six-Point Recording Potentiometer EPP-09. 


~0.02°K/hr, corresponding to a heat influx of 

~ 30 erg/sec. In the absence of an hf field (<1 
erg/sec), no direct heat flux to the sample could 
be detected (by thermal radiation and through 
points of contact with the resonator ). 


ELECTRONIC CIRCUIT 


The frequency characteristics and changes in 
the resonant frequency of the resonator were meas- 
ured with an electronic circuit which made it pos- 
sible to register these values automatically (to- 
gether with the temperature of the sample) ona 
six-point EPP-09 recording potentiometer. 

The operating principle of the circuit is as fol- 
lows (Figs. 2 and 3). The modulating voltage from 
standard signal generator GSS-6, with a frequency 
F = 2 to 6 Mes, is applied to the reflector of the 
klystron K-20. This produces sidebands in the 
klystron-output spectrum, separated from the car- 
rier frequency by an amount F. Furthermore, the 
carrier frequency of the klystron is modulated, at 
a frequency of 25 to 50 cycles, by a saw-tooth vol- 
tage applied to the reflector from the sweep gen- 
erator. There is a linear shift in the frequency 
spectrum of the klystron during the first half cycle 
of the saw tooth voltage, as shown in Fig. 3b. Dur- 
ing the second half cycle, there is a linear shift in 
the opposite direction. 

The limits of deviation of the carrier frequency 
of the klystron are determined by the resonances 
of the standard resonator (Fig. 3a), which occur 
at the instant when the carrier frequency or one 
of the side bands of the spectrum of the klystron 
are equal to the resonant frequency f,; (Fig. 3b). 
A superconducting cylindrical lead resonator with 
a Q onthe order of 10° (resonance mode Hpi) 
served as standard resonator. The signal from the 
standard resonator triggers the sweep generator 
and, therefore, also the direction of the shift in the 
carrier frequency. In this way, the magnitude of 
the shift in the klystron frequency is equal to the 
modulation frequency F from the GSS-6 stand- 
ard signal generator. 


963 


FIG. 3. Illustration of the oper- 
ating principle of the electronic 
circuit. The time variations of the 
voltages and currents are shown 
at some points of the circuit in 
Fig. 2. During one half cycle of 
the sweep-voltage the changes 
take place from left to right, during 
the other half cycle — from right 
to left. 


As the carrier frequency of the klystron covers 
the pass band of the tested resonator, a signal, 
which has the shape of the frequency characteristic 
of the resonator (Fig. 3c), reaches the detector. 
The first derivative of this signal (Fig. 3d) van- 
ishes at the instant when the carrier frequency of 
the klystron coincides with the resonant frequency 
of the resonator. A pulse produced at this instant 
switches on or off one of the output currents of an 
electronic circuit (Fig. 3e) in such a way that the 
time average of this current (Fig. 3e, dotted line) 
is proportional to the difference in the frequencies 
of the measured and of the standard resonator 
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fmeas — fgt. This mean value of the current is 
recorded by the potentiometer EPP-09. In the 
same way, a second differentiation of the resonator 
signal (Fig. 3f) produces a current (Fig. 3g) whose 
time average is proportional to the width of the fre- 
quency band of the resonator. This current is also 
recorded by the potentiometer. 

The electronic circuit contains about 60 vacuum 
tubes. A separate paper will be devoted to its de- 
scription.* 


THE SAMPLE 


The sample investigated was an electropolished 
cylindrical single crystal of cadmium of purity 
99.999% and a diameter of 0.9mm. The hexagonal 
axis of the crystal was parallel to the axis of the 
cylinder to an accuracy of a few degrees. The hf 
currents travelled along the surface of the cylinder, 
so that the surface resistance of the cadmium was 
measured practically in the direction of its hexago- 
nal axis. The de conductivity of the sample at 4°K 
was (22 +5) X 10° esu, exceeding its conductivity 
at 300°K by a factor of (1.5 to 2) x 10+. 


FIG, 4. The surface resistance R and the changes in the 
surface reactance dX of cadmium as a function of the rela- 
tive temperature t = T/T, (Ty = 0.56°K). The three types of 
symbols represent three series of measurements. 


THE MEASUREMENTS 


The change Af in the width of the frequency 
band of the resonator and the shift df in its reso- 


*The circuit was developed together with I. I. Losev. 
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nant frequency were measured experimentally dur- | 
ing the transition of the sample from the supercon- 
ducting to the normal state (and back). These 
quantities determine the resistance R of the sam- 
ple and the change dX in its reactance: 


ex 


R= 2nK Af; dX =—4nKdf. 


The quantity K = 4.7 x 10°-°H was calculated from 
the dimensions of the resonator and from the type 
of oscillations excited in it; it was verified experi- 
mentally (to an accuracy of ~10%) by measuring 
the width of the frequency characteristic of the 
resonator at room temperature. At helium tem- 
peratures, the width of the frequency character- 
istic of the resonator with the cadmium sample in 
its normal condition was equal to 845 kc. Of these, 
495 ke are due to losses in the copper walls and to 
losses by radiation in the coupling apertures, and 
350 ke are caused by losses in the sample (accu- 
racy +5 kc). Figure 4 shows the results of meas- 
urements of the surface impedance of a sample of 
single crystal cadmium. 

The “residual” resistance Rg of the supercon- | 
ducting sample at temperatures much below critical — 
is quite small and its value, determined from the 
width of the frequency characteristic of the reso- 
nator, becomes quite inaccurate. For this reason 
Rg must be determined from the rf heating of the 
sample as mentioned above, by replacing the hf 
heating with the power dissipated in the heater 15. 
In practice, however, it is more convenient and ac- 
curate to measure the ratio of Rg to the resist- 
ance of the sample in the normal state Rp: 
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where Afg and Afp are the widths of the reso- 
nator frequency characteristics with the supercon- 
ducting and the normal sample, respectively, and 
Ws and Wy denote the power dissipated by the 

hf current in the superconducting and the normal 
sample. This ratio is equal to 2 + 0.5% (Fig. 4, 

the cross on the R curve) for cadmium at ~0.15°K. 
During these measurements it is necessary to maih- 
tain constant the power from the generator (klys- 
tron) to the line that excites the resonator, and the 
power transfer efficiency, which should be small 
compared to unity. 

The de conductivity of the sample is determined 
during the high-frequency investigations by meas- 
urements with a tuned photoamplifier’ at 4.64 cps. 
It is thus possible to check any differences in the 
critical temperature for transitions to the super- 
conducting state under de condictions and at high 
frequencies.'** No such difference was found in 
the experiments described here (to an accuracy 
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of ~0.003°K). 


RESULTS 


By measuring the surface resistance of a super- 
conductor it is possible to determine the dielectric 
constant ¢€ and the ratio of the conductivity of the 
normal electrons to their mean free path o/1.8~!0 
The two terms which appear in the expression 


== 2 2A2 
€ = €, — c* / w°0?, 


(1) 
can be separated if the results of independent meas- 
urements at different frequencies w are known, or, 
in particular, if the depth of penetration 6 ofa 

- weak static magnetic field into the superconductor 
is known. After measuring e€ at one frequency 

®, one can either calculate 6, assuming «) « 
c?/w*6?, or one can try to separate the terms con- 
taining €) and 6 by making use of additional con- 
siderations, e.g., the law governing the variation 

of 6 with the temperature T. 

Figure 5 shows the variation of e€ with the rela- 
tive temperature t= T/Te (Tg = 0.56°K is the 
critical temperature of cadmium), obtained from 
an analysis of the measurements of the complex 
_ surface impedance of cadmium in accordance with 
Abrikosov’s equations.’ The application of Ginz- 
burg’s® equations leads to practically the same re- 
sults. The points lie a few percent higher but still 
within the possible error of the measurements. 

As can be seen from Fig. 5, the variation €(t) 
in the region 0.3 <t< 1 can be expressed by the 
simple empirical law: 

—e= 14.4(1 —?*)-10% CGS electrostatic units. (2) 


The value of 6, calculated from the equation 


s8=c/woV—s 


assuming that €) « c?/w6’, 
sion 


(3) 


leads to the expres- 


Nelo 4 tr 310 — cm, 
11,12 


(4) 


which has the form of the usually obtained re- 


lationship 


§ = const (1.—#4) ". 


(5) 


The accuracy of determination of 6 is about 10%. 

By estimating the limiting value for 6 at T=0 
as 6) = (13.4+1.4) x1078cm, we can calculate 
for cadmium the parameter «x of the theory of 
Ginzburg and Landau: !? 


w = 2.16-10'H,35 = 0.11 + 0.02, 


where He = 28.8 oersteds is the critical magnetic 
field for cadmium.'* The value obtained for x is 
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FIG. 5. Variation of the dielectric constant of supercon- 
ducting cadmium with the relative temperature t. The three 
types of symbols represent three series of measurements. 


in good agreement with theoretical considerations 
(for “soft” superconductors, k < 1/V2 ). 

By investigating the variation of the critical 
field of small cadmium spheres with their dimen- 
sions, Steele and Hein! obtained 6) = (9 to 11) x 
107*cm. This value for 6) is far too high. This 
is particularly clear on calculating x from it 
(~600!). The result of Steele and Hein is appar- 
ently incorrect, though it is difficult to show the 
reason for their mistake. 

The ratio of the conductivity produced by nor- 
mal electrons to their mean free path o/l may 
be found from the complex surface impedance of 
the superconductor Z=R+ ix: 


o / l= const (1 + 4) X*/|Z*, (6) 


where the parameter — 1 < 7 <= +3 depends on 
the ratio R/X. (The surface reactance X of the 
superconductor is calculated from the equation 
X = X,—-dX, where dX is the experimentally- 
measured change in the surface reactance of the 
metal at the transition from the normal to the 
superconducting state, and the surface reactance 
Xn of the normal metal is determined from the 
relationship Xp = Rnv3 , according to the theory 
of the anomalous skin effect.'*) 

The results of the calculation of o/l from Eq. 
6 are shown in Fig. 6; the curve is drawn through 
the experimental points approximately. The large 
scatter of the points may be explained by the fact 
that the quantities X and R, measured to an ac- 
curacy of 3to5%, appear in Eq. 6 with high pow- 
ers. This causes an almost tenfold increase in the 
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relative error in the calculation of (a/l), for the 
superconductor. 

The value of (a/l)) for the normal metal is 
determined to an accuracy of about 10%. Knowing 
(o/l)) and the conductivity o, one can estimate 
the mean free path in the normal metal: L~0.1 mm. 
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FIG. 6. Variation of the ratio of the conductivity pro- 
duced by normal electrons to their mean free path with the 
relative temperature t. The curve has been drawn approxi- 
mately through the experimental points. The three types of 
symbols represent three series of measurements. 


The experimentally found variation of o/l with 
temperature is not in disagreement (Fig. 7) with 
the law: 


1 — [(s/1)s/(/1))] =C (1 — #4). (7) 


A more positive verification cannot be given be- 
cause of the above-mentioned insufficient accuracy 
of the results. For cadmium we obtain C = 0.85 + 
0.2. Analogous experiments on tin give C=1.04 
0.2. A formula in the form of Eq. 7 can be obtained 
by making the following assumptions. We assume 
that the equation 


Ny = ttn + kng, 


(8) 


is correct, which establishes the relationship be- 
tween the two electron densities: ny — normal 
electrons in the normal metal; nn and ng — nor- 
mal and superconducting electrons in the supercon- 
ductor. The coefficient k does not depend on tem- 
perature. Rewriting Eq. 8 with the use of the for- 
mulae 


mo? 


mu, 
Ny = =a (9 / Doi ES el eet 


and also assuming that the mean free path of nor- 
mal electrons is the same in the normal metal and 
in the superconductor, we obtain 


(o/ 1), kn, 
(5 /l)o un 


ko? € 


4m, (o/l)y ’ 


(9) 


where vy =(1 to 2) x108cm/sec is the Fermi 
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velocity of the normal electrons (the effective 
masses of the normal and of the superconducting 
electrons are assumed to be equal). 

Substituting the experimentally found values for 
e and (o/l)) in Eq. 9 and comparing with Eq. 7 
we obtain k=5 to 10 for cadmium. For tin we 
obtain k = 4 to 8, which is in agreement with the 
known data.!! Thus for cadmium, as well as for — 
tin and several other sufficiently investigated 
metals, it is not permissible to assume k = 1 
when using Eq. 8. 

The surface resistance of cadmium in the nor- 
mal state is Ry =(11+1)x107 esu. This is 
appreciably larger than the result of Chambers," 
who obtained for polycrystalline cadmium Rp = 
(7.7 + 0.3) x 10° esu. Because of this, the cor- 
responding values of (a/l)) calculated from Eq. 
6 differ by a factor of about 3. The discrepancy 
may be due to a strong anisotropy of the surface 
resistance of cadmium. Such an assumption, how- 
ever, requires experimental verification. 
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FIG. 7. The full line and the circles refer to measure- 
ments on cadmium, the dotted line and the crosses to 
measurements on tin. 


Analyzing the measured surface resistances of 
different superconductors (Hg, Sn, Al, Zn, In) 
made at high frequencies (1200 to 36,000 Mc), 
Faber and Pippard® found that a plot of log (2 x 
10° G;/Te) and log G, vs. log (W/T,) is 
a straight line of slope vs (reference 5, Fig. 5). 
These quantities characterize the slope of the curve 
R(T) close to Te and far away from Teg, re- 
spectively. Evaluation of the measurements of 
R(T) for cadmium (Fig. 4) leads to values of 
G,=11%x107° and G, = 30, which lie well on the 
extension of the straight line in Fig. 5 of the paper 
by Faber and Pippard.°® Owing to the low critical 
temperature of cadmium, the points of this figure, 
observed by investigating cadmium at a frequency 
of 9400 Mc, lie at higher w/Te values than all 
other measurements made in that work.° 


CONCLUSIONS 


A method has been developed for measuring the 


SURFACE IMPEDANCE OF SUPERCONDUCTING CADMIUM 


complex surface impedance of superconductors in 
the temperature region down to ~0.1°K, obtain- 
able by demagnetization of paramagnetic salts. By 
investigating superconductors with low critical tem- 
peratures it is possible to obtain values of the pa- 
rameter hv/kTc several times larger than when 
working in the region of helium temperatures (1 

to 4°K) at the same frequencies. 

The complex impedance of a single crystal of 
superconducting cadmium has been measured. The 
temperature dependence has been obtained for (a) 
the depth of penetration of an electromagnetic field 
into superconducting cadmium, and (b) the ratio of 
the conductivity produced by normal electrons to 
their mean free path. In analyzing the second quan- 
tity, measurements of the surface resistance of tin 
have also been utilized. 

The author takes the opportunity to thank P. L. 
Kapitza for his interest in the work, A. I. Shal’ nikov 
for his continuous interest and valuable advice, and 
also G. S. Chernyshev and I. I. Losev for technical 
help. 
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We have studied the composition of the aguonaaty ions produced by single collisions between 
ions with energies from 5 to 180 kev. The total 


H, molecules and primary Ht, Hf, and Hj 


cross sections were determined: oy, for electron capture by the tee ions, 


formation of free electrons, and oy} and oy+, 


oyt is considerably smaller than oHt over the entire range of energy investigated. The 
curves of ogt+(v) for ae primary ions H* and Hy showed maxima at velocities of 1.7 x 
10'cm/sec and 1.9 x 10®cm/sec respectively. 
approximately 100 times larger than the corresponding cross section for the case 


107!" cm?, 
of electron bombardment.! 


INTRODUCTION 


Tue cross sections for ionization and charge ex- 
change have been calculated theoretically only for 
the simplest cases, including the (H*, H) system. 
A number of authors? have calculated the cross 
section for charge exchange in this system, while 
the cross section for ionization has been calculated 
by Bates and Griffing.® Considerable experimental 
data, covering a wide range of energy,®!", are 
available on the charge-exchange cross section 

for the (H+, H,) system. However, the cross sec- 
tion for the ionization of hydrogen molecules by 
hydrogen ions has been determined only for ener- 
gies below 40 kev.”°!! As to the composition of 

the secondary ions, we have only the very limited 
data by Keene. ! 

The aim of the present work was to study the 
ionization of hydrogen by H*, i, and Hy ions, 
and the distribution of e/m of the secondary ions 
over the relatively wide energy range from 5 to 
180 kev. 

Secondary ions can appear during collisions be- 
tween protons and H, molecules as a result of the 
usual charge exchange, ionization of the molecules 
to form molecular ions, and dissociation of the mo- 
lecular ions so formed, resulting in one or two new 
protons. We shall denote the cross sections for the 
corresponding processes by the letter o with the 
upper indices c, i, and d respectively. The lower 
indices 01 and 02 wili indicate the formation of 
either one or two positively-charged secondary ions 
from the hydrogen molecule. In addition, we must 
allow for possible processes in which the primary 
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o_, for the 
for the formation of H} ions and protons. 


The maximum value of of+ was about 5 Xx 


proton captures one or two electrons, accompanied — 
by the dissociation of the secondary molecular ion 
(indices cd and ccd). The process of single- 
electron capture plus dissociation was first studied | 
by Lindholm, who found that the cross section for 
this process, as in the usual types of charge ex- | 
change, depended strongly on the resonance defect | 
AE. The quantity AE is in this case the differ- 
ence between the recombination energy of the pri- 
mary ion and the vertical dissociation energy of 

the secondary ion formed by the charge exchange.* 
The dissociation of H, molecules to form protons 
when bombarded with electrons and fast atomic 
particles should come about as the result of a 
transition to the ionized state in accordance with 
the Franck-Condon principle. 

From the interaction potential-energy curves 
given in Massey and Burhop’s monograph’? for 
various electronic states of the hydrogen molecule, 
we have compiled a table of possible processes by 
which secondary ions might be formed from the 
(H*, H,) system. 

The columns of the table list: (1) the serial num- 
ber provisionally assigned to each process; (2) the 
formula for the process; (3) the notation for the 
cross section; (4) the excited state of the molecular 
ion corresponding to the given process; (5) is the 
recombination energy (or the energy of formation 
of a fast H™ ion froma proton) E,; (6) the ver- 


*By “vertical dissociation energy” we mean the energy of a 
transition, obeying the Franck-Condon principle, for the ground 
state of the molecule to the ionized state, with subsequent 
dissociation (See also reference 13). 


| i.e., the energy spent in carrying out the indicated 
_ process, which is equal to the resonance defect for 
processes 1, 2, 3, 7, and 8; (8) is the kinetic en- 
ergy T acquired by the secondary proton formed 


during the process as the result of the dissociation 


_of the molecular ion. The symbol for the primary 


particle is underlined in each formula. 
When the primary particle is a molecular ion, 


_ the mechanism of secondary-particle formation 
from H, molecules must still be the same as in 


the case of the (H*, H.) system, but since there 

is a much larger number of possible states for the 
primary particle, the processes are more numer- 
ous and more complex. 


1. EXPERIMENTAL PROCEDURE 


The apparatus in which the experiments were 
performed, and the methods employed, are de- 
scribed in detail in our previous papers.'47) A 
beam of primary ions, uniform in composition and 
energy, was directed into a collision chamber 
where the pressure was between 1 and 1.5 x 1O=5 
mm Hg. This low pressure allowed only single 
collisions between the primary particles and the 
gas molecules. The pressure in other parts of the 
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| Fe 

| 4 2 3 4 5 6 7 § 

i No Process Ey, ev E,, ev AE, ev AT,ev 
| 1 |H++H,>H+H,+ of, | *Xg | 13.6 | 15.618 2—4.4 — 

| 2 25 

" g | 13.6 18 4.4 0 

| 3 |H'+iH>H+H+H of | 23u | 13.6] 2832.5 | 14.4-18.9| 5—7 

| 4 JH++H.>Ht++Ht,+e om | 2g | — | 15.6—18 | 15.6—18 —~ 

| 5 Sg 18 18 

| 6 [At +H Ht tH tutte of | ase | — | og 39.5 | 28--32.5 | soz 

i 

7 |H* +H, > H- + 2H+ ois? | — | 14.3] 46-50 | 34.7—-35.7 |7.5—10 
| § jH++H.+H +2Ht++e Oe | =. | 186) 2650/2 46-36.407 510 
} : ¢ 

| Paper, PRE De | ede a 2 36 5G 46—50 |7.5—10 
_ tical dissociation energy E); (7) AE = E;—Ep, 


saturation currents at the plates of the measuring 
capacitor. N is the number of gas molecules per 
cubic centimeter in the collision chamber, l is 
the length of the measuring electrodes, and i, is 
the primary ion beam current. Under the condi- 
tions of the experiments, the current i; was 1 x 
107? to 1x 10% amp, and the currents i+ and i- 
varied between 5 x 107!" and 2 x 10-8amp.- The 
currents were measured by a mirror galvanometer 
with an ultimate sensitivity of 1.5 x 107!°amp/divi- 
sion. 

In order to analyze the e/m distribution of the 
secondary ions, a magnetic sector mass-spectrom- 
eter was connected to the collision chamber, ina 
plane perpendicular to the primary beam. The 
slow secondary ions were accelerated at the en- 
trance to the analyzer, by an electric field. The 
analyzer was used to determine the ratio 


(3) 


where ay} and ayt are the relative intensities 
of the Hf and H* lines in the secondary ion spec- 
trum, and oy+ and opt are the corresponding 
cross sections for the formation of these secondary 
ions. The absolute vaiues of the cross sections 
were determined from the formulas 


See Oyyt = Pa OH 


apparatus was kept below 5 x 10-§ mm Hg with ot = Sait: (4) 
A . . 2 
the aid of differential pumps. Oye = Out (5) 


The secondary ions and free electrons produced 
in the gas were collected on the plates of a meas- 
uring capacitor located inside the collision cham- 
ber. 

The total cross section o, for the formation 
of secondary ions and the total cross section o_ 
for the formation of free electrons were deter- 
mined from the formulas 


(1) 
(2) 


Ou — i, /i,N1, 
oC = i_/i,N1, 


where i; and i_ are the positive and negative 


The ion currents in the analyzer were between 
2x10! and 2x 107amp, and were measured 
by an electrometer amplifier with a sensitivity of 
2 x 1074 amp/division. 

The cross sections 0, and o_ can be expressed 
in terms of the cross sections of the individual proc- 
esses in the following way: 


a, = (06, +) + (06 + 94) +2006, + Gf + 2e8 (6) 
ore oo ar oo a 2c%, ara eer (1 + 20%), (7) 


where the cross section of, accounts for the dis- 
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sociation of the primary molecular ion, H; or H3, 
with emission of an electron, while the cross ao 
tion of, account also for the dissociation of Hi 


ion with emission of two electrons. Subtracting 
(7) from (6) we get 
6,—o_= of Mae COs ! oe ae oF oe (s of, + 294, (8) 


The first three terms on the right-hand side of 
Eq. (8) comprise the total cross section for the 
capture of one electron by a primary ion: 


soft ogg. 


2) 


0 


— of 
01 


(9) 


Since, according to the data given in reference 9, 
gacd « o4-—o- for protons, the total capture 

cross section go) can be determined from the data 
obtained by the potential method, using the approx- 


imate formula 


Oy = On = Ox 


(10) 
We have applied Eq. (10) also to the case of 
Hp and H3 as primary molecular ions, using 
the analogous approximation. The corrections 
necessary in this case, which must increase dy 
slightly, can be introduced only when the cross 
sections on and of, can be measured independ- 
ently. 
The cross section for the formation of second- 
ary Hy and H’ canbe expressed in terms of the 
process cross sections in the following way: 


o ee ot 
HY oo Foy? 


(11) 


Ce of ie of + 2(ere + oe + gc¢), (12) 


All the cross sections which we obtained were 
calculated “per molecule” and are expressed in 
em?. The possible errors in determining the cross 
sections 0,, O_, ot, and ot are estimated 
to be + 12%, equally caused by errors in measuring 
the current (+6%) and the gas pressure in the col- 
lision chamber (+6%). If the cross sections oy 


are small compared with the corresponding o 4 and 
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FIG. 1. Total cross section for capture of electrons by pro- 
tons. O — data of this work, 1 — theoretical curve after Jackson 
and Schiff.3 Remaining curves are experimental, after the fol- 
lowing: 2 — Keene,” 3 — Ribe,®, 4 — Fogel’,? 5 and 6 — 
Stedeford and Hasted. 1° 
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o_, their measurement errors are considerably Jf 


larger. 


RESULTS OF THE MEASUREMENTS AND 
DISCUSSION OF THE RESULTS 


Za: 


. Total Capture Cross Section 0. 


Figures as 2; one 3 Oe the dependence of oo 
on v for Ht upton and Hp ions respectively. 
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FIG. 2. Total cross section for capture of electrons by H} 
ions. O — data of this work. Experimental curves after the fol- 
lowing: 1 — Keene,” 2 and 3 — Stedeford and Hasted. 1° 


Experimental data on charge exchange of protons 
in molecular hydrogen have also been obtained re-~ 
cently by Keene,’ Ribe,® Forel,’ and Stedeford and 
Hasted.'? In these experimental studies, as in our 
work, it was really the total capture cross section 
that was being measured [see Eq. (9)]. All the 
experimental results, including our own, agree 
among themselves within the limits of experimental 
error. The curves of o)(v) have a maximum at 
T © 8 kev, as first observed by Bartels.® 

Figure 1 also shows the theoretical curve for 
the charge exchange of protons in atomic hydrogen, 
from the paper by Jackson and Schiff.2* This curve: 
agrees with the experimental results for the (Hoa 
H,) system in the velocity range v > e?/f, and 
gives too high a cross section for v < e?/h. 

For the (Hj, H,) system (Fig. 2) we show also 
the data of Keene’ and Stedeford and Hasted.!° 
These agree, within experimental error, with the 
results of our work. The presence of a maximum 
in the o)(v) curve is evidence that the (He, Hp ) 
system does not exhibit resonance. The electron 
capture probably occurs in an excited state of the 
H, molecule. 

Electron capture by the H3 ion is a complicated 
process, since there is no known stable state of the 
H3; molecule. Apparently the capture of an elec- 


*This curve practically coincides with the curves of Bates 


and Dalgarno? and Pradhan.* In going from the (H+, H) system 
to (H+, H,), the authors of references 2 and 3 double the corre- 
sponding cross sections, neglecting the molecular bonds. 


IONIZATION OF MOLECULAR HYDROGEN 


tron by a H3 ion leads to dissociation into an H, 
molecule and a hydrogen atom. The 0o(Vv) curve 
for Hy ions has a maximum, which is difficult to 
interpret. 
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FIG. 3. Total 
cross section for cap- 
ture of electrons by 
H} ions. 
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2. Production of Secondary H> Ions 


Figure 4 shows the curves of OH, iy) which we 
have obtained by using primary Ht Meee , and Hy 
ions, and the corresponding curve for electron bom- 
bardment from reference 1. It follows from Eq. (11) 
that ony is the sum of ee cross sections for the 
usual eee exchange, of, and for ionization with 
the emission of an electron, oh,. A comparison of 
Fig. 4 with the curves in Figs. 1 to 3 shows that 
when the primary ion velocity is less than e2/h, 
the cross-section for ordinary charge exchange is 
the major component of oH): The oHt(v) and 
0o(v) curves are therefore similar in the region 
where v < e’/fi. Conversely, if v > e?/fi, the chief 
contributor to the total cross section oy, is the 
ionization cross section, since o)<10-!8cm? for 
all primary hydrogen ions even when v is as low 
as 3.5 x 10° cm/sec. From Fig. 4 it can also be 
seen that, in the region where v > e’/H, the more 
nuclei in the primary ions, the greater the cross 
section OH,: By our assumption, the ionization 
processes take place mostly during collisions in 
which the electron shells of the ion and the mole- 
cule interpenetrate. In this case the magnitude of 
the ionization cross section must depend on the 
nuclear charge of the primary ion, and also on the 
number of nuclei if the primary ion is molecular. 
We have published analogous conclusions» concern- 
ing the ionization of inert gases by atomic ions. 


8. Production of Secondary Protons 


Figure 5 shows the curves of Cie | (v) which 
we have obtained for primary H*, Hf, and H3 
ions, and the corresponding curve for the case of 
electron bombardment from reference 1. The 
cross section for the production of secondary pro- 
tons is considerably smaller, over the whole en- 
ergy region we ee ee than the cross section 
for the production of Hp molecular ions. For pri- 
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mary H* and Hy ions, the oyt+ curves have a 
well defined peak that reaches approximately 5 x 
107!"cem*. The corresponding maximum cross sec- 
tion for electrons is only approximately 4 x 107'? 
(reference 1). 


Bast 
6, +10, cm 
4 


0 } 2 3 4 5 10%cm/ sec v 


FIG. 4. Cross section for production of secondary H} ions. 


Corresponding primaries are marked on the curves. Dotted 
curve — data of reference 1. 


Secondary protons can result from processes 2, 
3, and 5 to 9 (cf. table). We believe that the sec- 
ondary protons are due predominantly to dissocia- 
tion of molecular hydrogen ions H3, which have 
been produced by charge exchange and by ioniza- 
tion with electron emission (processes 2, 3, 5, and 
6). This assumption is supported by the results 
we have obtained by studying the kinetic energies 
of the secondary protons. In this study we have 
used a special analyzer apparatus (described in 
an earlier paper'®) to determine, by means of a 
retarding electric field, the kinetic energies of 
secondary ions of various charges and masses, 
emitted at a specified angle relative to the direc- 
tion of the primary beam. For primary hydrogen- 
ion energy of 75 kev, it was found that most sec- 
ondary protons carried energies less than 7 ev, 
and that only an insignificant fraction had energies 
from 7 to 12 ev. This indicates that the cross sec- 
tions of processes 7, 8, and 9 are small compared 
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FIG. 5. Cross section for production of secondary protons. 
Corresponding primaries are marked on the curves. Dotted 
curve — data of reference 1. 


with those of processes 2, 3, 5, and 6. It is inter- 
esting that the secondary-proton energy distribu- 
tion is found to depend little on the angle of proton 
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travel. This is what can be expected if the energy 

is acquired by the proton not by direct transfer of 

momentum from the primary particle, but ao a re- 
sult of the dissociation of a molecular ion Ht. 

We believe that the maximum in the oyt(v) 
curve for H* and Hp primaries is due to the dis- 
sociation of the molecular ions produced by charge 
exchange (processes 2 and 3). An argument in 
favor of this belief is the analogy between the 
oy+(v) curves in Fig. 5 and the curves for the 
total capture cross section in Figs. 1 and 2. It is 
easy to verify that the curves of oy+(v) for the 
primary ions Ht and Hj, like the curves of 
0)(v), have maxima in nearly the same position 
and of approximately the same magnitude. It should 
be noted that the maxima of the ogt(v) curves for 
H* and Hf} primaries, like the maxima of the usual 
charge-exchange curves, are located in the region 
v < e’/ii. When the primary ions are Hj, the cross 
section oyt for this velocity interval like the 
cross section 0), is considerably smaller than 
that for the H* and Hj ions. 

In view of the fact that AE is larger for proc- 
esses 2 and 3 than for usual charge exchange (proc- 
ess 1), the curve ocd (y) can be expected to have 
a maximum at a higher velocity than the curve 
of,(v). This assumption is confirmed, as can be 
seen from Figs. 1, 2, and 5. 

With increasing energy of primary ions, as 
pointed out above, ionization with emission of one 
electron (process 4) begins to play the principal 
role in the production of secondary molecular ions 
Hy. It is natural to assume that, analogously, the 
production of secondary protons should become 
more and more dependent on ionization processes 
5 and 6, and then on processes 8 and 9, which in- 
volve a relatively large energy loss. 


4. Production of Free Electrons 


Our analysis of secondary ions by their e/m 
distribution gives grounds for assuming that when 
primary protons pass through molecular hydrogen, 


16 
C10, cm? 


0 / 2 3 4 


O10 em/ ane Vv 
FIG. 6. Total cross section for production of free electrons. 


Corresponding primaries are marked on the curves. Dotted 
curve — data of reference 1. 
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the greater part of the cts electrons is produced 
simultaneously with the H} ions. We therefore 
integrate the cross section o_ in the same way as ‘ 
ue ionization SoHE section oh. In the case of the | 
(Hp , Hy) and (H? , Hy) systems, the cross sec- 
tion o_ contains also a contribution due to the 
electrons removed from the shells of the primary 
ions. Piguis 6 shows the o_(v) curves obtained 
for H", H}, and He ions, along with the corre- 
sponding curve for electron Dompar ont ue 
from reference 1. The curves for H* and Hy 
have a maximum somewhat above v = e?/fi. It is 
easy to verify that the greater the number of pro- 
tons in the given hydrogen ions, the greater the 
cross section o_ (like oHF )- All the hydrogen | 
ions have a large cross section o_ even at veloci-_ 
ties v < e?/h, where no ionization is observed in | 
the case of electron bombardment. 
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FIG. 7. Total cross section for production of free electrons 
by protons. O — data of this work. 1 — theoretical curve for 
ionization of H, by protons, calculated from data by Bates and 
Griffing.5 Experimental curves after the following: 2 — Keene,’ 
3 — Fogel’,? 4 — Gilbody and Hasted. 11 


The o_(v) curve obtained for protons is com- 
pared in Fig. 7 with the analogous data from pre- 
vious experimental investigations’»*»!! and with the 
theoretical curve of Bates and Griffing.’ These au- 
thors have calculated the cross section for the ioni- : 
zation of atomic and molecular hydrogen by protons, | 
using the Born approximation. The maximum of 
the theoretical curve does not agree with ours. 

Data available from other investigations for the 
region in which the theoretical curve has a maxi- 
mum agree better among themselves and with our 
data than with the theory. It must be noted, how- 
ever, that the extension of the Born approximation 
to include the velocity region v < e*/h does not 
lead to any discrepancy in the order of magnitude 
of the cross section. The theoretical curve agrees, 
within the limits of experimental error, with our 
data for the upper portion of the investigated in- 
terval. 

In conclusion, the authors consider it their 
pleasant duty to express deep gratitude to Prof. 
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The reactions C!2(y,3a), O'8(y,4a); (y,pa) on Cl, N'*, and o!8; and C™(y, pt) 2a 
were investigated with photographic emulsions. The dependence of the y-ray energy on the re- 
action cross section and the energy and angular characteristics of the disintegration prod- 
ucts were obtained. The contribution of the reactions C!(y,pa) Li’ and c(y, pt) 2a to 
the total cross section for star production in the photon energy region from 30 to 80 Mev is 
estimated. Some possible mechanisms for the (y,pa@) processes are discussed. 


‘Tae interaction of photons with light nuclei, lead- 
ing to the emission of three or more particles, has 
been little investigated in the region of y -ray en- 
ergy above 30 Mev. Yet observation of stars in 
photographic emulsions!” shows that similar “com- 
plex” reactions give, with increased y-ray energy 
a substantial contribution to the total photon-ab- 
sorption cross section. Investigation of such proc- 
esses can, therefore, furnish information about the 
interaction of y-rays with light nuclei, which be- 
comes substantial at high energies. 


In the present work we consider several types 
of photonuclear reactions in CG" Nand O-. The 
method of photographic emulsions we used, making 
it possible to register charged disintegration prod- 
ucts. The work was carried out with type Ia-2 
NIKFI plates 500 thick, in which tracks of singly- 
and multiply-charged particles could be separated 
without difficulty. The experimental conditions 
were the same in the study of all reactions. Emul- 
sions were irradiated by a bremsstrahlung beam 
from the synchrotron target at maximum energies 
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of 150 and 250 Mev at an angle of 90° to the direc- 
tion of the y-rays. Electrons were removed from 
the beam by a magnetic field of strength 7000 oer- 
steds. During irradiation, the plates were shielded 
from scattered radiation by carbon blocks. A 
graphite ionization chamber directly behind the 
plates measured the y-ray beam going through 
the emulsions. 


I. ALPHA-PARTICLE REACTIONS ON CARBON 
AND OXYGEN 


Much work has been devoted to the study of the 
photodisintegration of carbon into three a -particles 


Cl2 4 y-> 3Het — 7.28 Mev (I) 


and of oxygen into four a -particles 


O14 y > 4Het — 14.4 Mev (II) 


Experiments were carried out both with Li radia- 
tion and with bremsstrahlung at maximum energies 
~30 and 70 Mev. At present it can be considered 
established that the reaction (I) goes, in the region 
of energy studied up to ~40 Mev, mainly through 
different excited intermediate states of the Be® 
nuclide. Analysis of reaction (II) is more difficult. 
6 mbn 
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FIG. 1. Dependence of the cross section for reaction (I) on 
y-ray energy. The solid line gives our data, the dashed one the 
data of reference 3. 


However, there is reason to believe that interme- 
diate states of C’? and Be® take part in the proc- 
ess. 

In experiments on the synchrotron with maxi- 
mum energy 70 Mey,*** the reactions (I) and (II) 
were observed right up to photon energies ~45 
Mev. Even prior to publication of these results in 
1951, an attempt to observe reactions (I) and (II) 
at higher energies was made in our laboratory 
(thesis project by Iu. V. Nikol’ skii). Photoemul- 
sions were irradiated on the Physics Institute syn- 
chrotron at a maximum energy of 250 Mev. Although 
no noticeable yield from these reactions was ob- 
served above 45 Mev, the statistical accuracy in 
this experiment was not high. Somewhat later, an 
experiment with maximum energies 150 and 250 
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Mev was set up. However, as previously, the re- 
actions C!2(y,3a@) and O'(y,4a@) were observed 


only in the photon energy region up to ~ 45 Mev. « 


The results of the experiment are given below. 

In the photographic emulsions, three- and four- 
pronged stars were selected, all tracks of which, 
according to visual determination, belonged to a - 
particles. The laws of conservation of energy and 
momentum were used to distinguish between reac- 
tions (I) and (II). As criteria of the fulfilment of 
these laws we introduced the quantities 


Ap =|Ap|=|P,— DiPy| 
and ‘ 


? 


(Ap)ey =| (Ap)xe| =|) (Padeu 


where Pj is the momentum of the a -particle, 
determined from the relation Pj = V2MjEj , with 


the proton mass taken to be unity; Ey = 2) Ej+EqQ,, 


Py = Ey/30.6 are the energy and moment of the 
photon responsible for the disintegration; Eq@ is 
the binding energy; (Pj)xy is the projection of 

the a@-particle momentum on the xy plane, per- 
pendicular to the direction of the y-ray. One can ~ 


show that the spread in values of Ap and (AD )xy 


produced by exclusively experimental errors 
should follow the Maxwellian distributions (Ap)? x 
exp{—h*(Ap)*} and (Ap)xy exp {—h? (Ap )ixy } 
respectively. 

Values of Ap and (Ap)xy were calculated for 
each three-pronged star. Their distributions were 
quite close to the expected distribution law. An 
analogous result was obtained for four-pronged 
stars. In addition, each case displayed a “tail” 
for large values of Ap, due apparently to an ad- 
mixture of extraneous reactions. The distribu- 
tions were cut off at Ap=1.8 and (Ap )xy = 1.3, 
corresponding to 98% of the areas under the curves. 


Ey, Mev 


FIG. 2. Dependence of the cross section for reaction CII) on 
the y-ray energy. The solid curve gives our data, the dashed 
one the data of reference 4. 
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In the analysis of the momentum balance 340 stars 
were employed for reaction (I) and 180 stars for 
@2eaction (II). 

The cross sections for reactions (I) and (II) are 
given, as functions of photon energy, in Figs. 1 and 
2. Experimental data obtained by irradiation at 


maximum energies of 150 and 250 Mev were grouped 


together, since no difference was observed in the 
cross-section behavior in these two cases. In spite 
of the high maximum energy of the spectrum not a 
single case with y-ray energy > 50 Mev was ob- 
served. The dependence of the cross section for 
reactions (I) and (II) on the obtained photon energy 
_agreed satisfactorily with the results of references 
3 and 4. The sharp drop in the cross section of 
the studied reactions in the high-energy region is 
seemingly connected with the competition of vari- 
ous processes entailing a more complete break-up 
of the nucleus. Thus, the (y,pqa@) reaction cross 
sections in carbon and oxygen, with higher thresh- 
olds, have maxima in the region ~ 35 Mev. 


Il. (y,pa@)-REACTIONS IN C”, N4 AND 0% 


Another typical photonuclear reaction in C!?, 


N“ and O! was investigated in the same emulsions: 


C2 + y— Hi + Het + Li?— 24.6 Mey, (III) 
N14 + y > H! + He4 + Be? — 18.3 Mev, (IV) 
Ol’ + y + H! + Het + BU — 23.1 Mev. (V) 


Up to the present there has been no information 
about the mechanism of such a process. 


1. Separation of the Reactions 


A quantitative method of separating the reactions 


(II]), (IV) and (V) was described in reference 5, 
where the experimental range-energy relations for 
ii’, Be? and B!! nuclei in emulsion were obtained. 
Using these, it is possible to carry out a quantita- 
tive separation of stars with respect to reaction, 
using the laws of conservation of energy and mo- 
mentum. In each case of disintegration, three val- 
ues of Ap corresponding to the three reactions 
were calculated, leaving out of consideration the 
qualitative separation already carried out. Each 
of the stars was related to that reaction for which 
the following conditions were satisfied: 


Ap<1.8 
(Ap)xy <1.3 


If these criteria were satisfied at the same 
time by two “neighboring” reactions, then the star 
was related to that reaction for which Ap hada 
minimum value. In the case where the recoil of 
the nucleus is Ry < 3u, the distributions of Ap 


in the case R, > 3u. 
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for two “neighboring” reactions begin to overlap 
all the more, since the distances between the 
range-energy curves become comparable with the 
errors in the measurement of the ranges. In this 
case, the character of the disintegration cannot be 
determined with sufficient reliability for all stars. 
The following (not quite rigorous) criteria were 
employed 

Ap — minimal , 
Ones in the case Ry < 3n. 

In spite of the insufficient accuracy of this con- 
dition, it may, however, be considered that reac-°‘ 
tions (III) and (V) were separated correctly in 70 
to 80% of the cases (in the region Ry < 3p) if the 
Gaussian character of the distribution of range 
errors is taken into account. 

In 20% of the cases, the track of the singly 
charged particle went out of the emulsion. Appli- 
cation of the conservation laws to these stars made 
it possible to separate them with respect to reac- 
tion and to define the energies of these particles, 
assuming that the tracks were produced by protons. 
As a check on the correctness of the assumption, 
the energies of the particles going out were deter- 
mined by counting grains, and the values obtained 
were compared with the energies determined by 
the conservation laws. Within the limits of experi- 
mental error, the same proton energies were ob- 
tained by these two independent means. 

As a result of the analysis carried out, 1088 
stars were sorted out as listed below:* 


Reaction (III) (IV) (V) 
Number of stars 545 197 346 


In the work of reference 6, the same reactions 
were considered and separated by an analogous 
method. However, the yield of reaction (V) turned 
out to be insignificant compared with (III) and (IV). 
This fact contradicts our results, and seems doubt- 
ful, since the oxygen content of Ilford emulsions is 
twice that of nitrogen. The small relative yield of 
reaction (V) was due, it would seem, to the fact 
that in the theoretical curves for Be and B were 
used to separate the reactions (IV) and (V). As 
already noted,° in the region of small energies 
these curves are not in agreement with experiment 
and their use can lead to an increase in the number 
of cases of reaction (IV) and a decrease in those of 
(V). 


*A supplementary analysis of these stars showed that the 
possible admixture of several alternative reactions (y, da), 
(y, pHe’*), giving stars of the same type, did not exceed ~ 5% 
in the case of reaction (III) and ~ 10% in the case of reactions 
(IV) and (V). 
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TABLE I. Integral cross sections for reactions (III) 


and (V) in mbn-Mev 
erm mes eM he 
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55—70 | 70 —85 


E. »Mev | 25—40 | 40—55 | 
Il | 3.85-L0.20 1.78+0.17 | 0.82+0.13 0.38-40.11 
Ws [treS rami | 1 6ic0.18 0.6440.14 | 0.1640.08 
2. Experimental Results ie a | 
The photographic method made it possible to de- WaA | 
termine all basic properties of the reaction prod- 0 
ucts. In our experiment the energy of the particle . 
was determined by the range, using the dependence - 


E=f(R). The error in measuring the length of 
short tracks (a -particles and recoil nuclei) com- 
prised ~0.5y. In the case where the track of the 
proton left the emulsion, the energy of the particle 
was determined from the conditions of conserva- 
tion of momentum in the reaction. Here the error 
in the energy depended to large degree on the form 
of the star, but did not exceed 15%. The energy of 
the photon in each case of disintegration was deter- 


mined from the relation Ey = Dy Ej + Eg, where 
i 


Ej is the kinetic energy of the particle and Eq is 
the binding energy. In the case of tracks remaining 
in the emulsion, the error in determination of Ey 
constituted ~1 Mev. 
6mbn 
aol 


G5 + 


a 


00 
LOU EN 405 EO 55 ED 1S 00 15 0 6 


Ly Mev 


FIG. 3. Dependence of the cross section for reaction (III) on 
y-tay energy. 


Figure 3 shows the dependence of the cross 
section of process (III) on y-ray energy. Integral 
cross sections for various energy ranges are given 
in Table I. In our work the cross section for reac- 
tion (III) in the range of photon energies from 25 to 
40 Mev was found to be 2.9 times larger than in 
reference 6. The reasons for this large discrep- 
ancy are not clear. We note only that in our ex- 
periment the statistics were approximately 5 times 
larger than in the work cited. 

The energy distributions of protons and a - 
particles are given in Fig. 4. In the proton spec- 
trum, a high energy “tail” (Ep > 15 Mev, 16%) 
was observed. Stars in which Ep > 15 Mev arose 


FIG. 4. Energy distribu- 
tions: solid lines — protons, 
dashed lines — «-particles 40 
from reaction (III). 30 
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mainly (75%) from photons with energy > 45 Mev. | 
In this case the protons carried, on the average, 
~75% of the energy Ey = E, — Eg. 

The angular distributions of protons and a- 
particles showed a noticeable anisotropy relative 
to the direction of the y-rays in the carbon c.m. 
system. For protons, in addition, a displacement 
of the maximum into the forward hemisphere was 
observed. 

The cross section for reaction (V) as a function 
of y-ray energy is shown in Fig. 6, and the inte- 


oO mbn 
05 
a | 
03 4 
Q2 ; 
: 
00, 

Ob UW 6 Ee ee i PH 0 1§ 60 bF 


fy, Mev 

FIG. 5. Dependence of the cross section for reaction (V) on 
y-tay energy. 
gral cross sections are listed in Table I. The en- 
ergy distributions of protons, a -particles, and 
the nuclide B'! have the same character as the 
analogous distributions in the case of reaction (III). 
A great similarity is also observed in the angular 
characteristics. 

In Fig. 5 the dependence of the yield of reaction 
(IV) on the y-ray energy is given. The integral 
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cross section of the reaction in the region Ey = 
| 30to80 Mev was 7.35 + 0.56 mb-Mev. 
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FIG. 6. Dependence of the yield for reaction (IV) on y-ray 


energy. 


3. Analysis of Experimental Data and Discussion 
of the Results 


The similarity of basic characteristics of the 
reactions (III) and (V) noted above is apparently 
not accidental, since the initial nuclei have a num- 
ber of common characteristics, and the reactions 
considered are of the same type and occur in the 
same region of y-ray energy. It might be expected, 
therefore, that the mechanisms of interaction of the 
photon with the nuclei C!? and 0O!*, which lead re- 
spectively to reactions (III) and (V), are the same. 
At present, there is no concrete theoretical repre- 
sentation of the process of this “complete” break- 
up. We shall try, therefore, within the experimen- 
_ tal framework, to clarify the most characteristic 
features of the process. 

We consider how the energy of the photon that 
produces the disintegration is distributed among 
the products of the reaction in different intervals 
of the y-ray energy. We shall compare the en- 
ergy distributions of the particles with those cal- 
culated under the assumption of a symmetrical 
distribution of the energy among the products of 
the disintegration. The latter do not depend on the 
nature of the initial interaction. It will be assumed 
that there is no interaction between particles in the 
final state, and the distributions will be determined 
only by the corresponding volume in phase space. 
The energy distribution of the,particles has in this 
case the form 


DiR\de bee, — 6) de (1) 
and the mean value of the energy is 
E = Vee ms (2) 


where Ey = E)(A—M)/A is the maximum possi- 
ble energy of a particle of mass M; Ey = Ey — Eg 
is the energy distributed among the reaction prod- 
ucts; A and M are the masses of the initial nu- 
cleus and studied particle, respectively. The dia- 
gram in Fig. 7 shows the mean values of the proton 
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FIG. 7. Dependence of the mean energy: solid line — protons, 
dashed line — «-particles, plotted against energies E, and 
Ey, in the case of reactions: (III) above and (V) below; 1 and 2 
are the theoretical distributions corresponding to Eq, (2). 


energies (solid line) and a -particle energies 
(dashed line) for different intervals in Ey (and 
Ey) for reactions (III) and (V). The experimental 
results are compared with the data calculated 
from Eq. (2). As can be seen from the figure, 
there is satisfactory agreement, in both cases, in 
the region of photon energies up to ~50 Mev. 
Above this energy we observe a progressive devi- 
ation from the theory. In view of the insufficient 
statistics, we shall consider the energetic and an- 
gular characteristics of the reaction products sep- 
arately for two intervals of photon energy: Ey < 
50 Mev and Ey > 50 Mev (the choice of these in- 
tervals is arbitrary). 
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FIG. 8. Energy distributions: a, a’ — protons; b, b’ — a- 
particles from reaction (III) in two intervals of photon energy: 
a, b —E, <50 Mev,aand a’, b’ — Ey > 50 Mev. The smooth 
curve gives the distribution (1). 


Figure 8 shows the energy distributions of pro- 
tons and a -particles from reaction (III) for these 
two intervals of y-ray energy. The smooth curve 
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shows the distribution (1) with account of the de- 
pendence of the particle yield on the photon energy. 
Although the agreement might be considered satis- 
factory, for cases a and b, for Ey > 50 Mev the 
form of the energy spectrum differs markedly from 
the theoretical curve. The energy spectrum of 
protons from oxygen has the same character. 

We consider further the experimental results 
from the point of view of possible interaction of 
the particles in final states. We introduce the rel- 
ative energy of two particles T, equal to the sum 
of energies of these particles in their c.m. system, 
and relate it to the total energy Ey distributed 
among all particles. Were there no interaction 
between the pair of particles considered, the dis- 
tribution of the quantity T/E) would have, in our 
case, the form 

PUES) El) a Te eal (3) 
Equation (3) is obtained from Eq. (1) on the basis 
of kinematic transformations, and has the same 
form. 

Nuclear interaction may also occur between 
particles in final states. The general theory of 
this process has been given by Watson! for par- 
ticles of small relative momenta. Unfortunately, 

a quantitative comparison with the theory is not 
possible, at present, because of the low statistical 
accuracy of the results in the region of applicabil- 
ity of the theory. Finally, both in Eq. (3) and in 
the nuclear interaction, it is necessary to take into 
account the Coulomb interaction of the disintegra- 
tion products, which may play an important role 
in our case of multiply charged particles. This 
interaction should lead, in both cases, to a de- 
creased yield of particles with both small and 
large relative energies. 
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FIG. 9. Distribution of relative 


if /E, energy of the pair (a-particle plus 
30 ; recoil nucleus) in reaction (III). 
Ss a— Ey <50 Mev; a'—E, > 50 Mey. 
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Distributions of the quantity T/E) for the pair — 
(q@ -particle plus recoil nucleus) are given in Fig. 
9 for two intervals of photon energy in reaction a 
(III) [in the case of reaction (V), the distribution 
has the same character]. The same figure shows 
the distribution (3) for noninteracting particles 
(dashed curve). It can be seen from Fig. 9 that 
the experimental results corresponding to Ey< ff 
50 Mev do not:completely agree with Eq. (3). How- |} 
ever, even a rough calculation of the Coulomb in- 
teraction between all three particles (solid curve 
in Fig. 9) gives a fair agreement with experiment. | ‘ 
For photon energies Ey > 50 Mev, the analogous 
experimental data are in clear contradiction to the | 
distribution of Eq. (3). Account of the Coulomb in- | 
teraction in Eq. (3) would make the divergence even) 
greater. Thus, a very characteristic peculiarity of } 
the process is the occurrence of small relative en- | 
ergies of the pair (a@ -particle plus recoil nucleus } | 
or the predominant emission of protons with ener- | 
gies near to the maximum possible. 

We consider further the angular characteristics 
of the processes (III) and (V) in the same intervals 
of y-ray energy. Figure 10 shows the angular dis-7 
tributions of protons from reaction (III) for Ey~< 
50 Mev and Ey > 50 Mev. The statistical errors 
are indicated parallel to the ordinate; ¥ is the 
angle between proton and direction of the y-ray 
in the center-of-mass system of carbon. The an- 
gular distributions were approximated in the form 


f (3) ~ (« + sin? 3) (1 + B cos 9). (4) 


The coefficients, determined by the method of 
least squares, are given in Table II. In Fig. 10 
the curve corresponding to Eq. (4) is drawn as the 
solid line. From consideration of the coefficients 
in Table II it can be seen that the angular distribu- 
tions of protons from reactions (III) and (V) have 
the following general properties: the isotropic part 
of the angular distribution changes markedly in go- 
ing from Ey < 50 Mev to Ey > 50 Mev, and the 
change in the position of the maximum of the dis- 
tribution relative to 90°, if present, is not substan- 
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FIG. 10. Angular distribution of protons in reaction (iI): 
a — Ey < 50 Mev, a’ — Ey > 50 Mev. 
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tial, constituting ~ 10° in both cases. 
An attempt was made to observe experimen- 


_ tally the presence of an intermediate state in the 


reactions considered. It is well known that vari- 
ous intermediate nuclei have been observed in sev- 
eral disintegration processes, such as Cy, 3a , 
and also in several other reactions on B and Be. 
This has led to the idea that the disintegration does 


_ hot proceed in a single act, but is a complex proc- 


ess of successive emission of particles with for- 
mation and decay of excited states of several in- 
termediate nuclei. It should be noted, however, 
that such a character has been observed mainly in 
the region of comparatively low photon energies 
and low excitation energies. Under our conditions, 
such a process is not completely obvious and ex- 
perimental verification is required. Let us con- 
sider, for example, the reaction (III). One could 
propose at least three ways in which the reaction 
might proceed: 


C2474 H+ Bu; pl’ _, Hes + Li’; (IIIa) 
C2 4+ y+ Het + Be’; Be®” > Hi + Lit: (IIIb) 
Ce4 ys Li + Li®; Li > H+ Het. (IIIc) 


In order to distinguish the paths of decay noted 
above, an analysis of the excitation energy E* of 
the intermediate nucleus was employed. The ex- 
citation energies of BH, Be®, and Li°® were calcu- 
lated for all stars relating to the reaction (III) 
under assumptions corresponding to the three 
modes of decay: 
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where Ej is the energy of the corresponding de- 
cay particle, EQ is the binding energy of the in- 
termediate nucleus in the decay considered, and 
Ex is the kinetic energy of the intermediate nu- 
cleus. If the intermediate state indicated really 
occurs, then an excited level of such nuclei should 
appear in the distribution so calculated. In our 
case such an analysis involved several difficulties. 
In fact, the expected decay should proceed through 
rather highly excited levels, since the threshold of 
disintegration is 8.5 Mev in case (IIIa) and 17.2 
Mev in case (IIIb), and in this energy region the 
known levels of the nuclei considered are rather 


TABLE II. Coefficients in the 
distribution of Eq. (4) 
Ey > 50 Mev Ey > 50 Mev 
Reaction 
a | 6 4 | ic} 
(II!) | 0.98 92 | 0.17 | 0.44 
(V) 0.76 | 0.44 | 0.04 | 0.45 
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dense. In any case, the distance between them is 
not much larger than the error in determination 
of E*. Comparison of our experimental results 
with known levels of B!! and Be showed that the 
maximum in the distribution of excitation energy 
came in the region of those levels, with which the 
decay studied is most often observed.* In the re- 
gion Ey, < 50 Mev, neither of the schemes (IIIa) 
and (IIIb) contradicted experiment, whereas for 
Ey > 50 Mev the formation of the intermediate 
nucleus B' can be considered as preferred. Be- 
cause of the poor resolving power of this method, 
it was not possible to separate satisfactorily the 
intermediate nuclear states, and therefore no defi- 
nite conclusions could be drawn about the occur- 
rence of the decay scheme proposed. Our results, 
however, do not contradict such a mechanism. 

The above analysis of the experimental data 
does not, at the present time, allow us to draw 
definite conclusions about the type of interaction 
between photons and light nuclei leading to the in- 
dicated reaction. We can, however, formulate 
several characteristic properties of the process 
considered, which could serve as a basis for con- 
structing various models to represent the mech- 
anism of the reaction: 

1. The total cross sections for reactions (III) 
and (V) (up to Ey = 85 Mev) are equal, respec- 
tively, to 6.8 mbn-Mev and 5.5 mbn-Mev. The de- 
pendence of the cross section on y -ray energy 
has in both cases broad maxima in the region of 
~35 Mev. The energy distributions of protons and 
a -particles in carbon and oxygen have the same 
form. The angular distributions of protons from 
reactions (III) and (V) coincide, within the limits 
of experimental error. The great similarity of 
all characteristics of the reactions (III) and (V) 
indicates that the mechanism of interaction of pho- 
tons with carbon and oxygen nuclei, leading to the 
indicated reactions, is apparently the same and 
that the individual peculiarities of these nuclei 
are not essential in this case. 

2. The distribution of photon energy among 
the reaction products, and also the form of the 
angular distribution, change with increasing y -ray 
energy, so that the fraction of the photon energy 
transmitted to the proton is increased and the iso- 
tropic part of the angular distribution is decreased. 
This characteristic is possibly connected with a 
change in the mechanism of y-ray absorption by 
the nuclei (two intervals might be conditionally 


*An analogous analysis of excitation energy was made in 
reference 6. The experimental results are in satisfactory agree- 
ment with our data. 
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separated: Ey < 50 Mev and Ey, > 50 Mev). 

3. In the region Ey = 25 to 50 Mev no one par- 
ticle in the reaction is energetically distinguished 
from the others. Moreover, the energy of the ab- 
sorbed photon is spread among the disintegration 
products in a symmetrical fashion, satisfying Eq. 
(1) if the Coulomb interaction between particles is 
taken into account. 

The simplest way to explain the observed char- 
acter of thé energy distribution is to assume that 
the absorption of the photon by the nucleus leads 
to the disintegration into three particles in a single 
act. In this case the equally-probable position of 
the particles should lead to a symmetrical division 
of energy [ Eq. (1)]. However, such a distribution 
of energy can also be connected with another pos- 
sible mechanism of interaction between the photon 
with the nucleus. In particular, it does not contra- 
dict the concept of formation and subsequent decay 
of a compound nucleus with a high excitation en- 
ergy and high density of levels. In spite of the in- 
definiteness of the conclusions, it is at least pos- 
sible to exclude any local interaction, since it 
assumes a special status for some particles. 

4, For Ey > 50 Mev the protons in reactions 
(III) and (V) are energetically quite distinct from 
other particles and carry away, on the average, 
from 60 to 90% of the energy E,), depending on 
the photon energy. Accordingly the two other par- 
ticles are emitted with small relative energies. 


FIG. 11. Energy distribu- 
tions: solid line — protons, 
dashed line — tritons. 
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Thus, the distribution of energy among the reaction 
products does not correspond to the concept of dis- 
integration of the nucleus into three particles ina 
single act. As to the possibility of formation of 
the intermediate states B!! or nis our results, 
as noted above, do not contradict this concept. Sev- 
eral assumptions can be stated relative to the pri- 
mary process of interaction of the photon with the 
nucleus. First, this process should be of local 
character. One possible process of this type is 

the direct photoeffect. The latter, as well known, 
assumes that in the interaction one of the particles 
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is “torn loose,” carrying off a large part of the 
photon energy and leaving the nucleus in the ground 
or a low excited state. In our case the remaining ,}) 
nucleus, if it is formed at all, should possess a 
comparatively high excitation, so that the decay 
proceeds into the particles observed. In principle 
such a process could, apparently, explain the re- 
sults obtained in the range of photon energies above} 
50 Mev. 


III. THE REACTION (y,pt) 2a ON CARBON* 


Besides the reactions C!?(y,3a) and C(y,pay 
already considered, one more reaction involving theq 
disintegration of carbon 


| ‘ 
C2 + y— H1+ H3+ Het + Het— 27 Mev (VI) ff 


was observed in the same emulsions for photon en- | 
ergies up to 150 Mev. 

Detailed information about this reaction does not } 
exist, at present, in the literature. The stars from 
reaction (VI) were identified visually as four pronges 
consisting of two tracks of singly-charged particles \f 
and two of multiply-charged ones. However, be- 
sides (VI), it is possible to propose several other 
more typical, alternate reactions giving stars of 
an analogous form: 


Cle 4 y—> Ht-+ Hi-+ Het-+ He? + n-+n; (VI) 
@i2 ate Yo Hi + H2 + Het + He4 -- Las, (VIID) 
C2 + y— H2-+ H?2 + Het + Het. (IX) 


It was thus difficult to separate the reactions 
(VI) because the tracks of the different singly- 
charged particles were difficult to distinguish and 
the external appearance of stars produced in dif- 
ferent reactions was similar. 

We chose tentatively 200 stars by visual identi- 
fication. In the first step, singly-charged particles 
were divided into protons and tritons according to 
their ability to balance the momenta of the two a - 
particles in the plane perpendicular to the direction 
of the y-rays (plane of the emulsion). The above 
rough division was improved upon by measuring 
the separate energy losses in the emulsions 
(method of grain counting). Each of the stars 
chosen in this fashion was taken to belong to re- 
action (V1) and this was verified by checking con- 
servation of energy and momentum. In the case of 
tracks going out of the emulsion (which, as a rule, 
were those of singly-charged particles) the con- 
ditions were the same as in the separation of the 
(y,;p@) reaction. The distribution of values of Ap 


*V. I. Turovtsev took part, together with the author, in this 
portion of the work. 


SOME PHOTO REACTIONS ON LIGHT NUCLEI 


for the 200 stars studied approximated well the ex- 
pected Maxwellian distribution. In the selection, 
as earlier, the 132 stars having the values Ap < 
1.8 and (Ap )xy = 1.38, were segregated as be- 


i} longing to reaction (VI). In addition, for all of the 


particles going out of the emulsion, the energy of 
the particle determined from energy-momentum 
balance was compared with that determined from 
its energy loss in the emulsion (method of grain 
counting). In this way 20 additional stars, for 
which the energies of the singly-charged particles 
lay outside the limits of experimental errors, 
were excluded. It can be considered that the iden- 


) tification of singly-charged particles was correctly 


made in all of the remaining cases of stars with 
tracks going out of the emulsion. As a check on 
the reliability of identification of the tracks ending 
in the emulsion, grains were counted in similar re- 
maining tracks. A satisfactory division of tracks 
ascribed to protons and tritons was obtained. In 
this fashion, 112 stars were related to reaction 
(VI). One can consider the reactions (VII), (VIII), 
and (IX) to be excluded as a result of this analysis. 
An added proof of this was the search for the pres- 
ence of reaction (IX) in stars related to (VI). All 
112 stars were considered again under the assump- 
tion that they related to reaction (IX). However, 
not a single case among them could really be re- 
lated to this reaction. 

The statistics are at present insufficient for a 
detailed study of reaction (VI). We give, therefore, 
only several of the most general characteristics 
of the process. 

The integral cross section for the reaction, in 
various regions of y-ray energy, is shown below. 


Ey, Mev 30—40 40—55 50—70 70—85 


«,mbn-Mev 0.64+0.15 1.7440.30 1.2540.32 0.5440.34 


Figure 11 shows the energy distributions of pro- 
tons and tritons. The stars in which Ep > E¢ con- 
stituted ~ 70% of the total. A maximum occurred 
in the a@ -particle energy distribution at ~2 Mev. 
The yield of particles with energy greater than 15 
Mev was insignificant. 

The angular distribution of protons in the center- 
of-mass system of carbon is given for Ey < 70 Mev 
in Fig. 12. The distribution was approximated by 
the form (a + sin’ ¥)(1+ cos ¥#). The coeffi- 
cients, determined by the method of least squares, 
were: @=0.16, 8 =0.91. Thus, the distinguish- 
ing features of the angular distribution of protons 
from reaction (IV) are a very small isotropic part 
and a displacement of the maximum relative to 90° 
(~ 20°). 

As in the case of the (y,pa) -reaction, the dis- 
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FIG. 12. Angular distribution of protons in reaction (VI) for 
Ey < 70 Mev. 


tribution of the photon energy among the disintegra- 
tion products was verified. A divergence from a 
“symmetrical” distribution of energy was observed, 
beginning with y-ray energies ~70 Mev. The in- 
vestigation of the energy and angular distributions 
as a function of y-ray energies was difficult be- 
cause of the small statistics. An attempt was 

made to consider the reaction from the point of 
view of the presence of intermediate states. Sev- 
eral different schemes for formation and subse- 
quent decay of an excited intermediate nucleus can 
be imagined. We examined one of the possible 
chains of disintegration, i.e., 


Be" — Het + He4 


gt. 
Cuma STi Bite Bites lara ? 
Li” — H+ Het. 


(Het + Li”; 

Sufficiently complete information on the highly- 
excited levels of B'! does not exist. Besides this, 
we have already noted the difficulties connected 
with the analysis of the excitation energies. Our 
results, in any case, do not negate the possibility 
of formation of an intermediate state of B!!. A 


Gmbn 


0 0 0 D0 0 6 0 6 BD 
ly Mev 
FIG. 13. Dependence of the cross sections for several reac- 
tions on the energy of the y-ray: 1—(I), 2—(IID, 3-—(VD, 
4—cross section for photoproduction of stars with two or more 
prongs in the interval E, = 30 to 80 Mev from reference 1, 
5-C’? (y, n)C** from reference 8. 
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more definite conclusion can be drawn relative to 
the existence of Be®*: the ground state and well- 
known 3-Mev state of Be® occur in many cases of 
reaction (VI). 

The cross sections for reactions (I), (III) and 
(VI) in carbon are given in Fig. 13 as functions of 
y -ray energy in the region up to 80 Mev. For 
comparison, the form of the (yn) -reaction in 
carbon? is also shown. In the work of reference 1, 
the integral cross section for photoproduction of 
stars with two and more prongs was measured for 
light emulsion nuclei (C’*, N* and O!*) in the 
interval of photon energies from 30 to 80 Mev. It 
comprised 80-mbn-Mev.* Then the total cross 
section for photoproduction of stars in carbon is 
approximately 23 mbn-Mey, if the total cross sec- 
tion is divided up in the ratio of the masses of the 
nuclei (some basis for this is furnished by the 
fact that the total cross section for absorption of 
photons by nuclei is proportional to A). In our 
experiment the integral cross section for reactions 
(III) and (VI), in the range of y-ray energies from 
30 to 80 Mev, was ~10 mbn-Mev, comprising 
~45% of the total cross section for star photopro- 
duction. In the interval Ey = 40 to 80 Mev, the 
total cross section for the reactions studied and 
for (y,n) is ~6.8 and 8 mbn-Mey. Thus, the 
reactions studied by us are processes which play 
an essential role in the photoproduction of stars 
and give, it would seem, an important contribution 
to the cross section for photon absorption in the 


*The reaction C’* (y, 3a) was excluded here. 


region above the “giant” resonance. | 
In conclusion, I should like to express my grati-_ 
tude to Prof. V. I. Veksler and A. T. Varfolomeev « 
for help in the work and discussion of the results | 
obtained, and also to I. D. Bannikova and G. A. 
Prokhorova who took part in the work. 


Note added in proof (23 May 1958). Calculations~ — 


of the angular distributions of protons were made 
recently under the assumption of a direct photo- 
effect in the S,/. shells of C’? and o'8, with al- 
lowance for electric dipole and quadrupole absorp- 
tion of y-rays. A satisfactory agreement with the | 
experimental angular distribution of protons from 
the reactions (III) and (V) was obtained for Ey > 
50 Mev. 
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The photodisintegration of A*’ induced by bremsstrahlung of 70 Mev peak energy was investi- 
gated with a cloud chamber. The relative yields of the different reactions were found, as well 
as the integrated cross section of the (y,p) reaction. The angular and energy distributions 
of the photoprotons from argon were determined. 


INTRODUCTION 


VER the last years, several papers have been 
published concerning the photodisintegration of 
A‘? 1-3 a4 is of medium atomic weight and has a 
high abundance (99.6%) in the natural isotopic mix- 
ture. Owing to this fact and to the circumstance 
that the (y,p) threshold in A*? (12.44 Mev) is 
more than 2 Mev higher than the (y,n) threshold 
(10.25 Mev) an investigation of the photoreactions 
in this element is of interest. 

The (y,n) and (y,p) yields in A*° were 
studied in reference 2. It turned out that the yield 
of the (y,p) process was greater than the yield 
of the (y,n) process. Ata y-ray energy of 19.5 
Mev, the ratio o(y,p)/a(y,n) becomes >1 and 


continues to increase with increasing photon energy. 


This is hard to explain from the point of view of 
the statistical theory of nuclear reactions. In ref- 
erence 3, the energy and angular distributions of 
photoprotons were investigated by means of nu- 
clear emulsions. While the energy spectrum of 
the emitted protons agrees rather well with the 
predictions of the statistical theory, the angular 
distributions obtained in reference 3 show a pro- 
nounced anisotropy that is difficult to explain. 

The present work was undertaken to investigate 
further the photodisintegration of A*° and to con- 
firm the earlier results. In our experiments we 
used a cloud chamber containing argon gas. This 
allowed us to find all cases of photodisintegration 
where charged particles were emitted. The cloud 
chamber was irradiated with bremsstrahlung of 
70 Mev peak energy from the synchrotron of the 
Physico-Technical Institute of the Academy of 
Sciences, U.S.S.R. 


THE CLOUD CHAMBER AND ITS FILLING 


The present experiment was performed with a 
fast-action cloud chamber. A description of the 
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chamber and of the auxiliary apparatus has been 
given earlier. The working volume of the cham- 
ber has a diameter of 30 cm and a depth of 7 cm. 
The chamber was located in a magnetic field of 
strength H = 6300 oersteds. The collimated x-ray 
beam from the synchrotron had a diameter of 4 
cm. The x-ray beam entered the cloud chamber 
through a thin aluminum window placed in its side 
wall. The tracks were photographed with a stereo 
camera which was used also to project the tracks 
during the analysis. 

In the argon experiment, the cloud chamber was 
filled with a mixture of argon and helium (Nag = 
0.69 Nye). The pressure of this mixture was 950 
mm Hg. This mixture was chosen because of the 
following reasons. 

(1) The construction of the chamber requires 
an operating pressure slightly larger above atmo- 
spheric. By adding helium to the argon, the track 
length of the emitted charged particles could be 
increased by a factor of almost two. This increase 
in the track lengths of the recoil nuclei is of great 
importance in identifying (y,p) and (y,pn) re- 
actions. 

(2) The helium in the chamber gas mixture was 
used in the present work as a monitor to obtain 
the irradiation dose. This was its main function. 

The photoreactions on helium differ very much 
from those on argon (and on the oxygen and car- 


Yields of the different reactions 
of the photodisintegration 


of Ay 
70 
Reaction pees fodE, Mev-bn 
0 
(yp) 474 0.35-+0.1 
(ypn) 43 =0.035 
(ya)and (yar) 102 ADOT 
stars 10 0.007 
(yn) _ 0.23 
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bon contained in the condensing vapors of the 
chamber). The cross sections of the different 
photoreactions in helium are known and have been 
repeatedly checked.°-’ Thus one can determine the 
absolute yields of the different reactions by relat- 
ing them to the yields of reactions in helium with- 
out having to utilize auxiliary apparatus to deter- 
mine the y-radiation intensity. 


YIELDS OF THE PHOTONUCLEAR REACTIONS 


All possible photoprocesses involving the emis- 
sion of charged particles were registered by the 
cloud chamber. 

As a result of a (y,n) process on argon, the 
recoil nuclei produce short heavily ionizing tracks. 
In most cases the track lengths do not exceed 1 to 
2mm. At the same time, the electrons and posi- 
trons in the chamber produce a background which 
makes it difficult to determine the total number of 
the (y,n) reactions. The (y,n) reaction there- 
fore was not studied further. 

The reactions (y,p) and (y,pn) have a char- 
acteristic appearance in the cloud chamber. They 
consist of a proton track of rather weak ionization 
with a heavy short track of the recoil nucleus at 
its start. Such tracks are denoted in the literature 
as “flags.” The (y,p) and (y,d) reactions were 
not separated in the present experiment. The (y,p) 
and (Y,pn) reactions were identified by kinemati- 
cal considerations. In the center-of-mass system, 
the proton and the recoiling nucleus form an angle 
of 180°. In the laboratory system the reaction prod- 
ucts have an additional forward velocity due to the 
momentum of the absorbed photon, and the emis- 
sion angle is reduced. However, even in the most 
favorable case (photon energy close to the peak 
energy; recoil nucleus in a very highly excited 
state) the angle does not decrease by more than 
15 to 18°. Furthermore, the proton, recoil nucleus, 
and the photon are obviously coplanar. In the (y, pn) 
reaction the proton can be emitted in an arbitrary 
direction with respect to the recoil nucleus. Obvi- 
ously the error in the determination of the relative 
yield of the (y,pn) reaction is ‘confined to the 
cases in which the neutron is emitted with very 
low energy relative to the proton energy, or in 
which the neutron is emitted almost in the same 
direction as the proton. It is also confined to the 
fraction of cases in which the recoil nucleus has 
such a short track, that it is difficult to determine 
the direction of its motion. 

The reactions (Y,@) and (y,q@n) are similar 
to the described proton “flags”. However, they can 
be easily identified by the considerable ionization 
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density of the a -particle tracks, and also by the 
track length of the recoil nuclei. It must be noted ff 
that it is much more difficult to discriminate be- < } 
tween the (y,@) and (y,a@n) reactions than be- 
tween the (y,p) and (y,pn) reactions. This is 
caused by the relatively small momentum carried 
by the neutron, compared to the momentum of the | 
a -particle. The neutron has therefore a relatively | 
small influence on the angle between the @ -particle} 
and the recoil nucleus. 

All photodisintegrations resulting in emission 
of three or more charged particles were counted 
as. “stars.” 

The condensing vapor consisted of a mixture 
of 70% ethyl alcohol and 30% water, leading also 
to photoprocesses on O and C. The correspond- 
ing processes on argon, oxygen, and carbon could 
not be distinguished in our experiment, except for 
a small number of (y,p) flags which happened 
to be favorably oriented. In order to account for 
the background due to these reactions, an auxiliary 
experiment was performed where the cloud cham- 
ber was filled only with helium but had the same 
content of condensing vapors and otherwise iden- 
tical conditions. The yields of the different reac- 
tions on O and C were determined in relation to 
the (y,p) reaction in helium. They then were 
corrected for the change of the partial pressure 
of helium in the helium-argon mixture and used 
to determine the number of corresponding reac- 
tions in argon (relative to the known number of 
helium (y,p) flags in the helium-argon mixture). 
Under the actual conditions of the experiment, the 
background reactions of the (y,p) and (y,pn) 
type amounted to 15% of the (y,p) and (y,pn) 
reactions in argon. The values of the relative 
yields of the different photoreactions on argon 
are given in the table. 

By comparing the numbers of (y,p) reactions 
in argon and in helium, the integrated cross sec- 
tion of the (y,p) reaction in argon was deter- 
mined in the following manner. To eliminate er- 
rors associated with vertical tracks, only those 
argon and helium flags were counted whose tracks 
did not make an angle greater than 65° with the 
horizontal plane. It was found that there were 67 
helium (y,p) flags and 474 argon flags of the 
same type (after subtracting the background flags 
due to the water and alcohol vapors). The value 
of the integrated (y,p) cross section of helium 
for a photon peak energy of 70 Mev (0.034 Mev-bn ) 
was taken from references 5 to 7. Then the inte- 
grated cross section of argon, for a photon peak 
energy of 70 Mev, turns out to be 0.35 Mev-bn. 
This does not agree with the result of reference 2s 
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which apparently is much too large. 

It is of interest to compare the experimentally - 
determined total integrated photon absorption cross 
section with the theoretical predictions. According 
to Levinger and Bethe, this quantity equals 0.83 
Mev-bn, assuming that the fraction of exchange 
forces is x= 0.5. From the experiment we have 
the value 0.69 Mev-bn. This can be taken to be in 
good agreement with the theoretical value, since 
in this range of atomic numbers the experimental 
values of the integrated absorption cross section 
are in general slightly smaller than the theoretical 
ones calculated with x =0.5.° The integrated cross 
sections of the different processes in argon are 
given in the table. 

The integrated cross section for the (y,n) re- 
action was taken from reference 10. 


THE ENERGY DISTRIBUTION OF THE PHOTO- 
PROTONS 


The energies of the protons were determined in 
the following ways: (1) from the curvature of the 
tracks in the magnetic field, (2) from the track 
length of the recoil nucleus [for the (y,p) reac- 
tions ], (3) from the range of the proton track in 
the chamber for small proton energies, and (4) 
very crudely from the visually-determined ioniza- 
tion density. In practice the measurement was 
performed in each case with all methods appli- 
cable to the particular case, except for the fourth 
method, which was used only as an order-of-mag- 
nitude check. 

The precision of the measurement of the track 
curvature is limited by the multiple scattering of 
protons of a few Mev in the chamber gas. This 
has been considered, for example, in reference 11. 
Furthermore, in general the curvature can be de- 
termined sufficiently well only for tracks which 
are so oriented as to have a visible length of 10 
to 15 cm. The second method can be used only 
for (y,p) reactions, where a unique correlation 
exists between the energy of the proton and the 
energy (and consequently also the range) of the 
recoil nucleus. One sees from Table I that the 
main photoproton yield comes from (y,p) re- 
actions, and only ~10% is due to the (y,pn) 
reaction. Therefore, (2) was the main method 
used in the present experiment. 

The energy spectrum of photoprotons from A*° 
was determined up to a proton energy of 15 Mev. 
The corresponding range of the recoil nucleus 
for the condition of our experiment was ~0.14 cm. 
Most photoprotons from argon have energies up to 
8 or 10 Mev. The number of protons with energies 
> 10 Mev, i.e., with a recoil range > 0.1 cm, is 
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relatively small. Since protons of equal energy 
produce much larger recoils if they are emitted 
from carbon and oxygen than from argon, one has 
to determine the contribution of the background 
nuclei to recoils of ranging from 0.1 to 0.15 cm. 
It was found in the auxiliary experiment with the 
pure helium filling that most photoprotons from 

C and O had recoil ranges > 0.1 cm (referred 
to the larger stopping power of the helium-argon 
mixture). In fact, the number of (y,p) reactions 
in O and C witha recoil range up to 0.15 cm 
does not exceed 10% of all reactions of this kind. 
Since the total number of (y,p) reactions of O 
and C is only ~10% of the argon reactions, the 
contribution of background protons to the high- 
energy tail of the protons from argon is unimpor- 
tant in the 10 to 15 Mev range. 

No range-energy relation for Cl®? ions is known 
in the literature. Assuming that the energy depend- 
ence of the range of Cl*® differs from that of A‘? 
by less than the uncertainties of the present experi- 
ment, one can use the known range-energy relation 
for A*°.!2 « check on the curvatures and ranges of 
the corresponding protons gave a satisfactory 
agreement. 

The recoil-nuclei ranges were approximately 
determined by projecting the photographs. They 
were more precisely determined under the micro- 
scope, taking the inclination of the track into ac- 
count. To avoid errors connected with large in- 
clinations, both the curvatures and the ranges were 
determined only for tracks which made an angle of 
not more than 45° with the horizontal plane. The 
accuracy of the measurement of the track lengths 
of the recoils was 0.1 mm. 
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FIG. 1. Energy distribution of photoprotons from argon: 
1 — distribution calculated from the theory of the direct photo- 
effect; 2 — distribution calculated from the statistical theory of 
nuclear reactions; 3 — total theoretical energy distribution of 
photoprotons; histogram — experimental results. 


The energy distribution obtained for photopro- 
tons from argon is given by the histogram of Fig. 
1. The other curves in Fig. 1 show the spectra as 
given by the statistical theory of nuclear reactions 
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and by Courant’s theory’ of the direct photoeffect. 


The spectrum of evaporation photoprotons is given'* 


by 


ES 
I (s) de = ec, (2) ede N,(E) oyn (E) dE. 
Bote 


ym 


The following values were assumed for the pa- 
rameters entering this expression: nuclear tem- 
perature T= 1 Mey; proton binding energy in aoe 
Bp = 12.44 Mev’; cross section dyn(E) for the 
reaction A‘?(y,n)A*” as a function of the energy 
of the photons, E, was taken from reference 15; 
the bremsstrahlung spectrum N,(E) with peak 
energy E= 70 Mev was taken from reference 16. 
The energy distributions of the “direct” photopro- 
tons was calculated from the formula 


Ey m 


e 


I (2) de = f (2) de N, (E) EdE, 

Byte 

where f(¢€) is the penetrability of the coulomb 
barrier. 

The calculated energy distributions agree well 
with the experimental photoproton spectra if one 
assumes a ratio of the direct to evaporation yields 
of 1:1, 2. It should also be mentioned that there 
exist many photoprotons from the (y,p) reac- 
tion of A’, with energies between 15 and 30 Mev, 
which are not included in the histogram of Fig. 1. 


ANGULAR DISTRIBUTIONS OF PHOTOPROTONS 


The inclinations of the photon tracks to the hori- 
zontal plane and the angles @ between the proton 
tracks and the directions of the x-ray beam were 
determined by projecting the photographs. The 
errors of this method do not exceed 2°. Tracks 
with inclination angles up to 45° were used for the 
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FIG, 2. Angular distribution of photoprotons, from argon 
with energies of 2 to 15 Mev. The histogram is the result of 
analysis of 406 proton tracks. The number of tracks shown has 
been referred to unit solid angle. 
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angular distributions. The tracks thus selected 
were grouped in bands 20° wide. The distribution 
obtained was then expressed per unit solid angle 
by applying appropriate angle-dependent factors 
which were assumed to be constant in any particu- 
lar angular band. The obtained angular distribu- 
tion of photoprotons from A‘? with energies 2 to 
15 Mev in the laboratory system is shown as a 
histogram in Fig. 2. The ordinate is in relative 
units. The statistical errors are also indicated. 
An analogous histogram from preliminary ex- 
periments was given earlier,!” but was not re- 
duced to yield per unit solid angle. 

The forward shift of the maximum in the an- 
gular distribution cannot be explained by the mo- 
mentum of the incoming photon, since the trans- 
formation to center-of-mass coordinates is un- 
important for such a heavy nucleus as Tew 

The solid curve drawn in Fig. 2 has the form 


I (6) = A + Bisin 6 + p sin 6 cos 6) ?, 


with A= 27, B=30, and p=0.5. The param- 
eter p is connected with the ratio of dipole to 
quadrupole absorption of photons, oQ/op = p?/5. 
Thus, in our case, the quadrupole absorption 
amounts to ~5% of the dipole absorption. 

The angular distribution of photoprotons from 
argon obtained in reference 3 with bremsstrahlung 
with 22.5 Mev peak energy has its maximum near 
70°, like our Fig. 2. 


CONCLUSIONS 


The experimental results on the photodisinte- 
gration of A‘? obtained in the present work are not 
in disagreement with the results of most papers 
devoted to the investigation of the photonuclear re- 
actions of medium weight nuclei.'4>!8-20 The dipole 
character of the photon absorption of A*° nuclei is 
corroborated by comparing the experimental inte- 
grated absorption cross sections with the theoreti- 
cal predictions, as well as by the angular distribu- 
tion of the photoprotons. The anomalously large 
photoproton yield compared with the photoneutron 
yield is not as sharp as indicated by the results 
of reference 2. It can be explained in part by the 
large contribution of the direct photoprotons, which 
follows from the comparison of the experimental 
photoproton spectrum of argon with theoretical 
predictions. At y-energies of up to 70 Mev es- 
sentially there occur in argon two competing re- 
actions, (y,p) and (y,n), with approximately 
equal integrated cross sections and with a small 
contribution from (y,@), (y,a@n) and (y,pn) 
reactions. 
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In conclusion, the author expresses his thanks 
to Prof. A. P. Komar for his continuing interest 
in this work and for a number of valuable com- 
ments. 
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The energy spectrum of m* mesons produced by 660-Mev protons on carbon was measured 
at five angles from 19°30’ to 65°. The absolute cross-sections do,/dQ were also measured. 


In the c.m.s. of the two colliding nucleons, the mean 7 


+ meson energy was found to be inde- 


pendent of the angle of emission, and equal to 100 Mev. Conclusions are drawn concerning 
the angular distribution of m* mesons; the total cross-section for their production on oon 
by 660-Mev protons has been found to be (46.7 + 5.1) x 107*"cm’. The probability of 1m - 
meson production in p—p collisions in the carbon nucleus is half the analogous probability 


for free p—p collisions. 
1. INTRODUCTION 


Tue production of charged 7 mesons on carbon 
by 660-Mev protons was investigated for various 
angles of observation in several experiments.!~4 
Meshcheriakov et al. measured the relative energy 


spectrum of n+ and m~ mesons at 24°.! Energy 


spectra and absolute yields of a mesons? and 17 
mesons? were studied at 45°. Analogous informa- 
tion on mesons of both signs was obtained for 90° 
as well. 

In the present work, we have studied the energy 
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spectra and the absolute yield of positive ™ mesons 510 A 
produced by 660-Mev protons on carbon at 19°30’, a 
29°, 38°, 56°, and 65° in the laboratory system. All 2 4 
ee 
measurements were carried out on the external aes, 
: o 
proton beam of the synchrocyclotron of the Joint 0 
Institute for Nuclear Research, Laboratory of Nu- a “4 é 
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tion that the energy of nucleons in the nucleus is 
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TABLE II 

do,/dQ 8B 
cm? sterad™* x 10°27 /12.3441.44 |10.22+0.78]7.13-0.43]6.77-L0.62|4.62+0.28|3.70-+-0.57 

ds" /dQ* 8 
cm? sterad™ x 10°27) 3.64+0.42 | 3.540.27/2.90+0.17|3.27+0.30|2.96-+0.18|3.01-40.46 
Mean energy E* in 
c.m.s., Mev 104 103 102 103 104 106 
Mean angle of emis- 
sion inc.ms., D* 36° ape 67° Tr 93° 103° 

of the order of 25 Mev. Extrapolation of the ex- 510% 


_ perimental curves in Fig. 1 into the high-energy 


region is, at all angles, in satisfactory agreement 
with the calculated maximum energy of 7 me- 
sons. 

Results of integration of the spectra over the 
curves, i.e., the cross-sections do, /dQ, are 
given in Table II. The value of do,/dQ for 45°, 
measured earlier,” is also given in the table. Both 
statistical and systematic errors, the latter rang- 
ing for the various angles, from 5 to 10% were 
taken into account in the integration. 

It is known from experiments on the production 
of mesons by protons and neutrons of various 
energies, that in collisions between nucleons and 
complex nuclei 7 mesons are produced essentially 
on single nucleons of the nucleus and not on the 
nucleus as a whole. In connection with the above 
fact, it is of interest to transform the obtained 
spectra into the c.m.s. of two colliding nucleons. 
Results of integration of the spectra in the c.m.s., 


_ i.e. the values of the cross-section do{/d*Q, as 


well as the average m* -meson energy in the c.m.s. 
for each spectrum and the mean angle of emission 
3*, are given in Table II. The values of ¥* rep- 
resent a rough estimate, since the motion of the 
nucleus was neglected in their calculation. 

The dependence of the cross section do} /dQ* 
on the angle of emission o* in the c.m.s., based 
on the data of Table II, is shown in Fig. 2. The 
curve is drawn for best fit with the experimental 
points. Assuming that this experimental curve 
represents the angular distribution of m7 mesons 
in the interval 36 to 103° in the c.m.s., we have 
calculated the cross-section of for m*-meson 
production in that region. We found or (36 to 103°) 
= (20.5 + 0.8) x 1077? cem?. 


3. SHAPE OF THE SPECTRUM AND MEAN 
POSITIVE ™-MESON ENERGY 


As the result of transformation of the nm’ me- 


son spectra into the c.m.s., we find that a maxi- 


d6,/d22, cm? sterad 
iS i) ~ 


~ 


ae bee ee 
a 20 40 60 80 100 = -120— 40 


Emission angle in c.ms., degrees 
FIG. 2. Dependence of the differential cross section for the 


production of 7+ mesons on carbon on the angle of emission in 
the c.m.s. 


mum is attained at E* = 100 Mev for #* = 36°. 
For 3* = 93° and #* = 103°, the maxima in the 
c.m.s. are located between 70 and 75 Mev. The 
maxima of the remaining spectra are contained 
between 70 and 100 Mev, a shift of the position of 
the maximum in the c.m.s. towards higher ener- 
gies being observed for smaller angles, indicating 
that the shape of the spectrum depends on the angle. 
A similar variation of the spectrum with the angle 
was observed earlier for free p—p collisions in 
the reaction pp > pna* 557 It is possible that the 
effect exists in production of m mesons on bound 
protons as well. 

It follows from Table I that the mean 7 -meson 
energy E* in the c.m.s. hardly varies with the 
angle of emission and amounts to 100 Mev. The 
same value of mean 7 -meson energy has been 
obtained earlier for Be and C at 24° in the labo- 
ratory system.! Most remarkable is the fact that 
the position of the maximum and the value of the 
mean energy change very little at higher proton 
energies. This result follows from comparison of 
the present results and those of other experiments 
carried out at 660 Mev! with the data of Yuan and 
Lindenbaum,® who have found for Be that, at an 
energy of 1 Bev, the nm -meson spectrum attains 
a maximum at 100 Mev for an angle of observation 
of 32° inc.m.s. A further energy increase to 2.3 
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Bev causes the maximum to shift only 30 Mev. 

This weak dependence of m-meson energy on the 
proton energy can be explained® by the predominant 
role of the isobaric P_3/,_3/, state in the m-meson 
production. 


4. ANGULAR DISTRIBUTION OF 1* MESONS 
AND CALCULATION OF THE TOTAL CROSS- 
SECTION 


It follows from Fig. 2 that the cross-section 
do a /dQ* does not vary greatly with the angle be- 
tween 36° and 103°. An analogous result has been 
obtained for neutral a mesons produced on carbon 
by 660-Mey protons.’ It follows that the 7 -meson 
yield in the c.m.s. varies very slowly with the 
angle in the interval 0° to 100°. A marked increase 
in the 7° yield is observed with a further increase 
in angle. The n° -meson production cross section 
for 180° is twice that for 0° in the c.m.s. This in- 
crease can be explained by simple qualitative con- 
siderations which follow from the optical model of 
the nucleus and which are connected with the ab- 
sorption of protons traversing the nucleus. An 
analogous increase of the cross section for large 
angles can be observed for charged m7 mesons. 

Prokoshkin? calculated the angular distribution 
of m’ mesons produced by protons on carbon, using 
the optical model, and assuming an isotropic angu- 
lar distribution of 7’ mesons in the c.m.s. in pro- 
ton-nucleon collisions. The calculated curve is in 
good agreement with the experimental data. To 
calculate an analogous curve for m* production, 
it is necessary to know the angular distribution 
of mt mesons in elementary collisions. Experi- 
mental data concerning this problem are, at pres- 
ent, inconsistent’>!? but, most probably, the angular 
distribution of 7 mesons in p—p collisions at 
660 Mev does not differ appreciably from isotrop- 
ie. Taking the above into account, one could ex- 
pect that the angular distribution of 7 mesons 
produced by protons on carbon should not differ 
appreciably from the angular distribution of 1° 
mesons. 

The similarity between the angular distribu- 
tions of mt and 7° mesons, expected in view of 
the above considerations, permits us to find the 
total cross-section for the production of 7’ me- 
sons on carbon by 660-Mev protons, from the data 
of the present work. The fraction of the total pro- 
duction cross section of neutral 7 mesons con- 
tributed by the angle interval from 36° to 103° in 
the c.m.s. can be calculated from experimental 
data,’ and amounts to 45%. Assuming that the 
angular distribution of 7* mesons is similar to 
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that of 7’ mesons, we obtain from 0, (36° to 103°)) 
= 20.5 X 107-2"cem?, measured in the present ex- 
periment (Sec. 2), a value 0, = 45.5 x 1072? em? 
for the total cross-section for the production of 
m+ mesons on carbon. 


5. PRODUCTION OF 1 MESONS ON CARBON 
AND THE PRINCIPLE OF ISOTOPIC INVARI-— 
ANCE 


The cross-section obtained in Sec. 4 can also 
be estimated from the principle of isotopic invari- 
ance. It should be noted that the isotopic spin of 
c! is zero. The principle of isotopic invariance 
leads to the following relation for the production 
of m mesons in collisions between nucleons and | 
nuclei of zero isotopic spin: | 


oo ey, (1) } 


where 0+, o_, and oy are the total or the differ- 
ential production cross-sections for nm’, mw, and 
7 mesons respectively.'! Equation (1) was tested 
experimentally for deuterons and carbon, in 7 
meson production by protons, at 45° in the labora- 
tory system.? 

Data on the cross sections for production of 
negative and neutral 7 mesons on carbon are nec- 
essary for a comparison of the results of the pres- 
ent work with Eq. (1). The results for a’ mesons 
are known for a wide angle interval.’ The yield of 
m mesons can be estimated from the ratio do, /do_ 
for carbon, given by several authors. 

The results are collected below: 


Observation angle 24° 45° 56° 90° 
in the lab. system 
do, /do_ 7.0+0.8' 6.9 £ 1.1% -5:240.6%% Si0c.0ee 


It can be seen that the ratio doi /do_ varies 
slowly with the angle and that the m -meson yield 
is only 15 to 20% of the m* -meson yield. Both 
facts make it possible to compare the experimental 
results with Eq. (1), in spite of insufficient data on 
m™ -meson production. 

On the basis of the above data, we shall assume 
that of /o* =6 +1 between 37° and 103° in the 
c.m.s. Then, for the same angle interval, o4 + o* = 
(Y¥,) of = (24.0 £1.1) X10" em? (using the value 
for o}(36° to 103°) given in Sec. 2). Using the 
data of reference 9, we obtain, for the same angle 
interval, 209 =(25.5+ 2.7) x 1072%em?. Relation 
(1) is therefore satisfied, as expected from the 
principle of isotopic invariance. 

In view of the good agreement between the abso- 
lute measurements of the present work and the re- 
sults obtained for 7° mesons, Eq. (1) can be used 
to compute the total cross section. Assuming that 
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for total cross-sections we have o_ = Wh o,, and 
taking into account that a) = (28 + 3) x 1072%cm?,9 
Eq. (1) yields o4 = (48.0 + 5.3) x 1072"cm?. This 
result is in a good agreement with the value o, = 
45.5 x 107*%em? obtained in Sec. 4 from different 
considerations. From the two results we obtain 
o, = (46.7 + 5.1) x 102% em’. 


6. COMPARISON OF YIELDS OF x* MESONS 
PRODUCED ON FREE AND BOUND PROTONS 


It is useful, for the understanding of processes 
that take place during the production of 7 mesons 
on complex nuclei, to estimate the relative proba- 
bilities of m-meson production on free and bound 
nucleons. We shall make such an estimate for 
positive m mesons produced on the protons of a 
carbon nucleus, using the results of the present 
experiment. 

Let us write the total cross section for carbon 
in the form o, = Op + on, where oty and of, 
are the cross sections corresponding to m* -meson 
production on the protons and on the neutrons of 
the carbon nucleus respectively. We shall note, 
furthermore, that the principle of charge symmetry 
requires that, for the production of m mesons on 
free neutrons, the cross-section for the pn — nn7 
reaction equal that for the pn—ppz reaction, 
i.€., on = Oy. We can assume, with an accuracy 
sufficient for our purposes, that an analogous rela- 
tion holds for experiments with complex nuclei, 
i.e., that oy = 077. On the other hand, oy is the 
cross-section for the production of m mesons on 
carbon, i.e., equal to o_, since the production of 
m™ mesons on nuclei can occur in p—n collisions 
only. We have, therefore, 04 = op’ + on’ = op + 
On’ = Op! + o.. Moreover, it has been shown in Sec. 
5 that o_ ~ 404 and, consequently, o, = op + 
Ue o1. Hence, using the value of o+ obtained in the 
present experiment, and relating the cross-section 
op to one proton of the carbon nucleus, we find 
that the «'-meson production cross section on a 
bound proton equals (6.5 + 0.8) x107*%cm*. The 
value of the cross section for an analogous proc- 
ess on a free proton is (13 to 14) x TOee ore. on! 
We conclude, therefore, that the probability for 
m+ -meson production in p—p collision in the 
carbon nucleus at 660 Mev is half the analogous 
probability for collisions of free protons. It should 
be noted that a similar halving of the probability 
has been observed in the production of 7’ mesons 
on carbon as well. This was found from the values 
of the cross sections o(pp— wT), o(pn— T°), and 
Gqipe— n° ), measured at 660 Mev.® 
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To explain these facts, we shall make use of the 
theory of Ansel’ m and Shekhter,'? who have shown 
that the experimental data on the production of 7 
mesons on complex nuclei by protons can be ex- 
plained by means of a model, according to which 
the m mesons observed are produced only on the 
surface of the nucleus (according to a Ay law ), 
and that deviations are due to the absorption of pro- 
tons in traversing the nucleus. Let us denote by 0” 
the total cross section for m-meson production on 
the nucleus in the absence of absorption, and by o 
the actually-observed cross section. We then ob- 
tain! 


Tw 7 
wadcre 


Ge cary?\ a (9) sin d9 i d+ (9) F (7R, 9) sin $d9. 


dQ 
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where do,/dQ is the 7 -meson production cross 
section in free nucleonic collisions, 7 the proton 
absorption coefficient, R the radius of the nucleus, 
and F a function calculated in reference 13. The 
value of 7 and the dependence of doi/dQ on # 
must be known if the computations are to be accord- 
ing to Eq. (2). The absorption coefficient 1 can be 
found from the expression 

Sq 4 — (1 + 2yR) exp {— 29R} 


mR? Ue 2 (RP ? (3) 


which follows from the optical model of the nu- 
cleus.‘ The cross section og, for the inelastic 
interaction between protons and nuclei can be ob- 
tained from experimental data obtained at 650 
Mev’®. The dependence of do,/dQ2 on ¥ can be 
approximated by the expression a+b cos? g,%10 
It is found that the result for o’/o depends very 
little on a and b so that their value is immate- 
rial for the calculation. 

Computation carried out according to Eq. (2) 
showed that o’/a0 = 1.8, which has to be consid- 
ered aS good agreement with the experimental 
value o’/o = 2. One can therefore attribute the 
50% decrease in the probability for 1 -meson 
production in p—p collisions in the carbon nu- 
cleus, compared with the analogous probability 
for free p—p collisions, to the absorption of 
protons in the nuclear matter, assuming that the 
ma mesons observed are produced on the surface 
of the nucleus. 

In conclusion, the authors wish to thank lu. D. 
Prokoshkin for the discussion of results. 
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The question of the development of a discontinuity in the velocity of the superfluid component 
of helium II moving relative to a solid wall is investigated experimentally. It has been as- 
sumed that the formation of such surface discontinuities requires the application of some 
minimal force, which is manifested in the form of a threshold shear stress. Apparatus has 
been constructed which permits the threshold shear stress to be determined with great accu- 
racy. The measurements have shown that tangential discontinuities in the velocity of the 
superfluid component of helium II do not arise in the vicinity of a wall. 


Canoncas of the results of measurements 
on the viscosity 1, of the normal component of 
liquid helium II carried out by means of the oscil- 


lating disk method’ on the one hand, and by the 
method of the uniformly rotating cylinder,’ on the 
other, has revealed the existence of a considerable 


discrepancy in the magnitude of Ny, especially in 
the low-temperature region. 

In this connection, Ginzburg’ has advanced a 
hypothesis regarding the possible occurrence of a 
tangential discontinuity in the velocity of the super- 
fluid component of helium II at the boundary between 
the liquid and the wall, as well as the necessity for 
taking into account a surface energy o associated 
with this discontinuity and equal according to his 
estimates, to between 5 x 107? and 5 x 10 erg/em?. 

The effect of this surface energy upon the flow 
of helium II should, in Ginzburg’s opinion, be mani- 
fested as a minimal energy oS, required in order 
to set a solid body of surface area S into motion 
in the helium II. 

The primary purpose of the present work has 
been to test experimentally the hypothesis outlined 
above. 


DESCRIPTION OF THE APPARATUS 


The apparatus (cf. Fig. 1) consists of a system 
of mica disks 1, each 50u thick and 32 mm in di- 
| ameter. These disks, 45 in number, were arranged 
| parallel to one another along an aluminum shaft 4 
| mm in diameter, and were separated by aluminum 
washers 8 mm in diameter and 2 mm thick. 

The stack of disks thus assembled was suspended 
on a straightened glass rod 2 whose upper portion 
was fitted-with a small mirror 3 and a clamp 4, by 
means of which it was attached to the lower end of 
a phosphor-bronze fiber 5, 50y in diameter and 12 
cm long, which served as a suspension. 

The upper end of the suspension was connected 
to a frame 6 by means of aclamp 7. The frame 
was in the form of a plane paralielopiped made of 
aluminum foil 1 mm thick; its linear dimensions 
were 24 X10 X 30 cm. The frame and disks were 
in turn suspended together on a copper strip 8 of 
rectangular cross section, through which current 
was supplied to a single-layer coil, of 10 turns per 
centimeter, wound upon the frame. 

A spiral spring, fitted into a circular metal 
seat 9 attached to the cupro-nickel supports 10, 
served as the second conducting lead. One end of 
the spring was soldered to the seat, while the other 
end was fitted by means of a collar to the neck 11 
of the clamp 7, which was in electrical contact with 
the coil. The spiral spring served at the same 
time to return the frame to its equilibrium position. 

A second mirror 12 was cemented to the neck 
of the clamp, permitting observation of the rotation 
of the frame as current was passed through it. 

The entire suspension system was enclosed 
within a glass cylinder 13, the lower end of which 
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FIG. 1. Diagram of the apparatus. 


was ground to fit the cone 14 and the upper to fit 
the tube 15 of the seal 16. 

The disks and the frame were locked by rotation 
of knob 17 of lock A screwed to the top of the tube 
15. 

The lower portion of the suspension system 
(the glass rod and the system of disks) was sur- 
rounded by the glass tube 18 and the glass vessel 
19 coupled to it, which protected the system from 
parasitic effects associated with the pumping of 
the helium vapor. 


STATEMENT OF THE PROBLEM 


The object of the experiment was to attempt to 
detect an effect analogous to that of static friction 
between solid surfaces. In the presence of such an 
effect the disks should remain stationary, at rest 
in the helium II, up to some definite angle of twist 
of the fiber. 

Having determined the limiting angle of twist 
and knowing the elastic constant f of the fiber, one 
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could then use the familiar formula fyg/2 for the 
energy of deformation to determine the desired en- 
ergy os. 

The disks were made of mica with the object of 
securing a body of large surface area S = 720 em? 
and a moment of inertia I as small as 8 gm cm’, 


in order to satisfy the condition 


[Pans — co. (1) 


The experiment as undertaken made it possible 
to obtain for the minimum angle of twist of the 
fiber Ymin the value Ymin = An/2L¢ = 3.3 X 10% 
radians, where Lg is the distance of the scale used 
for the frame from the corresponding mirror, 
while An=1mm is the minimum deflection of the 
light spot along the frame scale which could be de- 
tected under the conditions of the experiment. We 
obtained f = 2.2 dyne-cm for the torsional constant 
of the fiber employed, from its given linear dimen- 
sions, and T=12 sec for the natural period of os- 
cillation of the system. 

The condition for an “infinite” liquid 7<J/ was 
satisfied in the experiment. Here A =(2n/pyw) is 
the penetration depth for the viscous wave and l is 
the least distance between the surfaces (moving, 
or moving and stationary) in the system. We as- 
sumed for / the minimum value, the distance be- 
tween the disks, and the values for 7 and py were 
taken from the work of Andronikashvili'*® for the 
temperature of 1.46°K at which the experiment was 
carried out. 

Inserting into the condition (1) the values for f, 
min, and S we obtain o=1.7 x10 erg/cm?. 
This is the smallest value of o0 which may be de- 
tected with the apparatus used, and is smaller by 
a factor of 3.5 x 10° than the value proposed by 
Ginzburg. This shows the high sensitivity of the 
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FIG. 2. Calibration curves: tan a, = ANg/AN¢ = 0.71 + 0.007; 
tan a, = ANg/AN, = 1.03 + 0.01. 


apparatus, and makes it possible to twist the fiber 
over a wide range, still keeping the system of disks 
at rest, if the ideas of Ginzburg are correct. 


RESULTS OF THE EXPERIMENT 


The actual experiment was preceded by the re- 
cording of a calibration curve for the apparatus 
under vacuum; the dependence of the equilibrium 
orientation of the system of disks in vacuo upon 
the orientation of the frame was determined. The 
equilibrium points for the disk system and the 
frame were found from the positions Ng and N¢ 
of the light spots along the corresponding scales. 

Two such curves are given in Fig. 2. The first 
of these was taken with the scales at approximately 
equal distances, Lqg=155+0.5 cm and Lg = 150 
+ 0.5 cm, and the second when they were at differ- 
ent distances, Lqg=105+0.5cm and Lg =1504 
0.5 cm. 

It should be noted that the equation ANg/AN¢ = 


Data Data 
24IXII | 18/1 4/11 24)X1I 18/1 | 4/11 
Ne Ng N¢ Ny NE Na Ng Na Ng Ng Ne | Ng 
in millimeters in millimeters 
1 1 4 4 sees) 4 AD NP 10 9 10 OFS 
Zz i 2, 2, Dao 2 NS 13 12 4i5| 44 11 
3 2 oo) » Pt 4 14 14 14 13 11 Ae 
4 4 4 4 5 5 16 16 15 15 Nise 14 
5 4 13) 4 6 6 17 18 18 (7) Als) AS 
tlk 7 7 6 Te25 hee 18 19 19 19 16 16 
9 9 8 7 8 Tee) 19 20 23 23 18 18 
141 10 9 8 rote) 8 24 24 28 28 22 21 


Lqa/Lg is satisfied to within 1%. It can thus be 

concluded that the mutual orientation of the planes 
of the mirrors relative to one another under vacu- 
um is maintained as the frame is rotated, and that 
for deflections of the spet along the scale of 140 to 


150 mm the disks rotate through the same angle as 
the frame to an accuracy of + 1%. 

Following the recording of the calibration curve 
experiments were carried out in helium II. 

The data from the experiments (for Lg = 155 
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and L¢ = 150 cm) are presented in the table; the 
overall distribution of the data relative to the cali- 
bration curve is shown in Fig. 3. 

As is evident from Fig. 3, twisting of the fiber 
causes the disks to follow the rotation of the frame. 
This circumstance makes it possible to express 
the opinion that under the conditions of an “infinite” 
fluid the effect of static friction is not observed in 
helium II, and, consequently, that no surfaces of 
tangential discontinuity in the velocity arise at the 


boundary between a moving solid body and helium II. 


If surfaces of discontinuity should in fact arise, 
then the value of their energy o must not exceed 
10° erg/cm?. In this case it is necessary to 
note that such a value for the energy could on no 
account explain the existing discrepancies between 
the values for the viscosity as measured by vari- 
ous methods.!»? 

In conclusion, the author is deeply grateful to 
the supervisor of this work, Professor E. L. An- 
dronikashvili, for his valued instructions and ad- 
vice, to the machinists for the liquefaction ma- 
chines, I. M. Paramonov and E. I. Shalvashvili, 
and also to his scientific collaborator B. P. 
Zhvaniya. 
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FIG. 3. Dependence of the equilibrium orientation Nq of the 
disk system upon the orientation N¢ of the frame; i.e., the angle 
of twist of the fiber. Solid line — calibration curve. @ — measure- 
ments of 24 Dec., 1956; O — measurements of 18 Jan., 1957, 
A — measurements of 1 Feb., 1957. 
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A method is developed which enables one to obtain the electron-energy spectrum and disper- 
sion of the lattice vibrations without assuming that the interaction between electrons and pho- 


nons is small. 
1. INTRODUCTION 


Tue attraction between electrons due to the ex- 
change of phonons leads in superconductors to the 
formation of a bound state of two electrons with 
opposite momenta. In the ground state of a super- 
conductor a condensed component consisting of 
these bound electrons is formed and a gap results 
in the energy spectrum.! 

In papers on the theory of superconductivity! 
the interaction between electrons and lattice vibra- 
tions has been assumed to be small, although we 
know that this condition is not fulfilled for all super- 
conductors. It is therefore of interest to construct 
a theory which is not limited in this way. 

In the present paper we develop a method which 
enables one to consider the interaction between 
electrons and lattice vibrations in a normal metal 
without assuming that the interaction is small. The 
method is based on the use of quantum field-theo- 
retical equations. 

The application of field theory to superconduc- 
tors involves certain difficulties. The state which 
contains the “condensate” of bound electrons can- 
not be obtained from the ground state of noninter- 
acting particles by applying the interaction adiabat- 
ically. The necessary condition for the use of or- 
dinary field-theoretical methods is thus violated. 
The method developed below for a normal metal, 
where this difficulty does not occur, can therefore 
be extended to a superconductor only through a 
separate investigation. 

The interaction between electrons and lattice 
vibrations in a normal metal is certainly of inter- 
est in itself. Fréhlich? used perturbation theory 
to investigate this interaction. He considered an 
isotropic model of a metal described by the Hamil- 
tonian 
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a, (6, + 6+,), 
where ap, ap and bq, by are the annihilation and 
creation operators of electrons and phonons and 
dm is the maximum phonon momentum. We know 
that a , which determines the interaction between 
electrons and phonons, is given for small q (in 
atomic units) by 


(2) 


where cy, is the unrenormalized velocity of sound, 
Cc) ~ M-72, M is the mass of anion and Ay isa 
dimensionless parameter, introduced by Frodhlich,? 
which does not contain the ion mass; Ag Sul 4 

It will be shown below that the energy spectrum 
of the Hamiltonian (1) cannot be obtained by pertur- 
bation theory, despite the smallness of the param- 
eter M~¥? in a2. The criterion for the applica- 
bility of perturbation theory is the smallness of Aj, 
which does not contain the ion mass. Field theo- 
retical methods? enable us to obtain the energy 
spectrum, without assuming that A, is small, as 
a power series in M7?/2, 


a — (A,m?/p,) of of = Co» 


2. METHOD OF SOLUTION 


We introduce the electron and phonon propaga- 
tion functions G and D: 


G=i<T¥ (1) 'P* (2), D=i<Te(1) (2), (3) 


where the averaging is performed over the ground 
state of the system 


o = elt » (6, + b+ ) efara efit, 
ae q q 
Y — efHt >) Apelete—tHt , 
P 


Dyson’s equations relate D and G to the vertex 
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part I’, which is defined by the following set of 
diagrams: 


( 


| 
| | 
At LAC (4) 


Prgfe pole 


Here q=(q,w) and p=(p,e€). The interaction 
energy in (1) can be written in the form 


Hy, = Dy Vea? pq) 
qI<Im 


where Yp and Pq are spatial Fourier components 


of the operators in the Green’s functions. There- 


fore the first diagram in (4) corresponds to T = Iy 
=1. It will be shown below that the following terms 
in (4) are of the order of M7'/2. Therefore I can 
be replaced by 1 in Dyson’s equations, after which 
a closed system of equations is obtained for D and 
G. In the momentum representation Dyson’s equa- 
tions are 


G (p) = Go(p) + Go(p) 2 (p) G (p), 

¥(p) = + \G(p—g) D@T(e— 4, a) a, 
D (q) = Do(q) + Do (9) 1 (4) D (4), 

11 (q) = +\G(p + $)G(p— F)P lp. a) ato, 


(9) 


where 
d'p = dpds/[(2n)', dig = dqduf(2n)', 


x and II are the irreducible parts of the electron 
and phonon self energies, and Dj) and Gg are the 
electron and phonon Green’s functions in the ab- 
sence of interaction:? 


Se) eerie 
EN Chae prearama reece (6) 
where 
NUE aa 


Assuming I'=1 in (5), we obtain G and D. 
As was shown in reference 3, the energy spectrum 
is determined by the poles of the analytic continu- 
ation of G(p, €) and D(q, w) in the complex 
plane. 


38. THE VERTEX PART 


We shall show that the vertex part differs from 
Ty) =1 by a quantity of the order of m-¥?. Let us 
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consider a first-order perturbation correction to 
Ae 


fe 


We shall assume that 


P—~ Por © ~ Po, OS Wy lg=2p Osi 


since for our further calculations this is the im- 
portant range of values of p and w. From our 
definition of G and D each internal line of the 
diagrams corresponds to a Green’s function divided 
by i. We obtain 


“Ti (p, 9) =é | Do (P — P1) Go (r1 at $) Go @ os $) dp). 
(7) 
In accordance with (6), the function D)(p—p,, 
€—€,) possesses the following properties: 
When |p-—pi/~ pp and €-€; K wo, Dy canbe 
replaced by 


Do = 277ho/Do.- 
When €-—€, >), Dy diminishes as (€—«€,)7~’. 


For |py—p| > dm, Dy = 0. Using these properties 
of Do, we obtain for I: 


a eto [2 
Lol é q pes 
T~ grey) G(p + 3 +5) 
: E—Oo/2 [pP—Pil<9m 
/ @ 
x GoPi — 3s 1p) a Ps 2 


Integration with respect to e€, gives the factor 
Wy ~ m~/2 and leads to 


ry~ oo/Po as W/V M, 


if integration over. p; does not introduce factors 
~1/w . Such factors result only for small q& 
wW )/py and w < wo, when the two poles of the in- 
tegrand approach each other. Then the integrand 
has a maximum near p;=g, where g is given 
by eee €, =e andthus g ~ po. Integration over 
regions far from this maximum does not introduce 
factors ~1/wy). We can therefore limit ourselves 
to consideration of the integral over p; in the re- 
gion (p;—-—g)/g « 1. Using (6) and the notation 
ED —e€=E, we obtain from (8) 

e+/2 1 oo ; 
de, \ ax \ de /|E — 


E—,/2 ill OO 


Dy ~ ioPo 


Ae | ee eee 


f 
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For simplicity it is assumed here that q,, > Pt 8, 
and the condition |p—p,| <q, imposes no limita- 
tion on integration near p; =g. 
Integration with respect to E gives 
E+ Oo? 
Dy ~ Do \ de 


E—W 9/2 —] 


’ 


(a Greasy Ole ao) 
= 3 UpqQ% — @ + 8e/ | © | 


n= 


Integrating with respect to x, we obtain 


i 
ee ilita 
: wall 


T° | — in8 (veg —10)| 


—— G) 
U4 


E+ o|2—po 


mn a [s(¢+ $) a(t s-) at. (9) 


E—Pp—Wo]2 


The last integral differs from zero in the region 
|€ —p| S wo andis of the order of w;,, where «, 
is the smaller of the numbers wy and w. It fol- 
lows from (9) that the largest value I; ~ Ay is 
reached for w~ wy) and q ~ wo/py. These values 
of q and w play no part in our subsequent calcu- 
lations. Indeed, for the calculation of Z(p) ac- 
cording to (5) the essential values are q ~ py and 
@~ Wo, for which it follows from (8) that T; ~ 
MY? For obtaining II(q) the essential values 
are W~ Wg ~ qPo /VM <« P0q (Wq is the frequency 
of a phonon of momentum q). From (9) we obtain 


5 : i AP aX 
RES a ec | pm ayy [mee SS ea 
1 OMe) Oe Vial ——— 


We thus have [=1+ ocm7'/2), It can be shown 
that this estimate is not changed when diagrams 
of a higher order are taken into account. 


4. THE PHONON GREEN’S FUNCTION 


As will be seen from our subsequent calcula- 
tions, G(p, €) differs essentially from Gy(p, ¢) 
only in a narrow range of values of p and e: 

Ip —Po| ~ wo /po; €—€) ~ Wo. In the calculation of 
II(q, w) according to (5) the integration is per- 
formed over a wide range of the variables, which 
permits us to replace G by Gy accurately to 
terms ~M7/2. For II(q, w) we obtain from (5) 


4 
M(q.0) = 7 \G(o+ $)G,(p—L)atp. (10) 
Integration of (10) with respect to € gives 


n(p— q/2)—n(p+q/2) 
2 — &— Ba/|o | 


1 
11(4,) = gee \5— PS dp, (11) 
~P+4q/2 =i 


where 
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n(p) = 
OO) [OK jaye 


We see from (10) and (11) that II(q, w) is an 
even function of w. For subsequent calculations 
the important values of Il(q, w) are obtained for 

@~ Og~ pog/VM KX pod: 
With these values of w we have from (11) 


(4,0) = gee [a (gh) +], 


(12) 


where 


4 se {+x 
g(x)= [1+ 2x lube 


ik (13) 
g(x) can be represented in the interval 0<x<1l 
with sufficient accuracy by 

B(x) be 7/2. (13’) 
From (2), (5) and (12) we obtain 
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The real part of the pole of D(q, w) gives the 
renormalized phonon frequency 


es Be ALN |S = sie 
w2 = (0%)? ! hog (| = (09)® (1 — Dy + Ao a is 
(14) 
Eq. (13’) was used in the derivation of this last 


equation. The imaginary part of the pole gives the 
phonon attenuation 


8 (q) ae "Yar, (@?)?/D,q- (15) 
The relative attenuation is given by 
81 (q) [Og = ho (0g)"8/4 PoGg ~ o/VM K 1. 
From (14) and (15) 
w? a | 
Ses | 
D(q, 0) = or ®, (=== @/|@ | 
4 
Sea (16) 


Thus the phonon Green’s function D, which was 
obtained by taking the interaction with electrons 
into account, differs from Dy) through replacement 
of the frequencies wy by Wg -id,;(q) and the oc- 
currence of the renormalizing factor we/ Wa. 


0. THE ELECTRON GREEN’S FUNCTION 


From (5) we have 
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G will now be obtained by solving the integral 


| equation (18). 


It is easily seen that X(p, €)~ wo, so that G 
differs essentially from G) only for le —€| ~ wp. 
The relative change of the excitation energy is 
large only for ep —[o ~ Wo. Thus the electron ex- 
citation spectrum varies appreciably only close to 
the Fermi surface in the range p—py ~ wW)/Dpp. 

We introduce the notation 


(39 —p,)/o, =& (¢—4)/o, =o, 


D(é, 1) = U0, 0) -+ wf (&, %), (19) 
where 
= Uo + 4 (0,0), 
y= yl ,a99, =, (1 — Ae (19) 


As was shown in reference 3, the imaginary part 
of 2(€, 7) must vanish for any value of & when 
€ equals the chemical potential. 

As will be shown below 2(0,0) is real. There- 
fore 


Im © (0, 4) = @ Im f (0, %); 
since according to (19) 


F (0, 7) Inn = 0 


and thus Im 2 vanishes for € =p (wp is the 
chemical potential ). 
In the notation of (19) and (19’) G becomes 


ie = Ss : 
CROSSING T py mri aes 


(20) 


From the foregoing discussion we are interested 
im -€ and, ..7).~~L. 

In (19) we pass from integration over the angles 
of the vector p; to integration over q = |p—Pi|: 
qdgq = pp; dx, where x is the cosine of the angle 
between p and p,;. We have 


foo} 


4 
(p.2) = rasp | do 


—coO 


qgdqpidpi 
|p—DpilS9<P+Pis 7< In 


x D (q,«)/[2°, — ¢ — © — X(p1,¢+)], (21) 
or 
nl © Im 
X(p, ®) = Qn ip jae \ q dqD (q, ) 
Sees ds 


pt 
x \ pi dpi/[ep, —¢ —@— U(py,e+e)]. (21’) 


ip—4l 


D(p— pi, ¢—%) dp, de,/[e), = 8, — F(py, 21): 


999 
(18) 


As mentioned previously, values of p close to 
Py are of interest, so that (p—py)/py ~ 1/VM. 
Therefore in the right-hand side of (21) p canbe 
replaced by py accurately to within m7!/2, We 
divide the integration over p,; into two regions 
defined by 


1) 
where y lies between the following limits: 


l<v<ip, v=a/p,~ 1/VM. 


In the integral over region1 2Z(p, €) in the inte- 
grand can be replaced by X(py, e+ w) accurately 
to within ~ M7!7,, 

We note that for qm > 2p) region 1 exists only 
for q< 2py. Therefore for the integration over p, 
in (21), in the term corresponding to region 1 the 
integration over q is carried as far as the smal- 
ler of the quantities qm and 2p,. 

Since D(q, Ww) for w > WwW) vanishes as me. 
in the integral of (21) the essential result is found 
for Ww -~ Wo, and for integration in region 2 we can 
neglect €—My) and 2X(py, €+w) in the denominator 
of the integrand compared with ED, —[o, with accu- 
racy ~1/y. Therefore integration over the region 
|&,| > y introduces into. 2 a term which is inde- 
pendent of p and ¢«. Thistermis 2(0,0)=yp- 
My, since integration over the region |&,| <y yields 
an expression which vanishes for 7 = 0. 

Therefore the change of the chemical potential 
is given by 


e 


Gl 


= |25,— Bol /Qo<Y and 2) hy 


(22) 


1 — Po = 4 (0, 0) 


1° C Pet pr dp 
= aa 5 ea 23 
pee ) #2 \ 9400) | ma (23) 


The integral over p,; in (23) is taken in the 
sense of the principal value, which corresponds to 
dropping of the region | &,| <y, which is small com- 
pared with the essential region of integration. 

Subtracting 2(0, 0) from the left and right 
members of (21) and dividing by wp», we obtain an 
integral equation for f{(0, 7) = f£(n): 


D (q, on’) 9.4q 


n 

epee DAE 24 

i) = mame \ a ee ee 
z 0 


where q, is the smaller of the numbers qm and 
2p). Here terms vé, v§; <1 have been dropped. 
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Since the essential values in (24) are 7’ <y the 
limits with respect to £; canbe replaced by +. 
Integration over &, gives 


dé 


lim comes 1) = ni Sgn fi (4 +7’), 
Sf 


ni Sen Im 9 (y, ¥ 


where f,; denotes the imaginary part of f. As 
was shown in reference 2, the imaginary part of 


the Green’s function, and thus f,(7), reverses 
its sign for »=0; moreover, f,(7)>0 for 
n>0O. Therefore 

Sgn f, (4) = Sgn 9. 


Inserting these results in (24), we obtain 


Nn co 
a ’ , , 
eaters \ 9.dq \ Sgn (4 + 7) D(q, aon) dn 
0 0 


Nn n 


= <-\ 449 \ DQ, oon!) dr! 
0 


1] 
We use the notation 


F (1) = fo (1) + #fs (m) 
For f) and f; we obtain 


1 


CF 2 


g n 
fo = all q dq \( (O06 ree Ul ee Oe) 
8x? pi ; sat a, — On” 
eae? C 281 (q) |n’| dr! 
= Le) : 0\2 1( n’ | @ xf] 
fa 8n2p,09 2m («?) g dq 5 (co? 02 — on ane o 4340 en ‘27 


(25b) 


It is easily seen that for 7 > 1/VM the inte- 
grand with respect to 7 in (25b) can be replaced 


by 6 (Wg — won’). Using the notation x = q/2po 
and integrating over 7’, we obtain 
tecn (caste n [Ebeele 
y e ©®g HAO, [ B, 
y 2 
(o)) 
ena \ xdx nee ; (26) 


Here x;=q;/2p), y= g/2pp, where g is given 
by the condition wg = w9n for |n|<1 and y=x, 
for |y\.> 1. 

We introduce the variable t = wq/wy. Accord- 
ing to (14) and (19’), t is related to x by 


oe 4 A 
¢ = path + Bx). 
For fy) we obtain 


(1 >= Xo)? 


Met eee A 27 
o(2 — Ao)’ i) 


to=| ain] |(1— pte) a= 
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For <1 we have 


= 2 } | 
fo (1) = 2y In "= = by, (28) . 
The imaginary part, f,(7), is 
t Farle 
‘ a ce h+Va+ fi 
hin =s\ll space dt —— mth GO Tiare ome 1 


(29) 


where ty=7 for |n| <1 and ty=1 for |n| > 1; 
for M7'/2 «<1 we obtain 


mm? TAy (2 — Ag) 
h() = a= erage 1 


(30) 


For 7< 1/VM_ in the denominator of the integrand _ | 
of (25b) 7’ can be neglected. This gives 


2725 
fi =% 2 are 1 


ie (31) 


The attenuation of the electron excitations given 
by (30) results from the emission of phonons. When 
the energy of a quasi-particle is very close to the 
Fermi surface (7 <« mi ), a different attenuation 
mechanism is more important; this is attenuation 
due to the interaction between electrons, which re- © 
sults from phonon exchange. As mentioned above, 
interelectronic interaction leads to attenuation 
which is proportional to the square of the short 
distance from the Fermi surface, as follows from 
(31). 

The electron energy spectrum is determined by 
the poles of G, that is, by the condition 


n+ f(m) =&. 
For small 7 we have 
(6) =é/(1 +2). 


Returning to the usual notation and subtracting 
the energy of a hole, we obtain for the excitation 
energy 


(32) 


ep) /(1 +2) 


Epp. = Ep, ir ep, = (Cp, ris 
=U) (P2— Pr) / (1 +4) =0, (p2 — pr), (33) 


where p) > Po, Pi < Po and v% is the unrenormal- 
ized velocity on the Fermi surface. Renormaliza- 
tion of the velocity on the Fermi surface is given 
by 


(34) 
For Ay «1 we obtain from (34) 


Up = 09 (1 —d,). 
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_ This equation agrees with the result that Fréhlich Ay ENG Cooper, Phys. Rev. 104, 1189 (1956); 
|| obtained by using perturbation theory. Bardeen, Cooper and Schrieffer, Phys. Rev. 106, 
Equation (34) shows that vy) >0 for all values 162 (1957); N.N. Bogoliubov, J. Exptl. Theoret. 
of A, and the rearrangement of the Fermi distri- Phys. (U.S.S.R.) 34, 58 (1958), Soviet Phys. JETP 
| bution which Frohlich predicted does not occur. 1, 41 (1958); L. P. Gor’ kov, J. Exptl. Theoret. 
| It follows from (30) that for A) ~ 1 the excita- Phys. (U.S.S.R.) 84, 735 (1958), Soviet Phys. JETP 
_ tion attenuation equals the excitation energy in 1, 506 (1958). 
order of magnitude for 7 ~ 1, i.e., for the excita- 2. Frohlich, Phys. Rev. 79, 845 (1950). 
tion energy 3V. M. Galitskii and A. B. Migdal, J. Exptl. 
Eugpes Theoret. Phys. (U.S.S.R.) 34, 139 (1958), Soviet 


| Phys. JETP 7, 96 (1958). 
_ With further increase of the excitation energy, the 


| attenuation ceases to increase and becomes smal- 

| ler than the excitation energy. Thus for \, ~ 1 

electron excitations in the region Epip. ~ Wo can- Translated by I. Emin 
not be described by means of quasi-particles. 293 
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COOLING OF AIR BY RADIATION 
II, STRONG COOLING WAVE 


Ia. B. ZEL’ DOVICH, A. S. KOMPANEETS, and Iu. P. RAIZER 
Institute of Chemical Physics, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor December 20, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1447-1454 (June, 1958) 
Radiation-cooling wave of air accompanied by a large temperature drop, is considered. It is 
shown that, the radiation is always from the lower edge of the wave, regardless of the value 


of the upper temperature, and that the radiation transfer inside a strong wave has the charac- 
ter of radiant heat conduction. The strong-wave mode with adiabatic cooling is considered. 


by the first part of this work (reference 1)* we enough to either oT} or to orien In this article we 
have described qualitatively the cooling of a large present the theory of a strong CW, in which the 
volume of hot air by radiation. We have found in upper temperature can be unlimited. The funda- 
this case that a unique temperature profile is de- mental problem consists obviously of determining 


veloped in the air in the form of a step or a cooling — the radiation flux from the front of the CW to in- 
wave (CW) propagating towards the hotter air. The  finity. Another problem is to find the temperature 
air in the wave cools down from a high temperature distribution in the front of the CW. 


T, toa lower temperature T,. At the lower tem- 
perature T, the air becomes transparent, i.e., 1. DETERMINATION OF THE RADIATION FLUX 


stops absorbing and emitting radiation. FROM THE FRONT OF THE COOLING WAVE 
In reference 1 we have considered the limiting 
case of a weak CW, in which the upper and lower 
temperatures T, and T, are not greatly differ- 
ent, and consequently the flux from the CW is close 


It was indicated in reference 1 that to find the 
stationary mode of the CW it is necessary to em- 
ploy one of two procedures. In the first we intro- 
duce a constant adiabatic-cooling term into the 
~ ‘*Henceforth, when referring to the formulas of the first part CMETSY equation. In the second we determine at 


of this article, we shall precede the number of the formula by I the very outset the transparency temperature Ty, 
le.g. (1.4), (I. 10)]. using formula (I.4). We then assume that when 
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T < T, the air is absolutely transparent (/ = ~), 
thereby excluding from consideration the region 
of air already cooled by the radiation, which ab- 
sorbs the light rather weakly. 

The first procedure gives a more complete 
picture of the temperature distribution, since it 
permits an investigation of the course of the tem- 
perature in the cooled air and accounts for the ab- 
sorption of light in this air. It leads, however, to 
excessive mathematical complications in the analy- 
sis of the temperature profile inside the CW (i.e., 
at temperatures above the transparency tempera- 
ture) and in the determination of the flux from the 
front of the CW. Meanwhile, adiabatic cooling 
plays a very insignificant role inside the CW. It 
is therefore preferable to consider the internal 


structure of the CW by using the second procedure. 


Here the energy equation (1.6) becomes 
aT S CM CRS) 
UprCp + a = 0 or UnCp a+ a 0, (1) 


and its integral becomes 
UpyCp (T;—T) =S. (2) 


Referring (2) to the lower edge of the CW, we ob- 
tain an equation for the energy balance in the CW 


U;Cp (Ty — Te) = Sp. (3) 


The most general considerations show that the 
flux S, from the front of the CW can be bounded 
both from above and from below. 

Let us consider the lower edge of the CW, 
where the temperatures are close to T,. Accord- 
ing to the condition assumed by us, the air is not 
cooled at any point of the wave to a temperature 
below T,, for it stops absorbing and radiating 
light when T < Ty). Consequently, once it reaches 
atemperature T,, the air cannot be cooled fur- 
ther, so that T, is the lowest of all possible tem- 
peratures in the wave. Therefore, dT/d=0 at 
the edge of the CW, and from (1) we have dS/dt 
= 0. It follows from (J.11) that the radiation den- 
sity at the edge of the CW is less than the equi- 
librium value, Ugg: = 40T$/c. Therefore, in the 
diffusion approximation, the effective temperature 
of the radiation going to “infinity” from the boun- 
dary of the CW is determined by the formula 


Sa = oles (4) 


and cannot be lower than the lowest temperature 
T, in the CW. Consequently, the flux S, and the 
effective temperature Ter¢ remain within very 
narrow limits: 


CH ST Oe hts (5) 
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Tl ee Ve ie (6) 
Thus, regardless of the amplitude of the CW, ‘ 
which can be characterized by the ratio T,/T», 
no matter how high the upper temperature, it is 
always the lower edge of the CW that radiates. 
This conclusion follows from the stationary na | 
of the profile of the CW. | 

The radiation from the surface of a heated body | 
bordering on a transparent region is generated in 
a surface layer of optical thickness T on the order 
of several units, since the quanta produced in the 
deeper layers are almost all absorbed in the outer 
layer. The effective radiation temperature Toff 
is obviously equal to a certain mean temperature 
of the radiating layer. It follows from formula (6) 
that the temperature cannot vary much in a radi- 
ating layer with an optical thickness on the order 
of several units. This is the condition for the ex- 
istence of a local thermodynamic equilibrium be- 
tween the radiation and matter, or for the existence : 
of radiant heat conduction. The greater the am- 
plitude of the CW, i.e., the closer U2 is to Uege 
and the closer S, is Qa the better is this 
condition satisfied. 

In fact, if the change in temperature in the radi- — 
ating layer is of the order Ty, then the change in ~ 
flux in this layer, according to (2), is |A| ~ upycpT>. 
However, in a strong wave, according to (3), S», ~ 
upiCpT;, since T, «K T;. It is then possible, with 
the aid of (I.11) and (5), to estimate also the rela- 
tive deviation of the radiation density U from the 
equilibrium value Veg 


a ae 
( Veg it Ug a dt 2 


in the radiating layer, the deriva- 


Since T ~ 1, 


tive (dS/dr), is on the order of |AS| and 
Veg /2 Ueg cUgg ns T° 


Inasmuch as the flux in the radiating layer of a 
strong CW is almost constant, |AS|/S. ~ T,/T, 
«1, the situation on the lower edge of a strong 
CW is quite analogous to the situation in photo- 
spheres of stationary stars. The problem of de- 
termining the connection between the flux S, with 
the transparency temperature T, in an exact cal- 
culation of the angular distribution of the radiation 
is equivalent, in the limit of the strong CW, to the 
well-known Milne problem,’ the exact solution of 
which 


S, = —=0T3 (7) 
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differs only little from the diffusion solution adopted 


by us 


Sy = 23T3. (8) 


2. TEMPERATURE DISTRIBUTION IN THE COOL- 
ING WAVE 


It was shown above that the radiation density is 
quite close to equilibrium at the lower edge of a 
strong CW. It is natural to assume that the local 
equilibrium extends over the entire wave, and to 


put Ux Veg mq. (1.22): 
c Weg  160T3 dT 
he Botte 3 de: (9) 


Inserting the flux (9) into the energy integral (2), 
we obtain an equation for the temperature 


dT | dz = 3u0ycp(T, —T) / 1607°, (10) 


from which it is seen that, the derivative dT/drt 
and, consequently, the deviation from the condition 
of local equilibrium, diminish monotonically with 
increasing temperature as the distance from the 
lower edge of the CW increases. Thus, the energy 
transferred by radiation in a strong CW has the 
character of radiant heat conduction. This indeed 
proves the correctness of the method we have used 
to average the free path over the spectrum? inside 
the CW (see reference 1). 

Equation (10) is integrated by quadratures and 
gives the temperature profile in the CW 


= 1—(1 —#,)exp[—*/te + 9 (é)], (11) 


where 

q(t) = (t — te) (1 + *Yo(t +22) + 1/3 (0? + tte + ae 

te = 8(1 —#,)/ 343, $= T/Ty, t2 =T2/T1. 
Near the lower edge T ~ Ty), sothat T« T, ina 
strong CW. The numerator of the right half of (10) 
can then be replaced with the aid of (3) and (8), 
yielding the approximate solution at the lower edge 
of the wave 
3 
Tt = T4(1 +57). (12) 

This expression, naturally, coincides with the 
diffusion solution of the Milne problem. 

The asymptotic form of the profile for T > Te 
can be obtained by putting q(t) ~ q(1) in formula 
(11). When t, «1, this quantity is 1/,. From the 
formula obtained thereby it follows that Te is the 
effective optical thickness of the CW. 

If we extrapolate the approximate formula (12) 
all the way to the upper temperature 1, the op- 
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tical thickness of the CW becomes approximately 
four times smaller than Te. According to (11’) 
the optical thickness of the CW. increases very 
rapidly with increasing amplitude of the CW [as 
(T,/T,)*]. Figure 1 shows the distribution of 
t(T) for t, = 0.2. 

Let us find now the temperature distribution 
along the geometric coordinate x. We place the 
origin of coordinates at the lower edge of the wave, 
where T= T, and 7T=0. Rewriting Eq. (1.10) in 
terms of a new variable temperature instead of 
the optical thickness T, and substituting dT/drt 
according to formula (10), we obtain with the aid 
of expressions (3) and (8) 

T T 


a5 = Wha ee (a) 
x x \ 


L(T) T8dT 
3T4 


ToT (13) 


At temperatures not too close to the upper tem- 
perature T,, it is possible to put in (13) approxi- 
mately T, — T * T, — Ty. Inserting into (13) the 
free path obtained from formula (1.3),* we obtain 


dz same! | I 


25 Tigre L= L(T32). 


(14) 


Formula (14) confirms the premise of reference 1, 
that the temperature in the CW has a sharp step 
on the high-temperature side. Figure 2 shows the 
distribution of T(x) on the lower edge, as given 
by (14). 


7/7, 


ip 


210 


~afly 70° 
a4 Wj YR OY 


FIG. 2. T, = 10,000° 


*According to (1.3), 1 ~ (T?/p) exp [I/kT]. As a conse- 
quence of the constant pressure in the CW (see reference 1), we 
have p ~ T* and | ~ T° exp [I/kT]. 
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FIG. 3. T, = 40,000°, 
T, = 10,000°. 


The exponential dependence of 1(T), which re- 
sults in a sharp step in CW, is valid actually only 
in the temperature range where the first ionization 
alone is significant, i.e., up to ~ 30,000 to 40,000°. 
At higher temperatures, / goes through a mini- 
mum and then increases (relatively slowly). 
Therefore, the upper edge of a sufficiently strong 
wave with T, > 50,000 to 100,000° is quite spread 
out, more so than T(T) of formula (11). [Were 
Z constant in the high-temperature region, the pro- 
file of T(x) would coincide exactly in this region 
with the profile of T(7)]. An approximate profile 
of the temperature over the entire wave is shown 
in Fig. 3. 

To estimate the accuracy of the radiant heat- 
conduction approximation in which the temperature 
profile has been determined, and to define thereby 
the concept of a “strong” wave, we can determine 
the correction to the value of the flux S, = 20T$, 
necessitated by the deviation from local equilib- 
rium. Obviously, this correction gives the accu- 
racy of the approximate solution of the equation 
for the CW, since the greatest deviation from 
local equilibrium occurs precisely on the lower 
boundary of the wave. Calculation of the above 
correction by the method of successive approxi- 


mation yields: 1-S,/20T}=0.18 for Lal ales 


Its value becomes 0.1 for T,/T, = 3. Thus, the 
accuracy of the radiant heat-conduction approxi- 
mation increases rapidly with increasing ampli- 
tude of the CW, and a wave with T,/T,=3 can 
be considered strong to within 5%. 


38. LOWEST EDGE OF COOLING WAVE AND 
TRANSITION TO THE TRANSPARENT ZONE 
OF THE COOLED AIR 


We have considered above the structure of the 
CW front, i.e., of that layer in which the air cools 
by radiation from an initial temperature T, to 
the transparency temperature T,. We have used 
from the very outset the general condition (1.2) to 
determine the transparency temperature, and have 
assumed that when T, < T, the air is absolutely 
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transparent. Actually, the absorption of light by 
air cooled below temperature T), although small, | 
is nevertheless finite. ‘| 

What happens to the radiation from the front of | 
the CW, and how does the temperature behave in | 
the zone of the cooled air? 

The process in this region is essentially non- 
stationary and depends on the actual conditions, ~ 
such as dimensions, hydrodynamic motion, or ad- 
ditional mechanisms of light absorption which take 
place at low temperatures (see reference 1). We | 
shall consider here the important case when the 
air pressure has not yet dropped to atmospheric 
and the radiation-cooled air continues to cool adi- 
abatically. Owing to the exceedingly strong depend- 
ence of J on T, the air is adiabatically cooled 
quite rapidly to a temperature, at which the absorp~#} 
tion becomes so small that this region of air no 
longer exerts any influence whatever on the mode 
of the CW. 

Little is changed by the adiabatic cooling in 
that layer of air, which still can influence the gen- 
eral distribution of the temperature, and in which 
the temperature drops to 1,000 or 2,000° below the 
transparency temperature. A process with adia- 
batic cooling is therefore quasi-stationary over the | 
entire region of interest. 

Let us trace the successive changes in the state 
of an air particle that enters a strong CW or, what 
is the same, let us move in the positive direction 
of the x axis at a constant velocity u. Let the 
particle enter the CW with a high initial tempera- 
ture T,. It will start to cool rapidly by radiation. 
The radiation density in the particle remains in 
this case at all times below equilibrium, since the 
energy absorbed per unit time is less than the ra- 
diated energy; the radiation flux increases in the 
particle. The speed of adiabatic cooling is first 
considerably below the speed of radiant cooling. 
This continues until the particle cools down to 
such a low temperature, that the speed of adiabatic 
cooling exceeds the speed of radiant heat exchange. 
As a consequence of the exceedingly sharp drop in 
absorption (and radiation) with diminishing tem- 
perature, even slight adiabatic cooling makes the 
particle almost transparent after that instant, and 
the radiant heat exchange soon ceases. 

Now the radiation density, which is determined 
by the flux generated in the hotter layers and pas- 
sing through the particle, remains almost constant. 
On the other hand, the equilibrium radiation den- 
sity, proportional to T‘*, diminishes rapidly. The 
radiation density in the “transparent” region be- 
comes greater than equilibrium, unlike the “non- 
transparent” one (the energy absorbed per unit 
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time becomes greater than the radiated energy ). 


The air then becomes somewhat heated by the 
radiation, and the flux diminishes. Consequently, 
there exists on the x axis sucha point x = x, 
(with corresponding optical thickness and temper- 
ature T, and T, respectively), which separates 
the regions of the “nontransparent” air, which is 
intensely cooled by radiation, from the almost- 
transparent air, which is slightly heated by the 
radiation. The radiation density at this point is 
exactly equal to the corresponding equilibrium 
value U,= Ueg,, and the flux S) in it is a maxi- 
mum. 

Obviously, the point at which the cooling of the 


air by radiation ceases should indeed be considered 


the lower boundary of the CW, and the temperature 
in this point should be considered the transparency 
temperature for a given value of adiabatic cooling 
A. The flux S) that goes to infinity is somewhat 
less than the flux S, from the surface of the CW 
front, owing to absorption in the “transparent” 

zone. This absorption turns out to be small: the 
optical thickness of the “transparent” zone, as es- 
timated in the Appendix, is approximately T, ~ 0.16, 
so that S) is only little less than S,, 

The temperature and flux profiles T(x) and 
S(x), corresponding to the above qualitative de- 
scription of the process, are shown schematically 
in Figs. 4 and 5. At low temperatures the curve 


Ly 0 
FIG. 4. 
eae: 
J az 
FIG. 5. 


T(x) follows very closely the lower straight line 
corresponding to the constant adiabatic cooling A 
and to the flux S) going to infinity. The curve ap- 
proaches this line from below, since the air in this 
region is heated by radiation. On the high tempera- 
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ture side, the T(x) curve deviates greatly from 
the upper straight line corresponding to adiabatic 
cooling A and zero flux. On the lower edge of 
the CW, where the flux is a maximum, the down- 
ward deviation of the temperature from the lower 
straight line is also a maximum, as can be seen 
from the energy equation (I.6). 

As shown in the Appendix, the transparency 
temperature depends only logarithmically on the 
value of the adiabatic cooling and on the amplitude 
of the CW. 

We are grateful to Academician N. N. Semenov 
for stimulating discussions. 


APPENDIX 


We consider the stationary mode of a strong 
CW with adiabatic cooling A. The integration con- 
stant of the energy integral (1.17), like that in the 
case of a weak CW, equals the flux that goes to 
infinity. 


UbyCpl +S =—Ax+4+ S). (15) 


On the low-temperature side, when the flux S 
tends to Sy, the temperature curve approximates 
the lower straight line 


upyCpl = — Ax, (16) 


and on the high-temperature side, as S—0, the 
temperature is asymptotic to the upper line* 


Upy\Cpl = — Ax + Sp. (17) 
In the “transparent” region |x| > |x|, where 
the adiabatic cooling can be neglected, the solution 
of the equations coincides with the solution obtained 

in Sec. 2. One need merely write, in lieu of the 
particular integral (11) passing through the point 
T=0, T=T,, the general integral passing through 
the still arbitrary point (T), T,). By extrapolating 
this solution to the transparency temperature T», 
we obtain the previous connection between the flux 
and the temperature T,, namely S, = PA 

In the “transparent” region |x| < |x,|, the radi- 
ating ability is very small at low temperatures, the 
flux becomes unilateral: all the quanta move only 
“forward” and leave the region of sufficiently high 


*In a mode without adiabatic cooling, the condition S > 0 


on the high-temperature side is equivalent to the condition 

T + T, =const. On the other hand, there the temperature 
gradient is not only different from zero, but tends to a constant 
value at high temperatures. To satisfy the condition S + 0 at 
T +, and for the mode to exist, it is essential that / + 0 
sufficiently rapidly at T >. In the problem of the weak CW, 
this condition was automatically satisfied through the use of 
the approximation formula (I. 23). 
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temperature. The integral expressions (1.13) and 
(1.14) now become 


Se CU [ee = One a (18) 


Extrapolation of this solution, which is valid for 
Ueg «K U, tothe point x, where U; = Vege also 
yields a flux S, = 20T}. 

By definition, the transparency temperature 
corresponds to the place in the wave, where the 
speed of radiant heat exchange dS/dx changes 
sign, i.e., vanishes. It is clear, however, that 
near this temperature the rate of radiant cooling 
of the particle drops to a value on the order of 
the rate of adiabatic cooling. In fact, as already 
mentioned above, owing to the sharp temperature 
dependence of the coefficient of absorption, to 
which the rate of radiant cooling is proportional, 
even a small adiabatic temperature drop reduces 
sharply the rate of radiant heat exchange. The 
transparency temperature T, can therefore be 
determined from the condition that the rate of 
radiant cooling, obtained from the extrapolated 
solution in the “nontransparent” region, must be 
equal to the rate of adiabatic cooling A. 

We calculate the rate of radiant cooling at a 
point with temperature T, with the aid of formulas 
(1), (3), (8), (9) and (1.10): 


=) = — upc (=) a ep aman Le 
az 2 BLCP Nd alee ge 16073! (T2) 
3 UPC pT 9 _ 3 oT 5 
Celis) | (Las) ate (19) 


We thus arrive at a transcendental equation for the 
transparency temperature in terms of the velocity 
of the CW or in terms of the upper temperature 
WM of the CW: 

SEAL Te) ii Foes’) 


= =* =1 


3 up c,T 5 3 ame 


(20) 


Thanks to the exponential dependence of / on 
T, the transparency temperature depends only log- 
arithmically on the amplitude of the CW, an am- 
plitude characterized by the velocity or upper tem- 
perature of the wave, and on the adiabatic cooling. 

It is clear that the temperature defined by Eq. 
(20) is equal, within logarithmic accuracy, to the 
“true” transparency temperature, which is defined 
by the condition that the radiant heat exchange van- 
ish. This has made the above approximation pos- 
sible. Geometrically, condition (20) signifies that 
we extrapolate the solution from the “nontranspar- 
ent” side until the slope of the temperature curve 
dT/dx coincides with the slope of the line (16), 
which the temperature curve approaches from be- 
low in the “transparent” region (see Fig. 4). 


ZEL’DOVICH, KOMPANEETS, and RAIZER | 


We must still determine the position of the 
lower edge of the CW, i.e., the coordinates x, 
and T). For this purpose we determine approxi- < 
mately the optical thickness 7 corresponding to 
some point x in the “transparent” region. Noting 
that in the low-temperature limit the absorption 
of the flux is negligible (S ~ S)) and the tempera- 
ture curve T(x) almost coincides with the lower 
straight line (17), we obtain 

x i ib i 
dx dx dT _ “®yCp( dT 
=a lari a 


Ko) ae TEAUGY on AE) 
0 0 0 


(21) 


Here we bear in mind the “exact” Kramers for- 
mula for the free path instead of approximation 
(1.23), by which 1 = © when T= 0. Inserting the | 
free path given by (1.3) into (21) and recalling that | 
at low temperatures an exponential law is much 
stronger than a power law, we obtain by approxi- 
mate integration 

=ann TUT (22) 
By the very nature of its derivation, this formula 
is valid when T <1. If it is referred to the lower - 
edge of the CW, i.e., to the point where T= Th», 
we obtain with the aid of (20) 


ty = BRT 2 / 31. (23) 


Since I=14 ev and T, * 10,000° inair, T, ~ 
0.164 turns out to be rather small, and (23) can be 
considered as the optical thickness of the lower 
edge of the CW. 

The geometric coordinate of the lower edge of 
the CW, which equals, according to (22) and (23), 


[X2] = Up; CpT2/A = 8/31 (T2), (24) 


represents in this case the distance, at which the 
temperature is reduced by adiabatic cooling from 
Toe tOuOs 

As expected, the free path corresponding to the 
transparency temperature is exactly of the same 
order as determined from the value of the adiabatic 
cooling and its time of action. 


1 Ze) dovich, Kompaneets, and Raizer, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 1278 (1958); Soviet 
Phys. JETP 7, 000 (1958). 

2A. Unsold, Physik der Sternatmosphiren 
Berlin, 1955. 
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A method for calculating the scattering of neutrons from semi-transparent nonspherical nuclei, 
based on the use of the exact solutions of the wave equation in spheroidal coordinates, is de- 


scribed. 
1. INTRODUCTION 


ae scattering of neutrons from nonspherical 
nuclei was discussed in papers by Drozdov! and 
the author.’ In these papers it was assumed that 
(1) the nucleus may be considered at rest during 
the course of the interaction (“adiabatic approxi- 
mation”), and (2) the condition kR > 1 holds 
(k is the wave vector of the neutron, R the 
nuclear radius). The papers of Zaretzkii and 
Shut’ ko® and Brink‘ discuss the same question 
using perturbation theory, which is evidently valid 
only for very small deformations of the nucleus. 
For comparison with experiment, the case of 


interest is that of arbitrary deformations and small 


energies of the incoming neutron. Here the condi- 
tion dR > 1 will not be fulfilled, but the adiabatic 


approximation remains in force if the energy of the 


incoming neutron Ey, is not too small. The cri- 


terion for the applicability of the adiabatic approxi- 


mation follows from the comparison of the time of 
flight R/v of the neutron through the nucleus and 


the characteristic period of the nucleus wa! yee 


where e is the energy of the first excited rota- 
tional state (€ ~ 0.1 Mev). Thus we obtain 


ckR/En< 1. (1) 


This condition is well satisfied for heavy nuclei 
and neutron energies of a few Mev. A more rigor- 
ous examination shows that condition (1) is valid if 
the probability for exciting the second rotational 
level is sufficiently small. This will be the case 
for small deformations of the nucleus, i.e., AR/R 
cay, 

In the present paper we compute the scattering 
of neutrons from a semi-transparent nonspherical 


: : \ 
even-even nucleus (the spin of the nucleus is zero) 


represented by a rotation ellipsoid with arbitrary 


eccentricity. To be specific, we consider a prolate 


spheroid; the results obtained can be easily used 


for an oblate spheroid. As in reference 1 and 2, 
we use the adiabatic approximation. However, we 
calculate the scattering amplitude not in the quasi- 
classical approximation, but exactly, using the 
known particular solutions of the wave equation 

in spheroidal coordinates. 


2. PARTICULAR SOLUTIONS OF THE WAVE 
EQUATION IN SPHEROIDAL COORDINATES 


To solve our problem we must first determine 
the scattering from a nucleus with fixed orienta- 
tion. We then have to average this scattering am- 
plitude over the orientations.! 

We introduce the coordinate system K, witha 
z axis in the direction of motion of the incoming 
neutron, and the system K’, whose z’ axis is 
aligned with the symmetry axis of the nucleus. 
The semi-axes of the ellipsoid are a and b 
(a >b). The orientation of the nucleus is speci- 
fied by the unit vector w directed along the z’ 
axis. 

We introduce the spheroidal coordinates yp, @, 
y, which, for the case of a prolate spheroid, are 
defined by the relations 


A : ots : : 
x’ = sinh psinicos, y’ => sinh psin§sing, 


, 


2 = 2 cosh pcos 6; (2) 


d is the distance between the foci of the spheroid. 
The coordinate surfaces p= const are confocal 
spheroids, going into spheres for large distances 
from the center. The surfaces @ =const are ro- 
tation hyperboloids, going into cones for large dis- 
tances from the center (i.e. 6 goes over into the 
ordinary polar angle for large distances). ¢y is 
the ordinary azimuthal angle. We also introduce 
the symbols n= cos 6, -é=coshu (-l=ye=l, 
LR ciat0')), 

Let &) be the value of the coordinate € defin- 
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ing the nuclear boundary [&) = (1 —- b2/a2)71/2 iB 
With Feshbach, Porter, and Weisskopf° we shall 
assume that the neutron moves in the field 


Via ( Vom Wor F< bo 
ea 0 ae. 


To find the wave function of the scattered neutron 
we have to solve the wave equation 


(3) 


(A -+#)b=0 for 2>%, (A+)b=0 for é<&, 


pone TV ee ei Wi En. 


(4) 


These solutions must then be “joined” at & = &. 

The solutions of the wave equation in spheroidal 
coordinates have been investigated in detail in ref- 
erence 6. With the notation somewhat changed,* 
these results lead essentially to the following. 

The wave equation has a set of particular solu- 
tions each characterized by the quantum numbers 
4 and m. These numbers can take on the same 
values as the quantum numbers of the orbital an- 
gular momentum and its projection. The particular 
solution %j,, has the form 


Pim = Rim(C, &)Jim(C, M), 6 = shed = Vi — (a) (a/b) "*kR 


(5) 


(R is the radius of a spherical nucleus with the 
same volume, n is a unit vector specified by the 
“angle” @ and the angle ¢). 

The “angular” part of the solution is defined 
thus: 


Jim(e, n) = >) sim (c) Yam (n), 
Sam (c) = & | Bin CP] vem (c), 
e (6) 
2n+1 (n—|m|)! lh t~| m | 
bi (©) = [Fete | Sai 


l d 
Snm (0) = Onl. 


The functions JJ (c,n) are orthonormal, there- 
fore 


Di stn (6) St (6) = Br (7) 


The quantities d::which appear in the expression 
for the coefficients sion have been determined in 
reference 6, where they are tabulated for l < 3. 
The summation in (6) goes only over either even 
or odd indices, and starts with a value n equal to 
m or m+1, depending on whether / is even or 
odd. 


*In particular, the number / used here, and the number / 
used in reference 6, are related by le] =1—|m|. 
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The “radial” functions Rj, are of two kinds: 
(1) the regular function RY) , which for large & 
has the form 


sin (c& — I/2) sin (kr — Ir/2) 


tin (C38) ra hal (2) 


[here we use the fact that c& =kr for large r, 
as is easily seen from (2) ]; (2) the functionis _ 
irregular at £=1, having for large distances 
the form 


cos (c& — [n/2) 


2 2 cos (kr — It/2) 
Ries 


gat kr 


(9) 


Reference 6 gives a method for developing these 
functions as expansions in Bessel functions. 

We expand the plane wave in terms of these 
solutions: 


ek-r — exp {ic[cosh pcos 4 cos §’ 
@’)]} 
-- = DAindin (c,q) Jim (c.n) RY) (c,coshy), 


+ sinh p sin 9 sin 9’ cos (9 — (10) 


where q=k/k, and 6’, 9’ are the angles of vec- 
tor q inthe K’ system. It is immediately seen 
from symmetry considerations that the expansion 
coefficients (10) contain the quantities Jie: q).- 
The coefficients Aj,, can be obtained by observ- 
ing that for large distances sinh wp © coshy = é, 
hence 


e'k-r ~ exp {icé [cos 6 cosé’++ sin 6 sin 8’ cos (p — 0’) ]} = ean 


me Sanit IE V1, (a) Ym (1). 


lm 


(11) 


Equating (11) and (10) for large &, multiplying 
both sides by sid ee nN) Jim (¢, 4), and integrat- 
ing over the solid angles corresponding to q and 
n, we obtain £5 Bea Hit 


3. SCATTERING AMPLITUDE 


The general solution of the wave equation (4) 
in the exterior region (& > &)) canbe written in 
the form 


ye) => » Bid tm (c,n) Rim (c,é), 


lm 


(12) 


where Bj is a coefficient depending on q, and 
RJm has the form 


Rim (¢, &)= cos ,,,.R (c,£) — sin 8ymR (c,%). (18) 
Imposing the usual requirement 
pO) =z eflr + Ff (q,n)e*"/r for roo, (14) 
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we find 
Bim = 4ni'e* mJ, (c,q); (15) 
the scattering amplitude is 
2 - 0. 
F(q.n) = Dim (c.g) (e'™— 1] Jim (cn). (16) 


lm 
To find the scattering phase 6), it is neces- 
sary to investigate the solution of (4) in the interior 
region (& < )). In this case the general solution 
will contain only the regular functions RI), and 
it will be of the form 


ye = >» Gide (p, n) Ry (p, &), 


Im 
where p=xd/2. This solution has to be “joined” 
with the solution (12) at €=£&). This “joining” is 
complicated by the fact that the functions Jj, (p, n) 
and Jjm,(¢c,n) represent two different complete 
systems of functions. They can be reduced to one 
system by expanding, say, JJy,(c,n) in terms of 
By (PP 2): 


Jum(c, 1) = Ddyult (Cc, P) Jim (p, N), 
l 


(17) 


(18) 


where 


wiv (c, p) =\ Jim (Pp, 1) Jom(c, n) da = >) shin (p) Sim (C): 
(19) 


Evidently uy? = 0 if the numbers J and l’ have 
opposite parity. 
Now 


$2) = Jim (p, m) >) Bemuti(c, p) Rum (c,8). 


lm VV 


(20) 
E ; . (i) (e) : 
quating the functions » and w and their 


derivatives at £ =&), we obtain a system of equa- 
tions for the phases 


CimRD (p, &) = SyBrmuiv (c, p)Rum(C, %); 
l 


CiePe (pe &) =>) Bilt (c, p)Rim(C, %); (21) 
l’ 


Here the prime denotes the derivative with respect 
to &). Dividing the second equation by the first 
and using 


4 ; ; 
Xim = yy (1 ae er/Pim) J ttn (c, q), 
is + ( + 
(Dope ied Gale 1 WORSEN CONG 
we obtain 


Dy Miexum = Mins (Z = 0; iI, 25, Ono a), (22) 
itd 
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where 
m “Ll! om i fe 6 : 2) rc 
Mi = i ult (Rid (Cc, &) 2 iR' (Cc, %) 


eT (Rin (08s) ti (C; eo) 1s (23) 


Nim = Dy wiv (REY (C, &) — TimR Yn (c, &)1 Sim (cs q). 
I’ 
(24) 


The system (22) can be solved in the following 
manner. We set xj,,=0 for l=), where ly is 
a sufficiently large number. Then the system be- 
comes finite, and the number of equations will be 
equal to the number of variables. We denote the 
solutions of this system by x ”) The next step 
is to set XJ, =0 for 1 =1) $2, and obtain the 
next approximation, the solutions x (2) . A detailed 
analysis shows that, for small neutron energies and 
small deformations of the nucleus (AR/R <1), 
such a process converges very rapidly. In practice, 
for small deformations, one can set equal to zero 
all the phases that are sufficiently small for the 
spherical nucleus. For small neutron energies 
this leads to a solution of a system with two or 
three unknowns. Thus, for example, for heavy 
nuclei and Ey, ¥ 1 Mev the phases with 1 = 4 
are already very small. In this case we obtain 
for Xp9 and Xp) the system 


Mose ar Mo Xe = IN yy MinXoo = Me wae = Noo: (25) 


Analogous systems are obtained for the quantities 

Xig, X39 and Xi, X3;, and the quantities X91, X99, 
X39, X33 are determined by first-degree equations. 
Thus, in particular, 


xo = Nox / Map. (26) 


In the resulting solution of system (22) the quan- 
tities XJm will, of course, be expressed in the 
form 


Xim = DiXindam (C5 q). (27) 
Here A runs through values of the same parity as 
that of J. For E, ~1 Mev and AR/R<1 these 
sums will contain only one or two terms. 

Now the scattering amplitude takes the form 


Fa, n) = ¥ xindim(er q)tim(c, n) (28) 


Imr 


4, CROSS SECTIONS 


We proceed to calculate the various cross sec- 
tions connected with the scattering of neutrons from 
nonspherical nuclei 


1010 Eee ves 


The integral cross section og (the cross sec- 
tion for the excitation of all rotational levels, in- 
cluding the elastic scattering) is given by the ex- 
pression (cf. reference 1): 


3. = 7, \ dw \ dn f(a, n)/ 


Integration over n gives 


(29) 
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\ dn | i (q, n) |? = B2 SS ae Gcin) dam (Cc, q) we (c, q). 


Im2dX (30) 


Since the azimuthal angle of vector q drops out, 
one can change the integration over w in (29) to 
an integration over q, i.e. instead of averaging 
over the orientations of the nucleus we average 
over the directions of the incoming neutron. The 
result is 


4 7 
os a> | Xm [2 


Im 


(31) 


The total cross section 0; for all processes is 
expressed by the imaginary part of the scattering 
amplitude in the forward direction, averaged over 
the orientations of the nucleus: 


o, =; Im\ dwj (4, q) (32) 
From this we obtain 
4 
Oy = a DiRe (Cae): (33) 


The capture cross section gd, is equal to the dif- 
ference of o¢ and dg: 
4 ; hee 9 
Oo = >» [Re (ximd0.) ym hie al 
Im? 


(34) 


In the calculation of the differential cross sec- 
tions it is necessary to go from the system K’ to 
the system K. We note that the symbol Yj, (a) 
has a definite meaning only if we define a definite 
coordinate system to which the unit vector a is 
referred. The vector a will carry a prime if it 
is referred to the system K’, and will be without 
prime if referred to system K. 

The cross section for the process in which the 
neutron is inelastically scattered into the direction 
n, and the nucleus goes from the ground state 
(I= 0) into the rotational state with angular mo- 
mentum I and momentum projection M, is de- 
fined by the expression 


orm (n) = Z| \Yin(w) f(a’, dof. (35) 


On substituting (28) for the amplitude, the compu- 
tation of the integral in this expression reduces to 
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the calculation of the integrals 
in (— 1)” \ dwY im (w) Mire (q’) Ve (n’). (36) 


In going from the system K to the system K’ 
for an arbitrary vector a we obtain 


Yin (a) = >; Dee (w) Y tm (a’), (37) 


where po. 
resentation of the rotation group of order 2/ + 1. 
For the inverse transformation we have, owing to 


the unitarity of the matrices pi ys 


Y im (a’) = )DVin (@) Yim: (a). 


m’ 


_ (38) 


Applying this formula to the vectors q and n, 
and noting that Y*,.(q) =V(2n+1)/4m Oy7), we 
obtain 


/ 2n-+1 
Aerie = 
x DV ru (n) \ dwY ju (w) Dw) Den (w). (39) 
u 
Using the well-known Wigner theorem,' we have 


Dope) = Bs (nn'Op.|nn’Lp) (nn'm — mj nn'L0) De 
L 


where (nn’0u|nn’Lu) and (nn’m — m|nn’L0) 
are Clebsch-Gordan coefficients. Moreover, we 
have 

ar 


Did (») = V apa ¥ (0). (41) 


Substituting (40) into (39) and using (41), we obtain 
finally 


3 (ee as 
ENN Pah 


S (A 1)" V 20 + 1 (nn'0M | nn'IM) 


ImAnn’ 


< (nn | nn! 0) siSemxin en (n) le (42) 


The cross section (42) is obviously independent of 
the azimuthal angle. 

It is easily shown that for c > 0 i.e., in going 
to a spherical nucleus, formula (42) gives for I= 0 
the usual formula for the elastic scattering from a 
spherically symmetric field, while the cross sec- 
tions go to zero for I1# 0. Indeed, for c =0, 
ae = Onn? Aa = On] x} = x75] - For the proof 


we must also make use of the relation 
>| (— 1)" (Llm — m| LI10) = [(L100 | £100)} "870. (43) 


It is also easily seen that oy)y vanishes for 
odd I. Indeed, since the numbers n and n’ in 


is an element of the irreducible rep- | 


4 


(40) 
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(42) are of the same parity (the parity of 1), we 
have for all m and odd I 


(an'm — m|nn'l0) + (nn’ —mm|nn'l0)=0. (44) 


This relation is obtained by expanding the prod- 
uct Yn mYn’,—m into a Clebsch-Gordan series, 
and by requiring that this expansion have no odd 
harmonics. Using (44) and the obvious relation 
a = xine, we have the required proof. Even- 
even nuclei do not have states with odd I, there- 
fore this last property allows us to sum over the 
complete system of spherical functions used in 
the derivation of (29). 

Integrating (42) over the angles and summing 
over M, we obtain, using the orthogonality of the 
Clebsch-Gordan coefficients, the integral cross 
section for the excitation of the I-th rotational 
level 


=a>|SC)} 


nn’ lhm 


)" Gan’ m — im |nn’10) semSormX im ?. (45) 


The summation over I in this formula leads back 
to (31), if we use (7). 

We have mentioned in the beginning that pertur- 
bation theory is applicable only for very small de- 
formations of the nucleus. Indeed, the case of a 
spherical nucleus is obtained for c > 0 and 
p— 0, i.e., we should use as small parameters 
the quantities 


c=V1—(6/a)? (a/b) "kR 


and p = V1 — (6/a)? (a/b) "xR. 

From the results of Stratton et al.° it follows 
that the parameter in the spheroidal functions may 
be considered small if it does not exceed unity. 
For the applicability of perturbation theory it is 
therefore necessary that |p| < 1 (the limitation 
of c does not come into play, since c< |p|), or 


(all 


R 
since |KR| ~ 10 for heavy nuclei. It is therefore 
clear that perturbation theory is of no practical 
use in our case. 
It also follows from the foregoing that we can 


ree 


set Sim nr’ sf = OW] in (42) and (45), if the 


n’m 
energies and deformations are small, and c< 1. 
Then the sane assume the simple form: 


ald (= 1)" VRF 1 (LOMALTM) 


| lima 


o1M = 72 


P 2 
x (lm—m|N10)XtmY im (1) | 5 (47) 
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ae 


(Alm — m|dLI0) cae ce (48) 


5. NUMERICAL CALCULATIONS AND COMPARI- 
SON WITH EXPERIMENT 


In order to estimate the magnitude and the char- 
acter of the effects of the nonsphericity of the nu- 
cleus, we made several computations of the scatter- 
ing. 

In constructing the “radial” functions and their 
derivatives inside the nucleus, i.e. in the numeri- 
cal calculation of the quantities Tj,,, we found it 
convenient not to use the method of reference 6, 
which is of little practical use for. p > 1, but to 
use a method described briefly below. 

The eee for the radial function Rj, (p, é) 
will be:® 


— pe Rin = 0, 

(49) 
where jy, is a separation constant which repre- 
sents an eigenvalue arising from the requirement 
of regularity of the solutions of the wave equation. 
For p>1, we find Aj with the help of an asym- 
ptotic formula obtained by Meixner:° 


hm (P) = pq +m? — [G+ 5) — gig lg? + 1 — 32 mt 
— spgpald (gt + 269? + 21) — 384m? (q? + 1)] 


4 4 (50) 
—= [eee (330°+ 159493- 56214) 


— ips (879° + 1674) +- g] + 0 (), 
where gq = 21+ 1. 

It is easily seen that, for p > 1 and not too 
large nonsphericity (AR/R © 0.2—0.3), the mo- 
tion described by Eq. (49) is quasi-classical in the 
neighborhood of the nuclear boundary. Therefore, 
applying the usual quasi-classical method, we ob- 
tain for the logarithmic derivative of the “radial” 
function the following expression: 


T ROY (p, So) Se eee Nee 
VE Rs) 4° (& a) (& — 1) 
a 
ale) “cot ® (Ea), (51) 
a il 


V0 


Aim imei Tae 
Cae epee? »() = P| E Ve l 


—(l — a) F (aresin = 


LE (arc sin y a pV") = : 
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F and E are the elliptic integrals of first and 
second kind. 

In our calculations we made the following choice 
of parameters: 


En = 1 Mev, A = U7) 
R=1.4 A'.10-*%em, V, = 42 Mev, 


W)/V) = 0.08, a/b =1.25. This choice of param- 
eters corresponds to the Hf nucleus (in particu- 
lar, the deformation parameters are chosen to 
agree approximately with the results of Mottelson 
and Nilsson? and with the experimental evidence on 
scattering gathered by Barschall and Walt!) Fig- 
ure 1 gives the angular distribution obtained in ref- 


“0 


FIG. 1. Angular distribution 
(in barns per sterad) of neutrons 
scattered by the Hf nucleus. 
Solid curve: experiment; dash- 
dotted curve: a/b = 1.25; dashed 
curve: a/b = 1.00 


erence 10, as well as the summary angular distri- 
bution calculated with a nonspherical nucleus and 
the distribution calculated with a spherical nucleus. 
We see that the angular distributions for the spher- 
ical and the nonspherical nucleus differ little in the 
region of small angles, but are distinctly different 
for large angles. Here the behavior of the angular 
distribution for the nonspherical nucleus is visibly 
in better agreement with the experimental evidence 
that that of the angular distribution for the spheri- 
cal nucleus. In the table we compare the values of 
Ot, G and og (these are given in barns). We 

see that the model of a nonspherical nucleus ex- 
plains the values of ot and, in particular, of o¢ 
better than the model of a spherical nucleus. How- 
ever, for og the value obtained with a spherical 
nucleus is somewhat closer to the experimental 
value. 

The example considered shows therefore that 
the nonsphericity has a noticeable influence on the 
scattering. However, for a more definite choice 
we need additional experiments and more detailed 
calculations. In particular, it is necessary to con- 
sider the contribution from scattering accompanied 
by formation of the compound nucleus. 

We clearly get a more immediate comparison of 
theory and experiment if we take account of the ex- 
citation of rotational levels by the neutrons. We 
see from the table that o,/o, ~ 0.1, i.e., the cross 
section for inelastic scattering with the excitation 


INOPIN 


oy S% os o, 
Spherical 
nucleus) | 5.851 1.06 | 4.79 | — 
Non-spheri- 
cal nucleus| 6.70 | 2.47 | 4.23 | 0.42 
Experiment | 7.20 | 2.10 | 9.101 — 


of the first rotational level is as large as 10% of 
the elastic scattering cross section. Moreover, it 
is seen from Fig. 2 that the inelastic scattering 
goes mainly into large angles, whereas the elastic 
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FIG. 2, Angular distribution 
(in barns per sterad) of neutrons 
scattered inelastically by the 
Hf nucleus with the simultaneous 
excitation of the first rotational 
level. 
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scattering is concentrated into the small angles. 
Therefore, for large angles the probability for in- 
elastic scattering is only 2 to 3 times smaller than 
the probability for elastic scattering into the same 
angle. For large angles we have thus favorable 
conditions under which to explore experimentally 
the excitation of rotational levels by neutrons. Un- 
fortunately, the corresponding experiments have 
so far not been made. A calculation using for the 
deformation parameter the value a/b =1.1 gave 
o,/og © 0.03, i.e., the cross section for the ex- 
citation of the first rotational level increases ap- 
proximately linearly with the deformation. 

The author expresses his gratitude to V. N. 
Gribov for a valuable discussion, and to Z. V. 
Gerasimenko for help in the numerical calcula- 
tions. 
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A theoretical calculation of the spin-lattice relaxation time in hydrated salts of divalent copper 
is carried out. The anisotropy of the relaxation time experimentally observed in CuSQ,+5H,O 
crystals can be explained by taking into account the anisotropy of the spin-orbit interaction in 
the Cu** ion due to partially covalent nature of the copper ion bonds in the crystal. 


1. INTRODUCTION 


Hypratep salts of divalent copper form a group 
of paramagnets whose magnetic properties are com- 
paratively well known: detailed examinations of the 
static susceptibility and paramagnetic resonance 
spectra have been carried out for a number of these 
salts, and experimental data on the spin-lattice re- 
laxation are on hand. We shall dwell below on those 
results that have been utilized for our calculations. 

In the crystals of hydrated copper salts the water 
molecules that surround a magnetic ion form, at 
the point where the magnetic ion is located, an elec- 
tric field of cubic symmetry on which is superim- 
posed a comparatively weak field of lower symme- 
try (tetragonal, trigonal, or rhombic). We shall 
now examine the Tutton’s copper salts and the hy- 
drated copper sulfate CuSQ,°5H,O. The unit cells 
of the crystals of the above salts contain two Cut* 
ions each. The internal field is of tetragonal, al- 
most cubic, symmetry. The angle between the 
tetragonal axes is 82° for two magnetic ions of a 
unit cell of the crystal.” 

The basic state of the Cutt ion is the 7D state. 
The ground orbital level of the Cut ion is split 
up into a triplet and a doublet by the cubical field, 
the doublet lying lower. The orbital doublet is 
split up into two single levels by the tetragonal 
field. Since the spinis S= es the lower level is 


Scheme of the successive 
splitting of the ground level of 
a Cu*t ion under the influence 
of: I — an electric field of 
cubic symmetry; II — tetragonal 
symmetry; III — levels of the 
electron spin in the external 
magnetic field. 
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a Kramer doublet whose degeneracy is removed 
by the external magnetic field (see diagram). Op- 
tical examinations have shown that the magnitude 
A of the splitting due by the cubical component of 
the field is 12,300 cem™! (references 1, 3, 4). Re- 
liable data on the magnitude 6 of the splitting due 
to the tetragonal component of the field are lacking. 
Following Owen’s* calculations, we assume 6 = 
1400 em7!. In accordance with the diagram, we 
shall designate the two possible spin orientations 
in an external magnetic field H by + and —- signs. 
The paramagnetic-resonance spectra observed 
in crystals of Tutton’s salts have been interpreted 
with g-factor values g, = 2.4 and g, = 2.1 
(Ref. 1).* Here gy and g; characterize the 


*More exact values of the g-factor for different Tutton’s 
salts are given in the paper by Bleany et al.5 
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splitting of the lower Kramer doublet by a magnetic 
field directed, respectively, parallel and perpendic- 
ular to the axis of symmetry of the internal crystal 
field. It follows from the theory of electron mag- 
netic resonance spectra that a deviation of the g - 
factor value from the pure spin value is caused by 
the residual orbital magnetism of the lower orbital 
singlet of order AB/A, where A is the spin-orbit 
interaction constant. However, calculations of cor- 
rections to the g-factor of the /A type have led 
to values of g, and g, which differ from the 
measured ones. It was therefore assumed that the 
value of the constant A in the crystals of Tutton’s 

- salts differs from its value for the free Cutt ion 
(A = — 829 cm) and equals — 695 cm! (refer- 
ence: 1). 

The measured g-factor values for the Cu‘ ion 
in CuSOQ,°5H,O crystals are g) = 2.47 and g, = 
2.06. To explain the experimentally-obtained g- 
factor values it is necessary to assume the inten- 
sities of the tetragonal or rhombic components of 
the internal crystal field to be very great (of the 
same order as the cubical one)’, an assumption 
not confirmed by the results of the optical investi- 
gations. Abe and Ono? offer another explanation. 
They assume that in the CuSQ,*5H,O crystals the 
constant A of the spin-orbit bond is an anisotropic 
quantity with components A, = — 700 cm! and A is 
=. 37 0sema. 

The difference between the value of A in crys- 
tals and its value for the free Cutt ion, and the 
anisotropic character of this value in CuSQ,+*5H,O 
crystals, can be attributed to the partially covalent 
character of the Cutt ion bond with the nearest 
atoms of oxygen. A detailed analysis of the influ- 
ence of covalent bonds in a crystal on the magni- 
tude of the g-factor can be found in the works of 
Owen‘ and Stevens.°® 

It was established by Kronig! and Van Vleck® 
that in the hydrated salts of ions of the iron group 
the spin-lattice interaction is brought about chiefly 
by modulation of the internal crystal field by the 
thermal vibrations of the crystal lattice. Only the 
orbital motions of the electrons are directly influ- 
enced by the electric field. The interaction of the 
spin with the electric field is effected through the 
coupling of the spin with the orbit. The dependence 
of the spin-lattice relaxation time on the orienta- 
tion of the crystal in the external magnetic field, 
found by Volokhova? in CuSQ,°5H,O crystals, is 
therefore not unexpected. The anisotropic charac- 
ter of the constant A is expected to entail an anis- 
otropy of the relaxation time. 

We have calculated the spin-lattice relaxation 
time p and determined that the anisotropy of p 
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detected in CuSQ,°5H,O crystals can be explained — 
by anisotropy of the constant A. The expression | 
obtained by us for p can also be applied to other + 
salts of the Cu** ion by assuming Aj =A,. 


2. CALCULATION OF THE RELAXATION TIME 


A system of orbital levels of the Cu** ion in _ 
the electric field of the crystal with the above men- 
tioned symmetry can be characterized by the fol- 
lowing wave functions;'>!° 

Va = (he + 42)/V2, Vo = bo, Ve=i(e—b2/V2; 

Pa=i(-+ ba/V2, Ve=(h— pa)/V 2. 
The indices a, b, c, d, e correspond to the dia- 
gram. 

For a Hamiltonian that takes into account the 
interaction of the paramagnetic ion with the lattice 
vibrations we use the expression of Kronig,’ which 
is the linear term of a series expansion of the 
electric potential of the crystal in terms of normal 
lattice vibrations. For the sake of convenience, 
we shall write it in a somewhat modified form and 
with different symbols: 


HOY = f [(322— 7?) fy +2 (x? — y’) fs 
— 2xyf, — 2xzf, — 2yzf 5], 


fy = Uzhz — ?/gUxhy — ?/gltydy, 
fs = Uyde + Urhy, 
is == Udy + Ugh 


= 8ena *q®, 
[a= Udy Uys 
le a Uzhx a igdNe 


Here ux, Uy, uz and Ax, Ay, Az are cosines de- 
termining the directions of polarization and the 
velocities of elastic-wave propagation, respectively; 
q is the normal coordinate, wu is the effective di- 
pole moment of the water molecule, $ = 2map/c, 
c is the velocity of sound, a is the lattice constant; 
and e is the electron charge. 

With the aid of the eigenfunctions (1) for ma- — 
trix elements 3c“ , we obtain the following expres- 
sions: 


<a/b>=4/ 3arff., 

<ble> = 2) 3a77ff,, < alc >= 0, 
<ald>=—V3<bjd>=—3arff,, 
<ale>=V3<ble>=— 3ar'ff,, 

where a=%, and Yr’ is the mean square of the 

distance of the 3d-electron from the nucleus. 

Choosing the direction of the magnetic field H 
as the axis of quantization of the electron spin, we 


write the operator of the spin-orbit coupling in the 
following form: 


KH sy = S) 


xl mx! y! 2! 


(3) 


[Ay (Libre Sx’ a L ylyx'Sx’) Sy ll: 1 LelzeSy). (4) 


ay 


| 


(2). fF 
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Here lyyr, lxy: . . . are the cosines of the angles 
between the axes xyz and x’y’z’, where xyz is 
the coordinate system connected with the symme- 
try axes of the internal crystal field, and the z’ 
axis is parallel to H. 

Let us determine the matrix elements of Kg) 
needed for the subsequent computations: 


OG Ue aD C > = (), 
< ale > = 2d, (lexSe + leySy + levSx), 
<bld>=V3<ald> 
=i V 3X, (lease + beysy + levy), 


<ble>=—V3<ale> 


(5) 


= Se Gp (LyzS2r + lyy’Sy 4 Lyx'Sy’). 


Let us examine the relaxation that results from 
the Raman scattering of phonons. This case is de- 
cisive even at comparatively low temperatures. 
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Since the splitting factors A and 6 are suffi- 
ciently large (A, 6 > kT), relaxation will take 
place only because of transitions between the two 
lower spin levels. To determine the probability 
of transition a, +— a, — due to Raman scattering 
of phonons, it is necessary to obtain for the per- 
turbation energy a matrix element of the type 
aC (a, +, n, n’; a, -—, n—1, n’+1) where n and 
n’ are quantum numbers pertaining to the absorbed 
and emitted quanta of the elastic vibrations repec- 
tively. The latter may be obtained in the third 
approximation with the aid of expressions (2) and 
(4), which we will regard as a perturbation. It is 
necessary to take into consideration that A > 6 
and for this reason we must choose from among 
all the terms of &%’ those in which the next near- 
est orbital level b is used as one of the interme- 
diate states. 

Taking this into account we obtain: 


yy! Pt (n,n’,«)—P (n’,n, a) P™ (n’,n, «) — Pt (n,n’, «) Ft (n,n’, «) — F (n’, n, «) F  (n’, n, «) — Ft(n,n’, «) 
"% 2 ae tiey as 6) bal boa A ek ee eee 
P& wn) =<, + |Hoo|0,—> <a, n| HO |b, n Fl > <b, n'| HVant1>, (6) 


Fanta) = <a, n| FHM |6,nF 1 ><b,4!|Hole, — ><a, n'|H| a, n't 1>. 


We next take it into account that hy «<6 and con- 
sider the frequencies v and v’ of the emitted 
and absorbed phonons to be equal (this is permis- 
sible if g@H « kT). 

The following expression is then obtained in the 
usual way® for the probability of relaxation: 


A, = 4p Alg (hy +, — (0 04) ed, 
A = 3.5-10%x* (h/DAS®)? (eur?/at) (cr? ae = cay (7) 


yaetvikT 


(e iv[R1 — 1)? 2 


hy 


0 


Here D is the crystal density, cj and ct the 
propagation velocities of longitudinal and trans- 
verse elastic waves and ® the characteristic 
Debye temperature. 

According to the Casimir and Du Pre thermo- 
dynamic theory of paramagnetic relaxation,'! the 
relaxation time is p = 27™Cy/a, where Cy is 
the heat capacity of the spin system in the pres- 
ence of a constant magnetic field H, while a is 
the coefficient of thermal conductivity between the 
spin system and the lattice. Using for Cy and 
a the relations given by Al’ tshuler’ and averag- 
ing over the internal magnetic fields with account 
of the anisotropy of the g-factor, we obtain: 


ees eee + eH 


‘ ae Al i A ’ 
* a +22, — (a — a2) cos? 9] geHS +°/3 (0 + 20%) oH? 


go= gi cos*o+g% sintg, gi =V/3(git2g1), (8) 


where Hj is the effective internal magnetic field, 

Hy the intensity of the external magnetic field, and 
gy the angle between Hy and the symmetry axis of 
the electric field of the crystal z. 

To illustrate the obtained angle dependence, we 
shall determine the numerical value of p fora 
CuSQ,°5H,O crystal. 

Let us evaluate the constants in (8). The values 
of A, 6, Ay, AL have been given in the first part 
of this paper. Assuming p= 2 xX 10a cgs esu and 
using the formula’ A = 25ey¥*/3a®, we obtain 
a = 2.1x 10°? cm. We then assume c = c = 2.5 
x 10° cm/sec and @ = 100 K. 

Let us determine the values of p for the direc- 
tions of the external magnetic field that correspond 
to the angles Yq = 41°, 9g = 49° and Py = 90° 
(principal magnetic axes of the crystal) at T= 
290°K. In strong magnetic fields (H? > H?) we 
have* 


*Considering that the values of the constants are only ap- 
proximately known, it is sensible to speak only of the order of 
magnitude of p. Exact values of p are given as illustration of 
the angle dependences obtained. 
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In weak fields (Hj << H;) we get p= 0.2- 10 “sec. ahheravioes j 
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By introducing a certain “anisotropy function” a good description of the flow of a gas can be 
obtained, even at pressures at which only empirical formulas have been used hitherto. Fur- 
thermore, the term corresponding to the slipping of the gas relative to the walls is obtained 
automatically, without any additional hypotheses; the same is true of the minimum rate of 
flow at intermediate pressures. Our final formula is qualitatively correct at all pressures, 
including intermediate ones. 


Ix is well known that hydrodynamics cannot pro- ing the correct laws of flow at such pressures by 
vide the solution of the problem of the flow of gases _ using kinetic theory. In an intermediate range of 
at low pressures. Knudsen! succeeded in establish- pressures, however, neither hydrodynamics nor 
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| the kinetic theory as developed by Knudsen can 
’ | give correct results. 


To obtain the laws of flow at arbitrary pres- 
sures one must resort to interpolation, as was 
done by Knudsen. None of these formulas, how- 
ever, gives an explanation of the laws of flow at 
intermediate pressures. 

Pollard and Present? developed a theory for 
small pressures, in which they took account not 
only of collisions of the molecules with the walls 
but also of collisions between molecules. These 
authors assume that out of the (nv/A)d mole- 
cules that collide during unit time in the volume 
dt, the number that leave the volume element in 


the solid angle dw is independent of its orientation 


relative to the axis of the tube and is given by 


(nv |) dz de / 4x. (1) 


Consequently the method of Pollard and Present 
amounts essentially to a kinetic theory of diffu- 
sion in tubes. Their results for the diffusion of 
gases at low pressures are in better agreement 
with experimental data than the results of the or- 
dinary kinetic theory of gases. 

Hiby and Pahl®~° have shown that the collision 
process in a flowing gas gives rise to an anisotropy 
in the distribution of the molecules that have had 
collisions. The result is an additional current due 
to this anisotropy. They have given a purely kinetic 
formulation of the problem of gas flow. In this for- 
mulation, however, the calculations are extraor- 
dinarily complicated, so that these authors have 
in fact had to confine themselves to obtaining a 
second-order correction to the calculations of 
Pollard and Present. The predictions of the theory 
of Hiby and Pahl are in good agreement with the 
results of experiments at low pressures. 

We attempt below to give a unified phenomeno- 
logical approach to the problem of gaseous flow, 
which leads to good results at both low and ordinary 
pressures. The basis of our arguments is the meth- 
od of Pollard and Present, to which we add certain 
plausible physical assumptions. 

Let us consider a very long cylindrical tube, be- 
tween the ends of which there is a pressure drop 
that is extremely small in comparison with the av- 
erage pressure in the tube. Our hypothesis is that 
the number of molecules leaving the volume ele- 
ment dt in the tube in the solid angle dw per unit 
time is given by 

n(x) + f 
r 


Cae dw 
vdt ah 


where A~!n(x)Vdtdw/4m is the isotropic contri- 
bution and fg is a function that characterizes the 
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anisotropy and depends on: (a) the density n(x) 
of the gas in dt, (b) the gradient of the density 
along the axis of the tube, dn/dx, (c) the distance 
r between dt and the axis of the tube, (d) the 
angle ~ between the axis of the solid angle dw 
and the axis of the tube, and (e) a specific molecu- 
lar quantity Sp (see Fig. 1). 

The expression given above can be written in 
the form 

vdt Fe me) + fale, Ri Seb 0 sp)| [> (2) 

In order to obtain the explicit form of the function 
fa we make use of the characteristic data of our 
problem. Since there is a small difference of pres- 
sure between the ends of the tube, fg can be ex- 
panded in a power series in dn/dx, in which we 
keep only the first two terms. If there is no den- 
sity gradient, the anisotropy function is zero and 
the first term in the expansion is zero. Thus we 


have 


fa= Th (rs bs 1, Sp). 


If we assume that the molecules are diffusely 
reflected by the walls, then we can suppose that 
the anisotropy function is zero or close to zero 
at r=R. The maximum anisotropy is attained at 
the axis of the tube, so that if we expand f(r, 2, 
N, Sp) in powers of r we get the following form: 


f="2(P —R*) 1, 1, Sp). 


We shall assume that the dependence of f on ~ 

is such that a larger number of molecules leaves 
dt in the direction of flow of the gas than in the 
opposite direction. This means that f is positive 
for values of ~ which correspond to the direction 
of the flow and is negative for the opposite direc- 
tion. In relation to the molecules that emerge af- 
ter colliding, the flowing gas acts like a semitrans- 
parent mirror which makes the majority of these 
molecules leave the volume element in the direc- 
tion of the flow. We shall assume that in the per- 
pendicular direction the distribution remains un- 
changed as compared with the isotropic case. From 
the multitude of angular functions that satisfy the 
requirements given above, we choose the simplest: 


FOr y spi= fs (1) Sp)icos: 


1018 


FIG. 2 


(It is obvious that in a rigorous treatment one would 
have to use Fourier series, but for our purpose the 
approximation just made is satisfactory. ) 

With a correct choice of f,(n, Sp), the aniso- 
tropy function increases with increasing pressure. 
(It is obvious that at very small pressures the 
anisotropy vanishes, and that it increases as the 
pressure is raised.) We set 


fe (n, Sp) =R/d 


and shall show that this choice leads to results in 
agreement with the experimental data. Let us con- 
sider the tube shown in Fig. 2. The number of 
molecules that traverse the element of area dA 

of a cross-section in unit time is given by the ex- 
pression of Pollard and Present with an added 
anisotropic term: 


(r2 — R2) cos? be?!" 
2k*92 


dn 


dv. (3) 


dN =dNi. + kdA Z| 
Choosing spherical coordinates with the center 
at the point dA and remembering that for very 
long tubes dn/dx is practically constant, we get 


dN = dN. 
2m 


+ RdA& 2 \ dg \ dy cos? p sin 
0 


sjsin wv 


\ = SR e-elMdo. (4) 


2 


0 0 


Using the notations of Fig. 2 we have 


r= ro +p? sin? b — 27,0 sin b cos $, 


2 
R? = ro + s? — 2ros cos 9. 


Substituting this into Eq. (4) and integrating with 
respect to ~, we get 


Tv 


dn v sakes 

dN = dNig + tdAZ > \ dp cos? sind x 
0 

s/sind 


x \ (OR +p sin® p— Ira sin b cos 9) Ae-PPAdp, 
0 
(9) 


In the case of a small pressure drop along the 
tube we can regard the mean free path as approxi- 
mately constant, so that in Eq. (5) we may carry 
out the integration with respect to p: 
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+ 
at 
ec 
a) 
Q. 
ns 
ee S| 


N = Ms 


2 


at | 
cos? p sin p {( s 5 ies 2ro sin pcos > + 2h sin? 4). 


(6) 
+ (2r,sin pcos } — 2s sin p — 2d sin? p) aaaee dy. 


At large pressures, for which R >A, we keep — 


only the first term in Eq. (6). Then 
os wT 9 2 
ku dn eu 
IN Be dA 
6f aa 


tou sock __ Rrkodn 
x COS bsin bdp = 


12, dx* 


4 dx 
If we take k  %(v*/v?) »%, then this formula 
reduces to Poiseuille’s law; this shows that the 
choice of the anisotropy function was correctly 
made. With this value of k we have in the gen- 
eral case 
N = Nis 


Tt 2 
To 


+ $a faa os ysingan [(45* 


— 2rosin pcos 9 


+ 2) sin? ) + (2rosin pcos } — 2s sin} — 2A sin? p) extang 


To perform the integration we choose a coordinate 
system in the transverse section in the way shown 
in Fig. 3. We have here 


T 2Rsina 
sds; rcos? = s— Rsin« 
0 0 


and for N we now have 


_ yy __[eRt% | mR8v  AeR%v) dn 
N = Mis ES ae (eS lz 


3 ue ™ 
+ aq 0\\ dA) cos*psing (— 2Rsin psina — 2hsin®g) 


0 


x exp (— s/Asin o) db. 


Changing the order of the integrations, we bring 
the last term into the form 


FIG. 3 
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wT 


sare \ da ( cos*bsin( — 2Rsina sin — 2d sin? d) 


0 0 


Integrating over ds, we reduce the problem to 
the evaluation of a double integral, which can only 
be done numerically. 
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FIG. 4. 1 — observed rate of flow as function of total pres- 
sure gradient (Knudsen); 2 — our results; 3 — the anisotropic 
part of the rate of flow; 4 — rate of flow obtained by Pollard 
and Present. 


At densities such that A/2 =R, a good approxi- 
mation to the integral is obtained by expanding the 
exponential function in power series and integrating 
numerically over the range 7/10 <~ <7- 7/10. 

In this case we get for the “anisotropic part” of 
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2Rsinw 
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the rate of flow the values shown by the dotted 
curve. If we add to it the values given by the iso- 
tropic term, we get a rate of flow in good qualita- 
tive agreement with Knudsen’s data,! which are 
shown by the dashed curve. 

Thus we have obtained a law which automatic- 
ally leads to the presence of slip (smaller than the 
Maxwellian slip) and of a minimum rate of flow, 


and which is in good agreement with experimental 
data. 
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PROPAGATION OF AN ELECTROMAGNETIC FIELD IN A MEDIUM WITH SPATIAL 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1475-1489 (June, 1958) 


General formulas are obtained for the propagation of an electromagnetic field in a semi-infinite, 
homogeneous, anisotropic medium with spatial dispersion. The propagation of a transverse 
wave along a magnetic field in a plasma is investigated, taking account of the thermal motion 

of the electrons. Strong absorption of the field is found in the region for which Cerenkov radia- 


tion is possible in the plasma. 


I N the present paper we consider the penetration 
of an electromagnetic field into a semi-infinite, 
homogeneous, anisotropic medium with spatial dis- 
persion. This problem is an extension of the sec- 


ond part of the well-known paper by Landau! in 
which the penetration of a longitudinal electric 
field into an isotropic plasma was treated. 


In Sec. 1 we obtain general formulas which, in 
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conjunction with appropriate boundary conditions, 
can be used to determine the penetration of the 
longitudinal and the transverse fields.* These for- 
mulas are suitable, for example, for analysis of 
the anomalous skin effect. In Sec. 2 we solve the 
specific problem involving a plasma, located in a 
homogeneous magnetic field, in which a transverse 
wave propagates along the direction of the field. 


1. GENERAL FORMULAS 


1. We consider a monochromatic field with time 
dependence of the form e -iwt The field propagates 
from vacuum into a medium which fills the semi- 
space z>0. Because of spatial dispersion there 
is a functional relation between the electric dis- 
placement vector D and the electric field E: 


Da(t) = | Kap (Fo 1") Eo (t') ar". (1) 


If the spatial dispersion is neglected (in a plasma 
this procedure corresponds to neglecting the ther- 
mal motion of the electrons? ), we have Kag(r, r) 
= Eago (r-r’) and the local relation between D 
and E is obtained. 

In a uniform field the function Kqgg(Yr, r’), 
which is determined by the law of motion of the 
charges, depends on the vectors r and r’ only 
through their difference R=r-r’. Ina semi- 
infinite medium the dependence on r and r’ is 
affected by the boundary. It will be assumed that 
the reflection of the charges at the boundary is 
specular. Under these conditions, the charge dis- 
tribution functions are not distorted at the boundary 
and the above dependence on R still applies: 
Kgg(t, r’) = Kqgg(R). 

In the general case, the electromagnetic field is 
determined from the integro-differential equation 


.4TO . 


curl curl E— -— “D= =i! aA trane! 


(2) 

As boundary conditions we require that the tan- 
gential components of the electric and magnetic 
fields be continuous across the vacuum-medium 
interface and that the normal component of the 
electric induction vector be continuous: 


[n x BE.) =[n x E*], [n x H,] = [nx HJ, (n- E,) = (n-D). (3) 


*The terms “longitudinal” and “transverse” refer to the 
method of exciting the field in the anisotropic medium. Thus, 
if the field propagates from vacuum into the medium these terms, 
refer to the field in vacuum. As is well known, however, the 
field which penetrates into the anisotropic medium cannot, in 
general, be divided into a purely transverse part and a purely 
longitudinal part. 
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The subscript “e” refers to the total field, made 
up of the incident and reflected wave, while the 
superscript “0” refers to the penetrating wave; 
n={0, 0, 1} is a unit vector normal to the boun- 
dary surface. 

The integro-differential equation (1) is solved 
most conveniently by expanding all quantities in 
plane waves. For this purpose we transform the — 
problem from that of finding the penetration of a 
field from vacuum into a semi-infinite medium 
z > 0 into the problem of finding the field in an 
infinite medium -~«< z< o excited by surface 
currents and charges concentrated in the plane 
z=0. It is easy to show that the tangential com- 
ponent of the magnetic field, H,=n XH, and the 
normal component of the electric displacement 
vector D, =n-D are odd functions of z and are 
discontinuous at the surface z=0. The discon- 
tinuities in Ht and Dyn correspond to surface 
currents and charges. The appropriate volume 
charge density, which yields the proper boundary 
conditions for Ht and Dy in the plasma, can be 
written 


(4) 


Jtrans = 


Fe Ala x He] b(z) +iz (a+ Eg) n Sen. 2}. 


Expanding all quantities in plane waves 


E (z) =| E (k) eik-rdk, 8(z) = 7z yettr8 (ky) dk, (5) 


4 : 
Kao (t) = aya\ ea0 (k) ett dk, 


Senz = —{fe = a eik-r3(k,) dk, 


k, = (kz, Ry, 0}, 
we find the Fourier components of Eq. (2): 


— habepE (Kk) + RPE« (k) — 5; 209 (kt) Ep (k) 
: (6) 
= 655 [mx] (ki) +55 (a- Be) me [2 (Re) — =p] 8 (Ke). 


Taking account of the 6-function in k, on the 
right-hand side of this equation, we have on the 
left-hand side ky ='ky = 0. We also introduce the 
notation k; = Nw/c. In component form, the equa- 
tions become 


NPE x — &xx (N) Ex = —i = HY8(ky), 
NPEy — tya(N) Ea = i= HY (ky), (6’) 
— tea (N) Ea = — © Eez|8(N) — ran | 3 (k,). 
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2. We now consider the longitudinal field. Set- 
ting Ho = Hy = 0, we introduce the quantities 


Nex = Exx — Exzex/P22} Nyy = Pyy — Ey22zy/zz, 7 

Nxy = Exy — Exebzy/F221 Nyx = yx — Pyz%z2x/E22- ¢ 
Using the first two equations in (6) to eliminate 
Ex and Ey we have 


Ges areas)? —e§) 


|e ehaeeais &,, (N) (N® — 1) (N2 — e2) 


[a«m) — Ay] a (ky. 
(8) 
Here we have introduced the notation 
N*— N? (tex + Nyy) + NxxNyy 
— Ney Nyx = (N® — 2) (N? — 89), 
N4— NP (eee-+ egy) SY 
+ exx2yy — Fxyyx = (N? — ef) (N* — ef), 


The expression for the field in the medium assumes 
the form 


co 3 ‘ 
ce (N2 —e!) (N2 —e)) pioNele 4 
B= — Fe \ rarer ea OM) ine] OY 
(10) 


In an isotropic plasma 3 = €, e =€, and Eq. (10) 
coincides with Landau’s expression for the longi- 
tudinal field. The function K, which appears in 
reference 1 is related to €z7(N) by the expression 
€z7z(N) =1—K, sothat Ky =1 —- €27(0). 

In the absence of spatial dispersion (i.e., when 
€qap is independent of N) the integral in Eq. (10) 
is computed easily: 

0 


Se eV acl 


Sy, \ £1€2 © (€1 — €2) 


exp {i Veh} 


Ez(z) = 


(2 — e9) (€2 — e) 


Pp) (Ee mee €,) 


(11) 


3. We next consider the penetration of the trans- 
verse field. Let Eg, =0. From the last equation 


in (6’) we find 
Ez (2) = aS (SzxE x ae Soy) yi Sed 


Substituting this expression in the first two equa- 
tions we obtain 


(12) 


—i = Hib (k1), 


: ® (13) 
— NyxEx + (N? — Nyy) Ey=1 — HY (k,). 


(N? — Hex) Ex—NyEy = 


We introduce the notation 
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Ho = H® dH, us) 


and determine the values A=), and A=), and 


=e€, and €=€, from the relation 
& = Nxx AP Myx = Nyy tie Nxy/d. (15) 


Then we obtain in place of Eq. (13) two equations 
of the form 


(N?—e) E = —i H%(k,). (16) 


The roots ;,. of Eq. (15) determine the ratio of 
the x-th and y-th field components of the nor- 
mal ordinary and extraordinary waves. 

The corresponding functions €(N) =€,(N) and 
€(N) =€,(N) are determined through the tensor 
€qagp(k) in the same way as the squares of the re- 
fractive indices for the ordinary and extraorinary 
waves in the absence of spatial dispersion. It is 
easily shown that 


1 ps ai oer gg (17) 
Nyx Nyx 
and 
€y + & = Nex + Nyys 2183 = NxxNyy — NxcyNyx- (18) 


It is apparent from Eqs. (18) and (9) that both 
definitions of €; (9) and (15) are the same. In 
accordance with Eqs. (5) and (16), the expression 
for the electric field can be written in the form 


+co 0 toN. 
He oe 2|c 


N) 


PG) ee =. 
12 ( ) T hecate ene 


dN. (19) 


If there is no spatial dispersion, we obtain by 
the method of residues 


H ae 
Ex (2) = = exp {i V2122}. (20) 


Using the boundary conditions given in (3), it is 
easy to determine from Eq. (19) all components 
of an electromagnetic field that propagates in an 
anisotropic medium with spatial dispersion. 
Formulas (10) and (19) are of interest in con- 
nection with the penetration of a field into a plas- 
ma located in a magnetic field. It is important to 
note that the functions €qp(K) and, thus, €;.(N) 
are not analytic when thermal motion of the elec- 
trons in the plasma is taken into account. Thus, 
for example, the integral in (19) cannot be com- 
puted by residues and the field in the plasma can- 
not be expressed by a simple formula such as (20). 
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2. TRANSVERSE ELECTROMAGNETIC FIELD 
PROPAGATING IN A PLASMA ALONG THE 
MAGNETIC FIELD 


1. Ina plasma which is located in a homoge- 
neous magnetic field Hy, the tensor €aBp(k) is 
given by the equation 


cap (Kk) = Bap 


(21) 


Here ny is the electron density in the plasma and 
v(t) describes the motion of an electron in the 
homogeneous magnetic field; if the magnetic field 
is along the z axis, 


Uz = 0, (0) cos (wyt + 9); vy = V0, (0) sin (@pt + 9), 


Vz = Uz (0);tane = Vyo/0x; © =|e|H,/me V1 — (o/c). 
(22) 


The triangular brackets denote averages taken over 
a Maxwellian velocity distribution, T is the tem- 
perature of the plasma, expressed in energy units, 
and v is the frequency of collisions between elec- 
trons and heavy particles in the plasma. 

Equation (21) is an inversion of the correlation 
function for microcurrents.’ It can be shown that 
this formula is the same as the expression for 
€qp(k) obtained in references 4 to 6. 

If the wave is propagated in the z direction 
(along the magnetic field) and T « mc’, the ten- 
sor €qg assumes the form 


} Ben 
oe eae ce: I rae) 
ne Se a8 Van | 2 @3N 4 0) 


0 0 0 
13 0 000 
egw (tage) (21 6) 4 w(t (0 0a] 
00 0 0014 
(23) 


~ 90 u 


W(u) = \ <__ dt = —ine-“* {Sen Imu+ 7 \ erat , 
; 0 


00 


W,(u) = J 


—c 


2e—* 
u—t 


we 2uU2W (u)—2V ru. (24) 


According to Eqs. (7), (15), and (23), A2 = 
Exy /€yx =-1. The values }=+i correspond 
to a field E= Ex +iky which is circularly polar- 
ized. The function €(N) = €;.(N), which appears 
in Eq. (19), is found to be € = exy + i€yx; in view 
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Uz, (t) Vg (0) exp f (0s —k i (6) a) — what. 


of Eqs. (23) and (24), 


x|N 
Viet Ou ain Bere Bio Ce eke 1 
Bw es ay? CME Go eae | 


x = (o Loy + iy)/o8. (25) | 


2. The electric field in the plasma is expressed 
by Eq. (19), where Hi, = HX* iHy. For the ordi- 
nary wave x =(W+ wy + iv)/wB >1 and the spa- 
tial dispersion is unimportant since, when x/N 
> 1, the expression for € assumes the form 


c= 1 — w2/Bw®'x = 1 — o2/o( + On + 1). 


We next consider the penetration of the extra- 
ordinary wave, setting v =0. The situation here 
is similar to that which obtains in the oscillations 
of a plasma in an external electric field. The in- 
tegral in (19) can be computed approximately by 
transforming to the complex plane. In order to 
carry out this procedure, we introduce in place 
of €(N) (25) the analytic functions (1) (N) and 
e (2) (N) which coincide with €(N) for N<0 
and N>O respectively: 


Vg «2 2; X|N 

(1) oe PS 8 IN ap oe tt )- 

el) (NV). = | i> ane (1 Va ig it); . 
(26) 

e)(N) = | Bye 0 e-cxinr 1+ 2 

. Je B oN \ Vr 


0 


Hereinafter X= (w — wy)/wA. 

As N approaches zero, both functions tend to 
the limiting value €), which equals the square of 
the refractive index for the extraordinary wave if 
thermal motion is disregarded 


&) = 1 — e/a (@— og); (© Og). 


(27) 


In the upper half of the complex variable N, 
the same limiting value is obtained for ¢() (N) 
as N approaches zero by any path which does not 
pass through the sector 1/4 < arg N < 32/4 when 
w< wy. The same holds for e@ (N) if the path 
which does not pass through this sector when w > 
Wy: 

In accordance with Eqs. (19) and (26), the elec- 
tric field can be written in the form* 


*The first expression for the field of a transverse wave 
propagating along a magnetic field was derived by Silin.7 In 
his paper, however, no account was taken of the difference in 
the sign of Im K + (k) for k > 0 and k <0. In our case this 
difference leads to the difference in the functions ¢{!)(N) and 
e(2)(N) [Sgn N in Eq. (25)!]. The function 6“) (N), which 
differs from »2) (N), appears because of the necessity for in- 
troducing advanced potentials as well as retarded potentials in 
the boundary value problem. 


E(2) Se ery w+ a) 


(28) 
or, going over to integration in the complex plane 
i 
Be le 


2iV x oF 


5 oF 


eloNzle 


elwoNz|c 
2) (NV) dN r § Nee e(2) (NV) 


exp {— X?)N? + iwNz/c} 
N [(N?— e (Vy) [V2 — e® (N)] 


dn }. (29) 


The contours C;, Cy, and the path of integration 
OA for the frequencies w< wy and w>wy, are 
chosen as shown in Fig. 1. The curve OA passes 


Rev 
FIG. 1 


through the saddle point of the integrand in the 
third term in Eq. (29). The first and second inte- 
| grals in Eq. (29) are computed by the method of 
residues. If Ny is a root of the equation N? — 
(&)( N)=0 (q@=1, 2), the corresponding inte- 
gral makes the following contribution to the field: 


Ho el oNozle 
No 4 —(1/2N,) de (N,)/dNo 


E, (2) = (30) 
This part of the field propagates as a damped wave 
in the plasma. The asymptote for large values of 

z in the last integral can be obtained by the method 
of steepest descent. We first exclude the resonance 
region. Then the saddle points are 


Ny, = (2cX?/az)'! e476 
Noes (20X27 [wz)!: eF*'6 


for ®<Cy; 


for o> oy. 


At large values of z, Ny» is small so that we can 
write in the denominator of the integrand No = 
e(!)(N) = N2 — €(2)(N) = —e). A simple calculation 
of the last term in the field expression (29) yields 


2H? oF 23c ‘Is 3 2 (@;, — ®) 3I5 
~ ¥33 wre? Poe we fea 23¢ 
[3V3 (2@n—9)\" | 2 ]I. 
+5 ( | tei e<ed gon 
9 1 "ls 
_ 2H®  &% OO me aS Ne ee) 
3 (z(o—ey)\" 5 4 
2/3 = | abe (@ >> wy). 


When £=0 the field E,(z) vanishes and, in 
accordance with Eqs. (29) and (30), we are left with 


E, (2) 


PROPAGATION OF AN ELECTROMAGNETIC FIELD 


1023 


the simple wave E(z) = (H°/Ve, ) exp {iwve,z/c}. 
When €)>0 this expression is obtained from a 
second term in Eq. (29); when, €) < 0 it is obtained 
from the first. If 8 #0, the chief contribution is 
associated with the field E,(z). 

3. We consider Eqs. (29) to (31) in three fre- 
quency regions, assuming at the outset that we > 
wis8 (high electron density ). 

(a) w < wy. In this region the equation N? - 
e(1)(N) = 0 has no roots in the contour C, and 
the first integral in Eq. (29) vanishes. The equa- 
tion N? — €(2)(N)=0 has a root N)=n+ iq, which 
is determined at resonance by the expressions 


q+ g/4 =V r0y/8Bay; n? = 1 + 3q? 


and far from resonance, n> q, by the approxi- 
mation formulas: 


(32) 


7 = Il 2 &% 2 . t2 catia 
waits oe exp(—(X/ny} | edi 1+ See, 
0 
ee 
q = oe ants exp (— (X/n)}. (33) 


These formulas define the absorption line shape 
for a linear oscillator (in this case the electron 
in the magnetic field) when the Doppler effect is 
taken into account. It is easy to show that when 
8B=0 inthe plasma the square of the refractive 
index has the following form [in place of (27) }: 


ae 32 
0 : 0 
ees ll + ix 

® (© — O;;) a 


6 (®@ —Ox); 


the 6-function in the imaginary part of « means 
that the electrons absorb energy at the resonance 
frequency. If there is a spread in the electron 
velocities v, the absorption line is broadened as 
a consequence of the Doppler effect and Eq. (33) 
is obtained. 

Equation (33) differs from the well-known ex- 
pression for the Doppler-broadened absorption of 
an oscillator in that the phase velocity is c/n 
rather than the free-space velocity. As a result 
E, [Eq. (30)] falls off rapidly (is absorbed) over 
a relatively wide range of frequencies (greater 
than w8) when the electron density is ee Ab- 
sorption is especially important when w Ay: wey > 
1/f* or H2/8m < nT. Thus, for example, when 
we /wi; = 1/B, the absorption factor is q = 0.278 
at a frequency which is one-fifth of the resonance 
frequency (W= JE WH). 

At high values of z the electric field is given 
by Eq. (31); this expression also shows strong at- 
tenutation of the field amplitude. 

(b) wy < W< wy, wy = Wy/2 + Vt /4 + o2. 


In this region €) < 0, and propagation does not 
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take place if thermal motion is not taken into ac- 
count. When w = wy, the equation 1S be e(1)(N) 
=( has one pure imaginary root in the upper half 
of the plane, Ny =iq where q is determined from 
the equation 


. Viz % 2 g 
qe cau oe {(X/q)?} ( 


jens 
(34) 


The quantity q falls off monotonically from w= 
wy toavalue w=a;, at which it vanishes. As 
q-— 0, using the asymptotic value of the error 
integral which appears in (34) we have 


gq? = @2/0"BXj— 1 = at/a (@— oy) — 1 = —£ 


and the limiting frequency, at which q=0, is 4. 
The corresponding field E, is attenuated, just as 
in the case in which the thermal motion is not con- 
sidered. 

Outside the sector 7/4 < arg N < 31/4, the equa- 
tion N? - €(2)( N) =0 has a root with an imaginary 
part which approaches infinity as B— 0. The cor- 
responding field is not of interest because it is so 
small. 

At large values of z, the most important con- 
tribution is due to E,(z) which propagates in the 
plasma and is absorbed in exponential fashion (the 
exponent is 27/3), The existence of an absorbed 
wave means that if B60 the electromagnetic wave 
is not completely reflected in the region where €y 
<20% 

(c) w > w,. In this region the second and third 
terms in Eq. (29) assume major importance. The 
equation N? — ¢(2)(N) =0 has the root Ny) =n + iq 
where q <n, thus Eqs. (33) hold 


(35) 
In contrast to Eq. (33), here n? =e, is less than 
unity and absorption is not important, It should be 
kept in mind that in obtaining the tensor ¢€ ag (k) 
use has been made of a nonrelativistic Maxwellian 
electron distribution (mc? > T) so that the terms 
which contain the factor e-B~ in the formulas 
should be considered precisely zero. Thus, when 
W >> WH, q vanishes and an unattenuated wave 

E = (H°/Veo) exp { iwve, z/c} propagates in the 
plasma. 

4. We now consider the case in which ¢€ is 
slightly different from unity w}/wi,6 <1 (low 
electron density ng < 0.9 x 10° BH?). 

In this case the equation N? — ¢(2)(N) =0 has 
the solution 
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2 x pute 
20> ema Vr @ i 
Ng= 1 — Shexp(— X2)\etdt + iG" Geexp (— X?) 
: (36) «ff 


where Re Ny) > Im Ny > 0 for all frequencies. The 
solution of the equation N? — e(1)(N) =0 differs in jj 
the sign of the imaginary part. Thus when it is i 
slightly different from unity, the refractive index _ 
is calculated from usual dispersion equations (5) 
and (6), where the integrals of the type in (24) are 
taken along a path which goes around the pole t= 
u from below (corresponding to the condition 
Sgn Im u=1). It is apparent from Eq. (36) that, 
with the exception of the narrow resonance region, 
Im N) « 1 everywhere. The amplitude of the prop-_ 
agating part E,(z) thus turns out to be consider- ' 
ably larger than that of the nonpropagating part 
E,(z). The analysis of the penetration of the elec- 
tromagnetic wave is thus reduced to the usual prob- | 
lem involving the dispersion equation in (36). 

5. If the magnetic field is at some arbitrary 
angle 6 #0 with respect to the direction of propa- 
gation of the wave (z axis), all the formulas be- 
come much more complicated. In this case the 
tensor €qp (kK) contains all nine components. 
Resonances appear at frequencies which are mul- 
tiples of wy.” The additional terms in €gg(k) 
however, are proportional to different powers of 
B and when 6 <1 these terms are unimportant. 
Hence, a first approximation to Eqp(k), with 
thermal motion taken into account, is given by 
Eq. (23). From this formula it is apparent that 
the tensor €qg(k) is the same as the tensor €qg 
computed for the case in which B=0 (ref. 9) if 


(2) (© — wy) /o8N cos6>1 (b) 1/8 1. 


The first condition means that the imaginary 
parts of the components of the dielectric permit- 
tivity tensor €xx, €yy, i€xy must be small. The 
second means that the imaginary part of «77, must 
be small. These conditions are not satisfied in two 
regions: (a) close to the resonance frequency, and 
(b) at frequencies for which the index of refraction 
calculated with the usual formulas, with B=0, is 
darge. The violation of the first condition is asso- 
ciated with magnetic radiation at a frequency WH 
and a corresponding resonance absorption. The 
violation of the second condition is due to coherent 
Cerenkov radiation and the radiation absorption 
associated with this effect (this question is consid- 
ered in detail in the Appendix). The width of the 
absorption band, as can be seen from the example 
involving longitudinal propagation, may be very 
large. 
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CONCLUSIONS 


1. Ata given frequency w a transverse elec- 
tromagnetic wave in a medium with spatial disper- 
sion cannot, in general, be represented in the form 
of a wave el(WNoz/c—wt) as is the case in the ab- 
sence of dispersion. If a solution is sought in this 
form in the case of a wave which propagates along 
a magnetic field in a plasma, the following disper- 
sion equation is obtained: 


ies Vix o% © — O77\? 
Meet ap asian) | 
(@—@ 7) [[aBN 


0 


edt} é 


This expression contains the nonanalytic function 
Sgn Im (w — wy) WN and leads to an incorrect 
solution when w > wy, where this equation has 
no roots at all. 

The electromagnetic field must be determined 
in each individual case, taking account of the boun- 
dary conditions. This is the procedure used in 
analyzing the field in oscillations of a plasma in 
an external longitudinal electric field.' 

2. Analysis of the propagation of an electromag- 
netic field in a plasma in a magnetic field indicates 
that this field consists of two parts. One part of 
the field is characterized by a phase velocity which 
depends on the z coordinate (Vphase ~ z¥73) and 
decays exponentially (exponent z%/3), The other 
part of the field is the usual wave. 

At high values of electron density, ny > 0.9 x 
10° BH2, the refractive index for this wave is de- 
termined from the equation N? — €()(N)=0 in 
the region €) >0 and from the equation N? — 
e(1)(N) =0 inthe region €)< 0 [cf. Eq. (26)]. 


FIG. 2. The square of the refractive index Nj for an extra- 
ordinary wave which propagates along the magnetic field: 
a — for w3 > w7,B, b — for a5 <@}, 8. The thin lines are 
Re N? = n? — q’, the heavy lines are Im N¢ = 2nq, and the 
dashed lines N2 = ©) = 1 — w/w(w —@,,) (thermal motion is 
neglected); w,, = | e| H,/me; w2 = 47e’n,/m; @,=@,,/2 + 
V w},/4 + @5- 
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In the region in which e€) (the square of the re- 
fractive index) is much greater than unity when 
the thermal motion is not taken into account, there 
is strong absorption of the wave. The approximate 
behavior of the real and imaginary parts of the 
square of the refractive index for the extraordinary 
wave in longitudinal propagation is shown in Fig. 2a. 

At low values of the electron density, ny < 0.9 Xx 
10° BH2, the refractive index is determined from 
the equation N* - € (2), N)=0 and has the same 
form as that for a simple resonator in which the 
Doppler effect is taken into account® (Fig. 2b). 

In conclusion we wish to express our gratitude 
to Academician M. A. Leontovich for suggesting 
this work and for help in its execution. 


APPENDIX 
Cerenkov Radiation 


1. If the medium contains electrons with ther- 
mal velocities greater than the phase velocity of 
an electromagnetic wave at some given frequency, 
the electrons radiate at this frequency. In accord- 
ance with Kirchhoff’s Law, these electrons will also 
absorb electromagnetic waves at the same frequency 
(Cerenkov absorption). This can be seen directly 
in the case of a weakly-absorbing medium in which 
the radiancy of the medium 7, is related to the. 
absorption a, by the expression 


No = Kel a, (1) 


where I, is the equilibrium radiation intensity. 

As an example we may consider the following 
model. A gas of free electrons, with a Maxwellian 
velocity distribution, is located in a transparent 
dielectric, the refractive index of which satisfies 
the condition n>41 in the absence of the electron 
gas. In this example it is most fruitful to consider 
methods of calculating the Cerenkov absorption and 
the mechanism responsible for this absorption. 

The absorption coefficient is determined by cal- 
culating the dielectric permittivity of the medium, 
taking account of the thermal motion of the elec- 
trons. The value of the dielectric permittivity, e, 
which determines the propagation of a plane wave, 
can be obtained from Eq. (21) of Sec. 2. For non- 
relativistic electron velocities 


ohm ({ oa em (o—kv)} fo(v) dv, (2) 


fo (Vv) =(m/2nT)*) exp (— mv?/2T), 


where m and ny are the electron mass and elec- 
tron density respectively, k is the wave vector, 
and T is the temperature expressed in energy 
units. We assume that the electron density is 
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small, 47e’ny)/mw* «1, so that the real part of 
the integral can be neglected as compared with n? 
and we can write |k| =nw/c. The square of the 

total index of refraction is found to be 


N?=>e=724+ i 
a mo” 2nT 


. 4re*ny a m 


i e—me*|2Tn* (3) 


while the absorption coefficient is 


Ee ec Bn? o v es 


2T /mc?. 


we = 4ne*n,/m; B° = 


As is apparent from Eq. (2), the imaginary part of 
€, which is responsible for absorption, is nonvan- 
ishing when the electron velocities satisfy the 
Cerenkov condition w=k-v or 


vcos§=c/n, (9) 


where @ is the angle between the vectors k and v. 


Inasmuch as the electron velocity cannot exceed 
the velocity of light v <c, this condition means in 
general that there is a sharp boundary (in terms 
of w), for the absorption band. If the relativistic 
electron velocity distribution is used, this boundary 
is taken into account automatically. In this case 
the absorption coefficient assumes the form [in 
place of Eq. (4)]: 


Qe? =p 2 
peg cA Gg! ibs 5), b= mc 
won? b b T (4 —1/n?)'! 


m0), <& Il. 


5 ee 1 C0) 


Here 


Caan [ arly (oF ) +2() Ky ()| 


is the normalization constant in the Maxwell dis- 
tribution.!? When mc?T > 1 


C = (me)? (QamT)kemerr , 


As follows from Eq. (6), the approximate formula 

(4) applies if n2>>1 and (1-1/n?)!/2 =1-1/2n?. 
To demonstrate that the absorption in question 

is actually related to Cernekov radiation we com- 

pute the absorption coefficient using Kirchhoff’s 

law (1). In order to carry out this procedure, it 

is first necessary to compute the radiancy n,. 

An electron moving with a velocity v in a medium 

of refractive index n radiates the following energy 

per unit time and frequency interval w:? 


6o=G(I- =) 0. (7) 


Averaging this expression over a Maxwellian veloc- 
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ity distribution, we find in the nonrelativistic approx; 
imation 


2e 2wny Q 


os \ Ny Gofo(v)dv = “Waa CFs Th ei (8) 


Substituting the equilibrium intensity of the radia- 
tion obtained by the Rayleigh-Jeans Law 2 a me- 
dium of refractive index n, I, = (w*T/r2c?) n*, and | 
the value of 7, of (8) into Eq. (1), we Peleg in 
complete agreement with (4) 1 | 


9 aif 1 e—1B2n? 
3n® 


To explain the mechanism of Cerenkov absorp- ) 
tion, we introduce a coordinate system which moves” HS 
with a velocity v at an angle 6 to the wave vec- 
tor k. If the velocity v and the angle @ are 
chosen in accordance with Eq. (5) the field in this 
coordinate system is independent of time [w’ = 
w(1-—vn cos 0/c)/v1 — B2 = As can be shown 
easily by the usual transformation formulas, in 
this coordinate system the nonvanishing component 
of the electric field E’ lies in the plane defined by 
the vectors k and v. The amplitude of this field 
is related to the amplitude of the laboratory field 
component E, which lies in the plane of the vec- 
tors k and v (cf. Fig. 3), by the relation 


vuVn2=—1 


eI ee 
cV1i— w/e 


sin 4. (9) 


An electron which moves in the laboratory co- 
ordinate system with a velocity v which satisfies 
(5) is at rest in the moving system. Consequently, 
this electron is acted on by a force f=eEK’ which 
is constant in time. The continuous acquisition of 
energy by electrons under the influence of this 
force results in a reduction in the energy flux of 
the electromagnetic field, i.e. absorption. 

2. Cerenkov absorption can play an important 
role in a plasma in a magnetic field. The magnetic 
field causes an increase in the refractive index in 
certain frequency regions. The resulting retarda- 
tion of the wave causes marked broadening of the 
absorption band in the region of the cyclotron reso- 
nance; moreover, the increased refractive index 
means that the plasma electrons can become 
“faster-than-light” electrons, i.e. electrons with 
velocities greater than the velocity of light in the 

“medium”. Both of these sei become especially 
important when nT © H*/87 (i.e., when the pres- 
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sure associated with the electron plasma component 
becomes comparable with the magnetic pressure ) 
because under these conditions the phase velocity 
in the low frequency region is smaller than the 
mean thermal velocity of the electrons. 

Cerenkov radiation arises in a plasma as a con- 
sequence of free motion of electrons along the 
strong magnetic field lines. The possibility of this 
radiation has been indicated by Veksler.!! The 
radiation due to a charge moving with uniform 
motion along a magnetic field has been calculated 
by Kolomenskii.!? If nT ¥ H?/87, the energy radi- 
ated per unit time by an electron which moves with 


_ velocity v along the field is approximately dG/dt 


~ ewirv/c? where w;,=eH/me. This energy is 
approximately c/v times greater than the energy 
radiated by an electron which moves with the same 
velocity, but in a circle in a plane perpendicular to 
the magnetic field! The large amount of energy 
radiated by an isolated electron obviously does not 
mean that the plasma loses enormous amounts of 
energy by radiation (since the maximum loss, in 
accordance with the laws of thermal radiation, 
cannot depend on the nature of the radiator). The 
foregoing is merely an indication of the corre- 
spondingly strong absorption of this type of radia- 
tion in the plasma. 

Since the refractive index is approximately 
unity at high frequencies, the Cerenkov absorption 
is important only at relatively low frequencies 
pes valet) Ih MT" mc’, as has been shown in Sec. 2, 
we need not consider in the dielectric permittivity 
tensor €jk terms associated with higher reso- 
nances W=2uwy, w= 3uwy,..., except in the 
case in which propagation takes place across the 
magnetic field. Under these conditions the tensor 
components are the same when thermal motion is 
neglected (magnetic field parallel to the axis) 


ou 1g) 0 
otk = (—is € 0) ; (10) 

O @ FH 

where 
e= | — ae (— 156, (@ — Oy — ku cos §) 
— ix6, (@ + @y — kv cos 8)»; 
2 

of = a (— ind, (@ — oy — kv cos 4) (11) 


+ ind, (@ + Oy — kv cos 9)>; 


2 
y= 1— a! (— ind, (o — ku cos 9)>; 9, (x) = 8(x) + i/Rx. 


The triangular brackets denote averages over the 
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distribution function f)(v)dv = (m/2nT)!/2 x 
e-mv*/2T dy, @ is the angle between the direction 
of propagation and the magnetic field, and v is the 
electron velocity along the z axis. 

The imaginary parts of € and g, which con- 
tain 6 -functions with argument w + wy — kv cos @, 
describe the radiation or absorption at the reso- 
nance frequency wy, and take account of the Dop- 
pler effect which arises as a consequence of the 
free motion of the charges along the magnetic field 
lines. 

The Cerenkov radiation or absorption lies in the 
imaginary part of the tensor component €77 = 7 
which contains the 6 -function with argument w — 
kv cos 6. If the absorption is small, we can write 
as an approximation k=nw/c where n is the 
real part of the refractive index, N=n+iq, and 
the condition w — kv cos 6=0 reduces to (5). It 
is apparent that the Cerenkov radiation obtains for 
waves which propagate at an angle @, for which 
the imaginary part of the refractive index q de- 
pends on 7, while the real part meets the require- 
ment n>1. In longitudinal propagation (@=0) 
we have N’?=e +g and there is no Cerenkov ab- 
sorption. This result is clear from an examination 
of Eq. (9): when @=0, we have E’ =0. In trans- 
verse propagation (@=7/2) we have N? = (e =¢\/e 
for the extraordinary wave; the absence of Ceren- 
kov absorption is due in this case to the fact that, 
in accordance with (5), the electron velocity would 
have to be infinite when 6 = 7/2. The number of 
such electrons is zero. For the ordinary wave 
N2=7; since Re n=1—(u)/w)*<1, there is 
no absorption. This case is the same as for propa- 
gation in the absence of a magnetic field. Thus, 
Cerenkov absorption takes place only in oblique 
propagation (6 #0, 0# 7/2). 

The general expression for the square of the 
refractive index is: 


N? = A/B 


A= (e2— g?— en) sin? 6 + Qey 
(12) 


+ Ve — g? — 2m)’ sin* 9 + 477g? cos’, 
B = 2(zsin? 9 + y cos? 6). 


It is of interest to determine the boundary of 
the absorption band in which Im N? « Re N’. In 
this frequency region the tensor components ¢€jk 
can be written in the form 


e=e tity, = Lot igs N= Not in, (13) 


where €), g) and m are the values of €, g, and 
n when thermal motion is not taken into account 
and €,, g; and ™ are small corrections which 
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take account of the absorption. In the approxima- 
tion which is linear in €;, g, and ny 


N? = n?(1 + ia/A, — ib/B,), (14) the same conditions, | 
a [2 (e921 i, 281) SS Noe1] sin?6 oe 2 (Noe ig Sy 7%) =. 
Scie mata j tieeaile ca en yn ,  O== 2 (e,sin* 0-- y.cos- G), (15) 
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where n’ is the square of the refractive index 
when thermal motion is not taken into account, 
A, and By are the values of A and B under 


2 


and in the expressions for €;,(k), g;,(k) and 
nm (K) we take k =nw/c. 

The Cerenkov absorption is most important 
when: 


(a) w2/e?, S1, (b) o<oy. (16) 


Let us consider this case in greater detail. If 
the first condition is satisfied, n? ~ we / wy Sal 
in particular, if nT ~ H?/87, n? ~ 6? and the 
majority of the plasma electrons are “faster-than- 
light” electrons. This condition simplifies the cal- 
culation considerably because when we / wey > 1, 
for values of @ for which the following condition 
is satisfied: 


sin*6/cos*8 << 4wi/*w?,, 


(17) 


we have the case of so-called “quasi-longitudinal 
propagation,”?® in which the square of the refrac- 
tive index is, disregarding thermal motion, 


2 


n? = — w/o (@ + @y COS 9). 


(18) 


The refractive index for the extraordinary wave 
exceeds unity (minus sign in the denominator ) at 
frequencies w which satisfy the condition 0 < w 
< wy cos 6. Near the right-hand boundary of this 
frequency region, as follows from the results of 
Sec. 2, we have resonance absorption when w? / wis 
> 1. If the second condition in (16) is satisfied, 
however, resonance absorption no longer plays a 
role and in the expressions for € and g wecan 
omit the imaginary parts and deal only with the 
pure Cerenkov absorption. Thus, the Cerenkov 
absorption determines the shape of the total ab- 
sorption band on the low-frequency side. 

Under the assumptions indicated in (16), the 
components of the tensor ¢;, (10) assume the 
form: 


N= +i =——+ (19) 


Dw 


oc roe Nay ! 
+iVe «?(3n cos 0)8 22 \— 32n? cos? 0 } 


a [(e5— Gs — EoNo)® sin? 9 + 492g? cos?0) |* 


Substituting these values in Eqs. (14) and (15) we 
have 


o- 
Ne= 2 


@ (@,, Cos0—w) 


pg oe ci 


Oo 


sin? 0 ne [ 
* (3 cos 0) P 


Sa ; (20) 


«5, 8? cos? 0 
The absorption coefficient is 


ci 


Tm N? Vi @? sin? 0 ¥ [ © (@;, cos 8 — w) 
int Cw? (8086)? P 


Q 
c 82a cos? 6 


(21) 


These formulas apply when w «K wy and for values 
of @ which satisfy the condition given in (17); from: 
Eq. (16) «>> wt, so that it follows from Eq. (17) 
that Eqs. (20) and (21) are valid over the entire re- 
gion of variation of @ with the exception of the 
narrow cone close to 6 = 7/2, defined by the con- 
dition 


[7/2 —8| oon | / 205, 
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New and more general formulas are derived for velocity and temperature discontinuities on 
a gas-wall surface for rarefied gas flows of arbitrary Mach number. The equation for the 

velocity discontinuity is practically the same as that for M <1; on the other hand, the re- 
lation for the temperature discontinuity differs markedly from the well-known Maxwell for- 


mula for a gas at rest near a wall. 


i previous investigations, even in the most de- 
tailed,! the effects of the slipping of rarefied gases 
along the walls and the temperature discontinuities 
on the gas-wall boundary have been studied only in 
cases corresponding to M<«<1. Here M is a di- 
mensionless quantity, equal to the ratio of the speed 
of flow far from the wall to the speed of sound (the 
Mach number). Furthermore, there is a great need 
to know the laws governing these effects for flows 
with arbitrary values of M, since the gas dynam- 
ics of rarefied gases are of considerable interest 
at the present time, principally in connection with 
the problem of the flight of rocket missiles and 
apparatus at the upper levels of the atmosphere. 

The work below had as its aim the solutions of 
these problems. 


1. INITIAL ASSUMPTIONS; THE VELOCITY DIS- 
TRIBUTION FUNCTION f 


As is well known,” the equations of gas dynamics 
preserve their usual form in relation to the expres- 
sion for the heat flow qy, and the stress tensor Typ 
if 

MLL = M?/R<1, (1.1) 


*This work was completed in 1950. 


where / is the length of the molecular mean free 
path, L a characteristic linear dimension of the 
object (or channel) in the flow, and R the Rey- 
nolds number. q, and T,, are in this case ex- 
pansions in powers of the parameter M//L, with 
factors in the form of first, second and higher de- 
rivatives, with respect to the coordinates xq, of 
the mean velocity Uy and of the temperature T. 
We assume condition (1.1). Then 


ply = (Vy, CUyly = Pony — Tv + Uns, 
a (5 Wty + ety) = pry + qy— twin tor (GF +c07), 
(1.2) 
where v, is the mean velocity of the macroscopic 


motion of the medium, € is the internal energy of 
the molecule of the gas, and cy is the specific 
heat at constant volume. 

The laws of conservation of mass, momentum, 
and energy at the gas-wall boundary can be written 
in the following form, if we denote the unit normal 
vector by ny: 


Olly fy = (0ly)” My, Uy yy = 0 (Uptly) "Ny, 


hte aearare pi tears Lo a 
0 (= telly ci, y= o(> Uytiytly eu) Hy (an) 
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In these equations, the asterisk denotes quanti- 
ties produced by the flow of molecules incident on 
the wall and reflected from it, while the quantities 
without the asterisk refer to the layer of gas in- 
finitesimally close to the wall. 

The velocity distribution function, which is a 
solution of the Boltzmann equation for the given 
problem, should have the form 

f=i,0 +9), o< 1, (1.4) 

fy = (h/nfhexp (—A (uu — 0.) (tu — Vy)}, (1.5) 

where fy is the well-known Maxwell distribution 
function, 

wy) = A Si B (Uy, a On) (hs <3 


+ [D+ E (ue — Vg) (Ux - 


Un) + Ctx (Uz — Ux) (Up — Up) 
Ux)] (Us = Up) Ie. (1.6) 


Furthermore, the conditions of thermodynamic 
equilibrium should be satisfied for f and yw at 
each point of the medium and at each instant of 
time: 


\ f dudusdu, = \ ide = \ Gh eile 
\ fade = \ intact = Uy, 


\iike dw = \ (uw, — V4) (Uy —VU,) do = \ @fde = \@hs do. 


(1.7) 


The constants A, B, C, D, and E should be 
chosen to satisfy conditions (1.7) and (1.2). This 
leads to a system of equations for the constants: 


\ (= Bes G. (e115; + t22 + T3363)] Iudw = 0, 


\ feof (D + Ea?) deo = 0, (1.7) 
\IA + Ba* + ¢C (ut = ones - Saa83) | a*fy do = 0; 
o (AF Bat + Comets) fabuiedo = — ty, (L.2a) 


S\W t+ Ea?) 0%, do = 1, 


In these expressions, the quantities & y and a? 
are determined by means of (1.7), while we denote 
by gi, simply the square of the component é ie 
and the sum of squares of gq is written, as usual, 
in the form égféq =a’. 

In order that the quantities A, B, C,...be 
independent of Tuy and q,, it is necessary to em- 
ploy the Stokes hypothesis: 


T11 S22 -F Tag = OV, (1.8) 


satisfaction of which is implied in the choice of the 
distribution function in the form (1.6). 

Carrying out integration in Eqs. (1.7a) and (1.2a) 
and solving the resultant set of equations, we find 


> 
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D=—4/o, B= 1. 6-4%/s. 


(1.9) 


A=B=0; C= — 2/7 Js; 


| 
4) 


2. VELOCITY AND TEMPERATURE DISCON- 
TINUITIES ON THE GAS-WALL INTERFACE 


We assume that a part s of the molecules is 
reflected diffusely from the wall with a Maxwellian 
velocity distribution fy, corresponding to a cer- 
tain effective temperature T’, connected with the 
wall temperature Ty by the Knudsen accomoda- 
tion coefficient: 


Te (eee 


(2.1) 


Further, we let the remaining faction of the 
molecules (1 -—s) be reflected specularly from 
the wall. Then the first of equations (1.3) can be 
written in the form 


too -+00 --+eo feo () -boOo 


PT Gane fF te) 


=O 0 —& —o —oa —oco 


+00 -+-00 +00 


+(1—s) | \ \, fusdo = 0, 


—6O: — Oo)  — 


regarding the normal n to be directed along the 
X, axis, inside the gas. Or, taking it into account 
that the latter integral is equal to zero, we shall 
have, leaving in what follows, for brevity, one in- 
tegral with the designation of the limits of integra- 
tion with respect to the variable xg: 


\ ual dw + \ Usf dw = 0. (2.2) 
9) —o 


Further, in accord with the second equation of 
(1.3), and considering that 


| fyulatla doo = 0 for a2, 
0 


we obtain 
\ [Ul do — (1 — s) \ falls dw = 0, (2:3) 
0 0 
| fui do = s\ fwuideo + =.) \ fulde. (2-4) 
0 0 0 
Finally, the last equation of (1.3) yields: 
2 [— Vatx2 + G2] = ps {\ Pith (u? + 22) dw 
0 
0 
ay \ f (u2 + 2c) ude. (2.5) 


Equations (2.2) to (2.5) express the boundary 

_ conditions for the gas dynamic flow of rarefied 

| gases. For their formulation in concrete form, 
however, it is necessary to calculate the integrals 
involved, making use of the distribution function f 
found above; in this case we assume for molecules 
reflected with accomodation 


Fis = A(1+ b,a* + bat + 63a°) Cue 


The coefficients A, b;, bo, ... are determined 
from the normalization condition if f\ydw=1 and 
fulfilment of Eq. (2.2) and two other relations which 
shall be used later: 


(2.6) 


| age 
| —(l—a) \ fur(S-+e)de, (2.7) 

ears Grea — a) fusdw. (2.8) 
0 0 ae 


Substituting Eq. (1.4) for f in (2.3), we get 


0+} 
\ fu (nia + Dake + Yate + Gusts) deo 


—o 


12.0} 


+s \ fu (Gabe + Vado + Yiabo+ Usk) do = 0. 


0 


Multiplying this relation by p and computing the 
corresponding integrals with the help of (1.5) to 
(1.9), we get 
as \7le oh |? 
EY PU x98 + = Ta, + 0.2 S ( 2 ie ee VU, = 0, 


™T I On 8 


where 
. 0 
f= — | Sfado =1/2 Vie = 2/4, 


—o 


(2.10) 


Here a is the mean velocity of the random ther- 
mal motion of the molecules entering, according 
to the molecular kinetic theory, into the expres- 
sion for the viscosity 17. 


As is well known, 
h = 1/2 (Co —Co) T = ¥/2ep(y—1)T. (2.11) 


Furthermore, we have for the heat-flow vector 
and for the tensor of viscous forces 


ar /Ou D Ou, 


Ou 
nes a as Fl ae ¥ eas sil 
Ga=—k Oka? ew 4 \ ax, fs Ox, B Buy OX, (247) 
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Finally, we introduce the dimensionless number 


Pr= y¢,/h. (2.13) 


Substituting the values of the corresponding quan- 
tities A, qq, etc. from (2.10) to (2.13) in Eq. (2.9), 
and taking it into account that in flow over the wall 
we can always set Tx, =0, we get 


du 
Dn oe 0.2 » OT 
= YO Gebel Ors © (2.14) 
where 
7/8 = (2/s — 1) (24/oa). (2.15) 


In these relations, 8 is the coefficient of external 
friction and 7/8 is the slipping coefficient. 

There are several theoretical formulas for the 
viscosity coefficient. Apparently, the best of these 
is the Chapman formula:” 


7 = 0.499 pal. (2.16) 


Substitution of this value of 7 in (2.15) gives 


4/8 = 0.998 (2/s — 1) l. (2.17) 


According to experimental data, s ~ 0.8 to 1 for 
various surfaces and gases; therefore, h/f * if 

Equations (2.14) to (2.17) for the velocity dis- 
continuity do not contain anything new in compari- 
son with the expressions obtained earlier in mo- 
lecular-kinetic theory. Their derivation, given 
above, only furnishes a basis for the possibility 
of using the ordinary formulas for the velocity dis- 
continuity at a wall at arbitrary values of the Mach 
number M. 

The formulas obtained for the temperature dis- 
continuity are essentially new, however. With the 
help of Eq. (2.8), we can transform Eq. (2.2) to 
the form: 


oo 0 
fulle do + 4 jisda = 0: 


Then, in accord with Eq. (2.10), 
foo) 0 


) 
| fiw, do = = \ fusdw = — \ fille do 4 (2.18) 
0 foe) 


4 


—oo — 


From (2.5) and (2.6) we obtain 


foo) 
2 (dz — Vatx2) = psa {\ mls (U? + 22”) doy 
0 


0 
+ " fuls (u? + =) do} : 


In correspondence with Eq. (1.4), we can trans- 
form this equation, considering that v,=0, to 
the form 
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Jo — Vata = 1/2 san(M, + Mz + Ms), (2.19) 

where 
My = \ faite (u® + 22) doy, (2.20) 

; 
Ms \ ull (U2 ++ 22) deo, (2.21) 
0 a 

Ms= \ fu) (Eskale + 2iakOa + Uatats} do. (2.22) 


—o 


Calculation of these integrals, making use of 
(2.11) and (2.18), gives 


My, = 4{cpT (y—1)/y+2%/2}, — (2.20a) 


Mz = — a {epT (y — 1)/y + 2/2 + v2/4), (2.22a) 


M; = + (42 INS ae 


Tod. oy 


0 
tm \ (8-8) (1 +2’) fude. 


—o 


(2.21a) 


Substituting the values of M in (2.19) and taking 
To2 = 0 as before, we get 


From molecular-kinetic theory, 


5) Sadhy 
2y 


(2.23) 


ip 
ow ai 
eg oon oe 


Cy <—) (T, —T) = — ATC, 


With the help of this relation, the preceding equa- 
tion is transformed to the form 


(—datet 49)(Z —1) +92 = — Fey (a+ 4), 
(2.24) 

where 
p= (y+ 1M. (2.25) 


Equation (2.24) determines the value of the tem- 
perature discontinuity between the gas and the wall 
for flow past it at Mach numbers M 2 1. In con- 
trast with the formula for the velocity discontinuity 
(2.14), it differs essentially from the well-known 
Maxwell formula, which corresponds to the case 
of gas at rest near a wall (M=0) and which can 
be obtained by putting vy = 0 in (2.24). 

In the simpler case of two-dimensional flow in 
the x,, X, plane (which will occur, for example, 
for a plane Prandtl boundary layer), we can 
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transform Eq. (2.24) [by making use of Eqs. (2.12) 
and (2.13) ] to the form 


where 
g = (2/sa — 1) (4n/Pr pas), (2.27) 
£1 = (3.2 y/mupa Pr) (v/a), (2.28) 


or, if we use the Chapman formula (2.16) for the 
viscosity, 


g = (2/so — 1) (1.996 J/u Pr), (2.27a) 


g, = 0.359 o,/mp Pra. (2.28a) 


For computational purposes, it is useful to note 
that with use of boundary-layer theory, we can 
neglect in the formulas for velocity and tempera- 
ture discontinuities, (2.14) and (2.16), the terms 
containing the derivative 8T/dx, if x, is directed 
along the flow in the immediate vicinity of the wall. 
In addition, we can, with accuracy sufficient for 
practical purposes, consider p ¥ 2 and Pr=1. 
Then Eq. (2.26) takes the form 


which coincides with the known Maxwell formula 

if we replace the ordinary temperature T in it 

by the “throttling” temperature used in gas dynam- 
ics; 


O =f 207) 2e,. (2.29) 


Once more, it should be noted that by setting 
v,;=0 and s=1, (2.26) and (2.27) reduce to the 
known Maxwell expressions for the temperature 
discontinuity on the gas-wall interface [if the gas 
is at rest relative to the wall (M=0)]. 

In conclusion, we point out that instead of (2.26) 
and (2.14) one can easily obtain if necessary more 
general formulas for velocity and temperature dis- 
continuities by substituting in Eqs. (2.9) and (2.24) 
the expressions for heat flow and the stress ten- 
sor,” taking into account terms of higher order in 
M’/R with higher derivatives. The relations ob- 
tained by such a method are, however, too cumber- 
some to cite here. 


'P. S. Epstein, Phys. Rev. 23, 710 (1924). 

*S. Chapman, Phil. Trans. Roy. Soc. (London) 
A216, 279 (1915). 

py Burnett, Proc. Lond. Math. Soc. 40, 382 
(1935). 


Translated by R. T. Beyer 
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It is shown that the appearance of striations in the positive column cannot be explained by 
the instability of a uniform column. With the assumption that the variation in density of 
charged particles along the column can be neglected, a nonlinear equation for the electron 
temperature and potential gradient has been derived from the equation of conservation of 
the particles. This equation admits of periodic solutions. Whether the column is uniform 
or striated depends upon the boundary conditions at the cathode end. 


Unper certain conditions, the uniform luminosity where 


of the positive column in a discharge is broken up. 
Instead of a continuous luminosity distribution, of 
bright stripes or striations appear along the axis 

of the column. These can be either stationary or 
shift rapidly along the column (running striations ).' 
The presence of striations is accompanied by peri- 
odic variations of the energy of the charged par- 
ticles, of the potential gradient, and of other quan- 
tities along the column axis. 

In attempting to explain this phenomenon it is 
natural to assume first that the breakdown of the 
uniform column when striations are present is due 
to instability in the uniform column.” 

However, a test of column stability, carried out 
by the method of small perturbations,’ using the 
system of equations recently developed by us,* does 
not support this hypothesis. In studying the stabil- 


ity of the column, we took the following into account: 


A stationary striation represents a steady-state 
phenomenon. For a transition to occur place from 
a uniform to a striated column, the small pertur- 
bations must be chosen of the form* 

etc., (1) 


— tkx+ot 


Bp ater. y= ve 


e>ece 
where k=27/A and w isa real number. 
Substituting ng =ne(1+v), Ue = Uec(1+t €) 
and so on, into our system of equations [reference 
4, Eq. (9)], and using the definitions in (1), we ob- 
tain the following equation with respect to k and 
W: 


3 1 
+ (Ueck® ian ‘b OU 4. 


*The notation of our previous paper will be used through- 
out this article. 


H,= = V 2e/nm (x/re) U8, 


and the dependence of the electron energy loss by 
collision, x, on the mean electron energy Uec 

for different gases in given in Engel’ and Shtenbek’s 
book.? Since Uj/Ue¢e — 1>0 and, for gases in 
which striations occur, 9Hj/2Uec > 0, it follows 
that Eq. (2) can be satisfied only by negative values 
of w, i.e., our model of the positive column has 

no instability. 

The purpose of the present work is to establish 
the following mechanism for the formation of stri- 
ations. In the discharge regions adjacent to the 
ends of the positive column (e.g. the Faraday dark 
space) the mean electron energy, potential gradi- 
ents etc. may have values different from those 
which must exist in the positive column under the 
given conditions (i.e., for the given value of pa). 
On the other hand, the equations which describe 
the electron-ion plasma possess, in addition to a 
solution independent of the x coordinate, another 
solution which is the sum of the x -independent 
solution and a certain oscillating function 


Ue (pa, X) = Vee (pa) + ¢ (pa, x) Ver (pa). 


Since our system of equations has a unique solu- 
tion for the given boundary conditions, any other 
boundary condition involving a discontinuous change 
in the parameters at the boundary can be satisfied 
only by the periodic solution Uec + €Uec (which 
corresponds to the presence of striations in the 
column). At the same time, boundary conditions 
without discontinuities can be satisfied only by the 
solution Uec (in which case there are no stria- 
tions). In some cases, because of fluctuations in 
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the parameters, the discontinuity at the boundary 
of the positive column may vary periodically with 
time. Such oscillating boundary conditions are 
satisfied by a solution corresponding to a shifting 
of the periodic structure along the axis of the col- 
umn (running striations )*. 

Measurements®’ show that, in fact, there is a 
discontinuous change in electron temperature po- 
tential gradient and other parameters at the cath- 
ode end of the positive column. Shottky® developed 
a system of equations by which he was able to cal- 
culate, for different discharge conditions (differ- 
ent pa), values of electron temperature, potential 
gradient, and the radial distribution of electron 
density which were well confirmed by experiment. 
The system of equations which we have used ap- 
pears to be a natural extension of Shottky’s equa- 
tions to the case of a non-uniform plasma. 

In the system of equations used here (as in 
Shottky’s ) we disregard electron capture by gas 
molecules, ionization by collision, and recombina- 
tion in the gas space. 

A simple calculation shows that under the usual 


conditions (if there are no vapors of water, alcohol, 


or fatty acids in the tube! (and if the current is 
not too large) the corresponding terms in the equa- 
tions are small in comparison with the other terms, 
and may be neglected. For the last two processes 
one can reach the same conclusion even without 
any calculation, since the positive column, and 
hence also the striations in it, obey the similarity 
law very exactly.’ These processes, which repre- 
sent violations of the similarity law, can therefore 
not play an important part. We have taken the 
electron temperature to be constant along any 
radius of the tube, but variable along the axis. 
The electron and ion densities may vary with the 
radius, but are constant along the tube axis.f 
Taking Ne = Np =N to be independent of the x 
coordinate, we have two continuity equations for 
the electrons and the ions (see reference 4): 


ON /ot + div(ueN) — ZN = 0, (3) 
ON /dt + div(u,V) — ZN = 0, (4) 
Uex = — be (Ex + ye0U./0x), (5) 
Upx = by (Ex — yp0Up/Ox), (6) 
Taree = = ,_L= Ben (7) 


Here Ye and Yp are the thermal diffusion coeffi- 


*The part played by the stability of processes at the ends 
of the column is indicated in reference 6. 

+The physical conditions under which these assumptions 
are realized are dealt with at the end of this paper. 
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i 
cients for the electrons and ions. 0 


For the stationary case (fixed striations ), afted | 
substituting (5), (6), and the first equation of (7) into) 
(3) and (4), and dividing by N, we obtain 


OES 07U,, ID ah) ON 
— best be aak — Her alt ar) — 2 = 9 
Oy eu, Dat af ON) 
bp Ox 1p? Ox? Wor or” or) ZN £8) | 


Separating the variables in the usual way, we 
obtain an equation for the electron and ion densities | 


2 


s, 
b, 


ae N05 (9) 
whose solution (under the conditions of Shottky’s 
limiting case) have the form 


N, = Nyolg (1r/V bp), }? = (u/a)*bp. 


This is the well-known Shottky solution for the 
distribution of charged particles along the radius 
of a discharge tube. 

For the energies of the electrons and ions in 
this case, we obtain from (8) the following two 
equations: 


dE, CUE Nae 
renee ie 0x2 ing Ope nO 
OE, 
by FE = gb Gaal + Ue Oye —Z =O. (10) 


In the case of a uniform column (98Ey /8x = 
0°Ue/dx’ = 8°Up /dx” = 0) these equations reduce 
to the Shottky equation for the electron tempera- 
ture as a function of the discharge parameters: 

(u/a)? bU ec == Ze == 0. (11) 
The term (u/a)*bpUec in Eqs. (10) and (11) de- 
scribes the depletion of charged particles due to 
ambipolar diffusion. * 

We now find a solution of the system of equa- 
tions (10) in the form: 


U. (pa, 
Up (pa, 


4%) = Ue, (pa) + (pa, x) U 
xX) = U pe (pa) + 


ez (pa), (12) 
+- 2 (pa, X) U pe (pa). 
Substituting (12) into the system (10), using the re- 
lations (7) and (11), and dividing the first of these 
equations by beUee and the second by bpVec, 

we obtain 


*In references 11 and 12 this term is omitted without justi- 
fication. If this term is included, it is easy to see that there 
is no periodic solution at all under these author’s assumption 
that the electron temperature is constant along the axis. 
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4 OE, O°s u25,¢ 
U,, dx Ye ax? oe bares ae 1—<\=0; 
AP MOEr ae, U ie u2 / Us 
Cy. Ox Yp Ox Ue Oe e ces eae = 30. 
(13) 


Comparing these two equations, and noting that 
Ye and Yp are of the order of unity? while 
Upe/Uec K 1 and bp/be « 1, we obtain (after 
dividing through by Yg) a nonlinear equation de- 
scribing the variation of e€ along the axis of the 
positive column: 


—l—s)=0. (14) 


pe Use 
Eo (ot 


If the deviation from a uniform distribution is very 
small, so that €Uj/Ue « 1, then (14) can be ap- 
proximated by the linear equation 


de “ 4 ue U; 
dx* Yo @ (a 


whose solutions are harmonic functions with the 
period 


l)e=0, (15) 


Lin © (27a/) (y,U,/U,)". (16) 


This is the result we obtained previously .4 * Ex- 
periment shows, however, that the amplitudes of 
the electron-temperature deviations are not small, 
and may amount, Tota efor example, to € © 0.5. 
Since Uj/Ue ~ 10, then €U;j/Ug & 5, i.e., the 
use of Eqs. (15) and (16) is not rigorously correct. 
We are forced to consider the nonlinear equation 
(14). Equations of this type have been thoroughly 
studied in the theory of nonlinear oscillations.*® 
These are the so-called oscillation equations of a 
system with a nonlinear restoring force, from 
which Eq. (14) differs only in the definitions of 
the variables. For convenience, we shall use the 
terminology of oscillation theory in the following 
discussion. 

We shall write equation (14) in the form d’e /dx? 
+ {(€) = 0, where 


is the “restoring force”. We then calculate the 
“potential energy” of the system, reckoning the 
ordinate from the point at which ¢€ = 0: 


*Objections have been raised in reference 12 to the fact 
that 1 = ye, i.e., 1 = 0 when ye = 0. The quantity ye is equal 
to zero only if 1/Ae = Ce, but no gas is known with this 
property. For inert gases 1/Ae ~ (€e —¢,), but in this case 
Ye # 0. 


Figure 1 shows the calculated “restoring force” 
and “potential energy” of our system (the con- 
stant factor p2/ya?, which is not essential here, 
has been dropped). Beneath this are shown the 
energy curves determined by the equation 


ef eco 21h (s)e- HO), (18) 


where [F(€) — F(0)] is determined from Eq. 
Clie 

It is evident from Fig. 1 that the restoring force 
is strong for positive deviations of the electron en- 
ergy and weak for negative deviations. The shapes 
of the “potential energy” and “energy” curves pro- 
vide a clue to the nature of the solution. At the 
point «€ =0 there is a minimum in the “potential 
energy”. The origin is a singular point. In the ab- 
sence of an initial deflection (i.e., no discontinuity 
at the end of the column) the most stable state is 
that of equilibrium (a uniform distribution of elec- 
tron temperatures — no striations). If there is an 
initial deflection of not too large a magnitude, there 
is a stable periodic solution (striations) in which 
the amplitude of the electron-temperature fluctua- 


f(E) 
5 Fee) -F(Q) 


FIG. 1 
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tions is determined by the size of the discontinuity 
at the boundary. 

The curve of electron energy variation along 
the column axis can be obtained (by numerical 
integration, in our case) from the first integral 

of (14), which has the form:?® 


vaqz 


xa ( {5428 ((1 sega: +e) 
0 


sc mea} + @ (19) 


x{- Ei lgag eee ae 


However, the shape of the curve can also be 
studied by considering the “potential energy” curve 
and Eq. (14) as it stands. This curve differs 
markedly from the sinusoidal one determined by 
the linear equation (15). Let us take the value of 
the maximum negative excursion to be €; = —0.6 
(corresponding to the usual values of ¢€, for stri- 
ations). From the “potential energy” curve we 
find the corresponding positive excursion to be 
€, = 0.15. Since the period of a system with a 
strong restoring force is less than the period of 
a weak force,'® then the period (length of one stri- 
ation) corresponding to a low electron tempera- 
ture is longer than the period corresponding to a 
higher electron temperature. Furthermore, we 
can calculate from (14) the radius of curvature 
of the €(x) curve at the minimum and maximum 
points (where de/dx =0). Taking Uj/Ue = 10, 
a=1.5cm, w=2.4, and y=1, we get 


Re,-—0.5= | (d®eldx*)-2o.5| 0.8 cm. 
Similarly, we obtain 
Resouces Oaloncta: 


The Ue = f; ( 
ence 13). 


x) is shown in Fig. 2 (cf. refer- 


' \Cathode 
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The curve Ex = f, (x) can be obtained from the 
curve Ue = f;(x) and the first equation of (13) 
which, considering that bp < be, can be written: 


dE ade 


aur 
ane ra Vel ee dee ema (e 


are (20) 

The curve Ex =f,(x) is also shown in Fig. 2. 
It is characterized by a very sharp rise of field 
intensity within the narrow luminous portion of 
the striation. The maximum field does not coin- 
cide with the maximum electron temperature (or 
luminosity ), but is slightly displaced toward the 
cathode, while at the same time the minimum lies 
on the anode side of the luminous portion of the 
striation. 

The period (i.e., the spacing of the striations ) 
can be calculated from the formula:!® 


ey &2 


de ‘ be 
iswlettalseo V2F ()—F © +? VaR Far 


(21) 


where lJ, and 7, are the lengths of the low-tem- 


perature and high-temperature portions of the stri-- 


ation respectively. 
Inserting (17) into (21) we find for l, 


& 


b= Eva | ee as = Ome) 
—| (+ a)exp {-aorss| 


. Og ‘if cob teats 
— (+e ly ae bia es (Cac) 


U; ta 
+ Ei Ger iiss) )M| de. 


There is an analogous expression for l,. The 
integral (22) apparently cannot be expressed in 
terms of elementary functions, but can be evaluated 
graphically or by numerical methods. 

It is essential to ascertain whether the period 
calculated from (21) differs seriously from the 
value calculated from (16), which is based on a 
linear approximation. If in (22) we apply the La- 
grange theorem to the terms in the square and 
curly brackets, we readily obtain the following 
estimates for /,; and J,: 


(22) 


1 


bimin = femax a7 > Hin; 


bigex a 2 V8 eae (23) 


ima 


/ Aas 2a D U; . { —U ,£2 ‘Te 
peas” AS ae ACS ACS) PY 


4! 


| 
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If €,=0.5 and ¢€,=0.15 (which are typical 
for striated discharges) (23) gives 


mere zed ti) Hin ’ tonn = ae Litin. 


(24) 


From (23) it follows that the period calculated 
from (21) can never be less than We liin or greater 
than 2ljin, andif €, >— 0.5 it is approximately 
equal to jin. 

Before we turn to an experimental verification 
of the theory, let us return to the mechanical anal- 
ogy of our system, which illustrates our conclu- 
sions so graphically. If we consider the variable 
€ in (14) as a displacement from the equilibrium 


_ position and the variable x as the time, this equa- 


tion describes, for example, the motion of a mass 
suspended by a spring which is “strong” under ten- 
sion and “weak” under compression. If the dis- 
placement and velocity are zero at the initial in- 
stant, there will be no oscillations; but if there is 
an initial velocity, oscillations will result. If there 
is a constant dissipative force, the vibrations will 
die out; if the dissipative forces act for only a short 
period of time, for instance during a half cycle, 
then after they cease to act the vibrations will con- 
tinue with reduced amplitude, or cease altogether. 
Conversely, a short-lived injection of energy will 
lead to an increased amplitude. Returning now to 
the positive column, we note that here the “veloc- 
ity” corresponds to the electron temperature gra- 
dient 9U,./éx. 

Figure 3 shows the variation of Ue near the 
heat of the column.’ It is immediately evident 
from the figure that in narrow region x x; at the 

head of the column there is an abrupt change in 
electron temperature from its value in the Faraday 
dark space to a value corresponding to the positive 
column (according to Schottky ). 


“2 | 


be 


| 
1 
! 
| 
First striation | 

' | Faraday dark space 
Z, K z 


FIG, 3 


This creates an initial gradient (“velocity” ) 
which in turn leads to stratification (“oscilla- 
tions”) that extends from the cathode end of the 
column right up to the anode. The conditions near 
the anode apparently do not affect the production 
of striations. Kliarfel’ d'4 and Zaitsev’® found that 
when the anode was moved or the gas pressure 
varied, the striations merely peeled off the anode. 
In a few cases the striations arising from the elec- 
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tron temperature gradient at the head of the column 
rapidly died out, whereupon the column became 
uniform.!4* ' 

By analogy with the mechanical system described 
above, it should be possible to affect the positive 
column, for instance to remove or add striations, 
by introducing charged probes into the correspond- 
ing portions of the striations.'4 The fact that it is 
possible by this method to suppress the striations 
in the region between the probe and the anode sup- 
ports our conclusions about the stability of the posi- 
tive column. Striations can also be removed or ex- 
cited by transverse discharges of direct or high- 
frequency current (locally increasing Ue) or by 
local magnetic fields (lowering Ue). 44 For in- 
stance, if the electron temperature is raised in 
the dark portion of the striation, this must result 
in a weakening or destruction of the striations on 
the anode side of the disturbance. Conversely, a 
corresponding lowering of the electron tempera- 
ture by a local magnetic field must lead to stronger 
stratification. 

Such a conversion of the positive column from 
one type to another may be useful, for instance, 
when measuring Uec, knowledge of which is in- 
dispensable for a comparison of the experimental 
and theoretical variations of the electron tempera- 
ture. The mechanism with which we propose to 
explain the running striations can be verified by 
artificially creating an electron-temperature dis- 
continuity within a discharge containing running 
striations. Such a discontinuity can be produced 
with the aid of an auxiliary transverse" or local 
high-frequency discharge, and must be greater 
than the value of the oscillation discontinuity. In- 
stead of running striations we should then have 
standing ones. Apparently it is possible to create 
running striations in a uniform column by means 
of auxiliary transverse alternating-current dis- 
charges. 

The assumption of an “incompressible” electron- 
ion plasma leads to a system of striations which 
do not decay. Taking account of the “compressibil- 
ity” leads to the appearance in Eq. (14) of a supple- 
mentary term (de/dx)(dv/dx), describing the de- 
cay or build-up of the striations (“self-oscilla- 
tion” ).T 

In order to compare the theoretical and meas- 
ured values of Ue and Ey, and of the phase dif- 
ference between them, it is necessary to produce 
striations with zero decay in the discharge. To 


*The effect of the atomic properties of the gas on the 
decay of the striations and the “compressibility” of the elec- 
tron plasma will be considered in a separate paper. 


+See preceding footnote. 
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accomplish this in a gas where the striations nor- 
mally decay, it is possible, for instance, to mix 
with it a gas in which the striations build up (hy- 
drogen), in the proper proportion to reduce the 
decay rate to zero. 

Thus, Kliarfel’ d'4 found that the addition of 
approximately 30% of hydrogen to neon reduced 
the decay to zero. It would seem to be possible 
to use corresponding mixtures of other gases as 
well, for instance, mixtures of two molecular 
gases. 

In conclusion, I consider it a pleasure to ex- 
press my thanks to Academician N. M. Bogoliubov 
for supervising this work, and to Prof. V. L. 
Granovskii, Prof. Ia. P. Terletskii, and A. A. 
Zaitsev for their encouragement and for discus- 
sion of the results. 
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The problem of solving the kinetic equations for the slowing down and diffusion of neutrons 
and for the propagation of y-ray quanta is reduced to a less complicated problem of multiple 
integration. An exact solution of the kinetic equation (stationary and also nonstationary ) is 
found in the form of a sum, in which the x -th term is an approximately 3x -fold integral, 
which has as its meaning the probability for the transition of a particle from one point of its 
phase space to another after x collisions. In the particular case of the slowing down and 
diffusion of neutrons with constant mean free path, it is shown that this exact solution, which 
depends on all six variables (the three space coordinates and the three components of the 
momentum ) reduces to simple quadratures and sums. 


1. STATEMENT OF THE PROBLEM 
is stationary kinetic equation for the slowing 
down of neutrons is (cf. reference 1): 


(J(u) Qgrad + 1] V(r, Q, u) = \ dus | 2, ¥ (r, Q, 11;) 


x f (2°Q), u— u,) h(u,) + Q(r, &, x). (1) 


Here ¥(r, 2, u) is the number of collisions per 


unit volume of the phase space at the element 


d’rd’Qdu; u=In(E/E)), with E the energy of 
the neutron and Ey, a certain energy taken as a 
unit; Q is the unit vector of the direction of the 
momentum; h(u) =l(u)/lg(u), with 2 the mean 
free path and J, the mean free path against scat- 
tering; £(2-;, u) is the scattering function, 
which in the case of symmetry about the center of 
mass is given by 


>) Cau a. e—46 {2°21 
M 


ps Descrig abel = 1 onl 


’ 


where M is the mass of the nucleus in units of 
the neutron mass; lgy_ is the free path against 
scattering by the element of mass M. 

It is required to find the Green’s function G 
of this equation, i.e., a function such that 


v (ne Q, ul) cS | dr,0°2,du,G (ry, I, Q,, Q, uj, u) Q (ry, Q,, Uy). 
(2) 


The integration is taken over the entire six-dimen- 


sional phase space. Substituting Eq. (2) into Eq. (1), 
one verifies without difficulty that G satisfies the 
following equation: 


[(/2 grad + 1] G (ag r, 2,,2, uj, u) 


—— \ du, \ 22.4 (r, r, Q,, Q:, uy, Uz) (3) 


0 
x f (2°Qs, u— us) + 6 (ry — 1) 9 (RQ, — Q) 8 (uy — 4). 


In obtaining this equation one must change the 
order of integration of the variables with indices 1 
and 2. 

Equation (3) is an integro-differential equation. 
It can be transformed into the purely integral equa- 
tion 

G (ry, 6, 21,2, uy, u) = Go (tM, 6, Q1, B, uy, u) 


u2 


+ \ du, \ dus \ €’Q, \ a?Q, \ A r5Go (fo, T, Bo, &, Us, #2) (4) 
0 


X G(r, Fe, 21, 23, U1, Us) f (22°23, Uz — Us) h (us), 


where Go(Ty, r, 21, Q, uj, u) satisfies Eq. (3) 
without the integral term in the right member 


(12 grad + 1) Go (ry, F, 21, 2, uy, u) 

= 5(r, —r)6(Q, —2)6(u, —u). (5) 
For the proof one must substitute the expression 
for G in the right member of Eq. (4) into the left 


member of Eq. (3) and note that the gradient oper- 
ator acts only on the coordinates without indices. 
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Equations (5) and (4) can be given a simple 
physical interpretation. The quantity Gy) is pro- 
portional to the probability of transition of a neu- 
tron with the momentum direction , and energy 
corresponding to u, from the point rj, to the 
point r, with its momentum direction changed to 
Q and its energy variable to u, without collisions. 
Stated more simply: the neutron has passed from 
point i of phase space to point 0 without scatter- 
ing or absorption (Gack 0)). 

The quantity G( i 0) is proportional to the 
probability (hereafter we shall simply say is the 
probability ) of transition of the neutron from the 
point I to the point 0 with the occurrence of any 
number of collisions. According to Eq. (4) this 
probability is equal to the sum of the probabilities 
of the following events: 1. The neutron has passed 
from i to 0 without having any collisions (the 
first term G)), 2. The neutron, having come from 
as and after having any number of collisions, was 
at the point r, with momentum direction Q; and 


energy variable u; [factor G(rj, rp, 21, Q3, uy, Us)]. 


At this point it was scattered or absorbed, with 
transition to the point 2 [factor h (uz) £(2,Qs3, 
Up — us)]. After this it has passed without colli- 
sions from the point 2 010. [factor Che: 0)). 
The integration is taken over all the intermediate- 
state variables ro, Q,, M3, Uy, uz. The function f 
assures that the laws governing the scattering are 
satisfied. 

Equation (4) is thus a recussion formula that 
relates the probability distribution after each 
K-th collision with the (x +1)-th one. 


2. THE EXPRESSION FOR THE GREEN’S 
FUNCTION OF THE KINETIC EQUATION 
IN TERMS OF MULTIPLE INTEGRALS 


To solve the integral equation (4) we shall em- 
ploy the usual method of successive approximations. 
This makes it possible to find successively the pic- 
tures after 0,1, 2,...k collisions (functions Gp, 
Gi,..., Gy, respectively). Each subsequent G,+, 
is found by integrating the product of the preceding 
functidn by the kernel Gy. G, can be called a par- 
tial probability, since it plays the same role for 
the kinetic equation that a partial wave does for 
the wave equation. 

Let us first find Gp) from Eq. (5). 
6(r,; —1r) inthe form 


Inserting 


n 1 2 
o(ry] —r) = = \ d®k exp (—ik (r; —r)), 


and dividing by the operator (1Q grad +1), we get 
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exp (—ik (rt) —r)) 4, 
pika 2 *: 
(6) 


Performing the integration with respect to one of 
the components of the vector k (for example, kx) 
by means of the theory of residues, we get | 


Wee = r MQ] 
| Q, | 


aah ; 1 
G,(1, 0) = 6 (2; —@) 6 (uy u) si \ 


Gy (1, 0) = 73 (Qs. — 2) 3 (us— 4) 


Q Gg es 
( oO. ny tr] 
(75 | 


a ; 
25 ? Tas + r) : 


x 


| 
ee leforsag= (0; | 
Oforsa<0; 
| 
From this it can be seen that Gy) has a singularity 
on the straight line 


ix x iy y iz /2 
= a = const =s 0. 8 
a, a, O; const = s > (8) 


According to Eq. (8) the vectors (r—r,) and Q 
are strictly parallel. Since |Q| =1, this means 
that 
Sab) |: (9) 


Equation (7) can then be rewritten in the form 


G, (1) 0) = SPE sa 9) 


i[m—rP 


(10) 


> > Tay 
x 3(u, —u)3 (2 —_=). 
In these transformations repeated use has been 
made of the property of the 6 function, 


STF (x)l = SP (*—4s)/F (xs); Fs) =0. (11) 


It can be seen from Eq. (10) that Gp contains a 
dependence of the form R’exp(R/l), which is 
characteristic of a transmitted beam, as was natur- 
ally to be expected. 

It must be remembered that a 6 function of 
unit vectors factors into only two 6 functions, cor- 
responding to the number of independent compo- 
nents. For example, 


6(Q—Q,) = 8(u —p4)8(e—g)), 


where p, y are the cosines of the polar angles 
and ~, yy are the azimuthal angles. 

To solve Eq. (4) it is more convenient to insert 
in it the function Gp» in the form (6), not in the 
form (10). We obtain: 
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GO) =x GUND) ve Ba aah, arta G (1,2, Qi, Qs, Hay Hs) f (QM, u — sg) \ dr APTA — Od 


Carrying out a straightforward calculation, we find: 


Gh os =a\ dk t f (Q:Q,,u — uy) exp [—ik (r; — r) )] 2 (uy) 


File OVE FRO) 


Here and in what follows use is made of the fact 
that the integration with respect to Yr, can be per- 
formed at once and gives 6(k, —k), so that the 
integral with respect to k will still remain a 
triple integral. Furthermore, we have written as 
a simplification 


Aira 


Continuing the process of calculating the “par- 
tial probabilities,” we find 


b= (yy: 


exp [—ik (ry, — r)] A (ui) A (ue) 
+ i1k-Q)(1 + i k-OQy)(4 + ilgk-Qy) 


G, = (a ( dus \ PQ, a 
0 


xX f (Ry°2,, Ue — ul) is (2-2, u — Us); 


2 ani dk | du, \@ 2,( du; | dQ... iq du, #2, 
0 0 
A (ty) f (Q:Q2,u — us) f (Q,,°Q1,u,, — uy) 


x exp [— ik (r, —F)] (+ ik-Q)(1 + ihk-Qy) 


ie UN ie as 
pall rrika, [] f(@e Sop) te tot): 
O=2 
G(i, 0)= 36.(1,0), (13) 
x=0 


This is indeed the final form for the Green’s func- 


tion of the stationary kinetic equation. We note that 
nowhere in the above calculations has use been made 
of the concrete form of the function f{(2-°Q,, u—u,), 


nor of its dependence on any combination of its ar- 
guments. Therefore the formulas (13) are also 
valid when f= f£(, Q,, u, u,). 

Each term of G is positive, according to its 
physical meaning, so that the series (13) is a 
series of positive terms. Thus the problem of 
solving the kinetic equation has been reduced to 
a problem of multiple integration. Well developed 
procedures of approximate integration exist for the 
calculation of multiple integrals. We once again 
emphasize the fact that Eq. (13) provides an exact 


a = sf ke | do, Yai | aay ae 


0 


4 h (u,) seer 


exp [—io (t; —- t) — 
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1+ ilk-O (12) 

solution of the kinetic equation, valid for arbitrary 

energies and distances from the source, and for 

any form of the function f. 

3. GENERALIZATION TO THE CASE OF THE 
NONSTATIONARY KINETIC EQUATION 


In this case the operator (JQ grad +1) in Eq. 
(1) is replaced by 
(Os 24 1 (4) Qerad + WL 


The integral equation for the Green’s function 
takes the form 


Ge. lad Gna ele 0) +\ dus ( du \ a2, | dQ, 
0 


x (at, \ d°r,Go (t — t, 2, 0)G(ty— test, Po, 21, Qs, tty, Us) 


x f (2-5, Uz — Us) A (us), (14) 
where Gy satisfies the equation 
(war + [grad +1) Go(ts—#, 1, 0) 
= 6 (t, —¢t)6(ry—1r) 6 (Q,— &) 6(u,— uv). (15) 


Representing 6 functions as Fourier integrals, we 
get 


Gy (t, —t, i ives ean) 8 (uy, — u) | dPkde 
exp io (tno) rk (tia) eee m ~ 
T+ fet pilk-O a 8 (Q 2) 6 (u; — u) 
x 8 (ry 2—!@)exp(—4—1), (16) 
= 1(u)/ 0: 


Equation (16) expresses the physically obvious fact 
that Gy is different from zero only on a segment 
of a straight line for which the equations are 


linge malig Ey mey Nz 


Q, OF 


a? Sel pipe epee, 


~ 
v 


As before, the vector Q is parallel to the vector 
r;— 1, but the length of the segment depends on 


the time. 
The method of successive approximations gives 


at once 


ik (ry —1r)] A (uy) f (Q°Q2,u — ug) fF (QY2Q1,u,, — 41) 


| du, \ AQ, 


(1 + ilot + ilk-Q)(1 + thot; + thk-Q1) 


sll, 1+ il,ot, + il, k-Q., ie. "Qa41, Uo — User); 


a= 


G (ij =t,1, 0) = 


eee 


SEGu (a, Ad 0). (17) 


0 
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4, SOLUTION OF THE KINETIC EQUATION FOR 
THE PROPAGATION OF GAMMA-RAY QUANTA 
AND THE DIFFUSION OF THERMAL NEUTRONS 


The transport equation for y-ray quanta is 
Ey 
(iQ grad + 1) V(r, Q, E) = dE, \ eh (E,) 
vo 


(18) 


x M (2-Q,, Ee Ea) (r,Q), E)) ar Q (i Q, ey 


where W(r,Q, E)/Z, is the number of quanta at 
the phase point O(r, Q, E). The energy is ex- 
pressed in units of the rest mass of the electron. 
1, is the mean free path against Compton scatter- 
ing, Ly is that against the photoelectric effect, 


h= lple/ (le + lp), 


and M(Q-,, E, E;,) is the Klein-Nishina differ- 
ential cross section for scattering of a quantum 
from the state Q,, E, into the state , E. 

The analogy between Eq. (18) and Eq. (1) is al- 
most complete. Therefore the Green’s function of 
Eq. (18) is given by Eqs. (10) and (13), if one makes 
in them the replacements 


Uy Es 
lok; u=0—E)3; u>E; f>M; \-\ me CLO) 
Ome 


It is also easy to write down the Green’s func- 
tion for the diffusion of thermal neutrons. In this 
case the kinetic equation does not contain the en- 
ergy (cf. reference 2). Therefore in the formulas 
(13) one must omit all the integrations over ug, 
so that, for example, 

Gait (1, 0) = ga 0k \ dQ, \ 22s. a | #2, 
AXf (Q:Q2)f (Q,Q1) 
X (f+ k-OM1 + ilk-Qa\t + ik Q,) 


me (Ole. ae 


ny 1+ ilk: 


(20) 


5. CASE OF SLOWING DOWN AND DIFFUSION 
OF NEUTRONS IN A MEDIUM IN WHICH THE 
MEAN FREE PATH IS CONSTANT 


The method of solving the kinetic equation by 
means of partial probabilities, which has been ex- 
plained and applied to all the equations of trans- 
port of neutrons and y-ray quanta in Secs. 1 to 4, 
has reduced the problem of obtaining the solutions 
of these equations to problems of multiple integra- 
tion. For these latter problems there exists well- 
developed procedures for both exact and appraxi- 
mate solution. 

As an example, in the present section we shall 
find the exact spatial and energetic distribution of 
neutrons slowed down in a medium in which the 


G. DIAD7 OLY 


mean free path is constant, and in which the nuclei 
scatter the neutrons symmetrically in the center- 
of-mass system. The case of the diffusion of ther-. 
mal neutrons is obtained as a special case of this 
one. As is well known, no method hitherto pre- 
sented has made it possible to find the exact solu- 
tion of the kinetic equation for this case. In per- 
forming the multiple integrations we shall employ 
the usual operator method and expansion in series 
of Legendre polynomials. 

We expand all the scattering functions in series 
of Legendre polynomials 


f (2:2, u— uy) = S) Aa (u —- Uy) Pa(Q°2y) (21) | 


ee = (a—m)! nt m fe | 

ee mam Aa (u Uy) Pa (%) Pa (p41) cos m(¢ Te 
.. _ {1 forsm=9, | 
’ => for m=:0; 


Pa (uw) are the associated Legendre polynomials; 
Ha =ky)-Qq is the cosine of the angle between the 
vectors Qg and k; k) =k/|k|; @ is the azimuthal 
angle of Qq in the plane perpendicular to k. 

This expansion at once makes it possible to sim- 
plify the multiple integration with respect to the 
logarithmic energy variables in the case in which — 
Ll does not depend on u and either there is no cap- 
ture of the fast neutrons [h(u) = 1], or else 
h(u) = const. 

In fact, we write 

u Uy Uy_y 
WY oe { du, die \ duyAg (U— Ug) Ap (Uz — Ug)... 
0 0 0 


oe Ap (ey 


We perform the Laplace transformation 


W(p) = \e-mWdu. 


0 


— Ux) Ap (lx — Uy). (22) 


Changing the order of integration over u and Uy, 
we get 


Uy 


W (p) = (dus) due-r( ee 
0 Us 


0 


w. 


“x—1 
\ du,Ag (U — Us)... Ap (Ux — uy) 
0 
foo} co u uy 4 
a \ Aa (te) e~ Ptdt, \ duye—P% \ duce \ du, 
0 0 0 0 
X Ap (Uy — Ug)... An (Ux — uy). 


Continuing this process in the same way and writing — 
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Ag (p) =\ e-P¥Ag (u) du, (23) 


we get 


co 


W (p) = Aa(p) Ao(p)-»- Ag(p){ e-P*Ar (uy — uy) du, 


= Aa (p) Ao (p).. - Ag (p) e~?*An (p). 


Thus instead of the multiple integrals with respect 
to the uq we have a single integration: 


W = L™(p, u— uy) Aa(p) Ao (p).-. Ag(p) An(p), 
C+ico 
LE (p, a) = com eP4dp, 


Ddh 
c—ico 


(24) 


(29) 


h 27 Sit 


co & 
Dy Di emenAg (0) Ak (p) \ dex | dix cos m (ox-1— x) COS 2 (Ox — 44) 


&,h>=0 m=0 n=0 0 =i 


co min (g,h) 


Saree ey) D4(q)PR (v1) 608 m2 (2x1 — 41); 


gh=0 m=9 


where the quantities 


Don (¥) = Dae (y) = | 


are calculated in the Appendix. Here we have written 


Carrying out successively the integrations over Ly-14, Uy-2,-- 


' (os) min (@,6,..., h) 
> lS ay 
GLO. >) » 


m=0 
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where, as usual, the straight line Re(p)=c is 
drawn to the right of the singular points. 

To avoid misunderstanding we remark that just 
as in the kinetic equations, the integration over u 
starts at zero in Eq. (23), too. This means that the 
maximum energy of the neutrons from the sources 
is taken to correspond to zero (in the opposite case 
the integration would be taken from —~). There- 
fore we always have 


Aq (u)=0 for u<0. 


We now go on to the integration over the solid 
angles. After the series expansion and the Laplace 
transformation, there remain integrals and sums 
of the form 


PE (Uy P 2 (u,.) Pat (a) Pt (ur) 
1 + ilkp, 


i 


(26) 
[Pe (y)Qr(y) for g<h, 
Qe (y)Pr(y) for g>h 
. Ag (p) = Ag (p) (g —m)! /(g + m)! (27) 
- M2, we get: 
L™(p, u— uy)\ dk exp [— ik (tr; —1)] ¢mAa (p) Ab’ (p).. . AZ (p) AR(p) 
cos m(e — $3) (28) 


lk 


It must be remembered that the angles yg and 9, 
are measured in the plane perpendicular to k, so 
that p — ~; is the angle between kxQ and kxQ. 
The expression (28) can be considerably sim- 
plified if we expand the fractional quantities de- 
pending on 2 and Q, in series of Pe(k)-Q) and 


Then 


co foo} Em 
ee & (an) 


lk 


x (= a (| AD™ eles cos m (o = 0). 


I ee (Ky O)D EDO DE Gib) Pe (ke Od) 
( ) : (1 + k-OQ)(1 + ilk-O,) 


Pq(k)-2,), interchange the summations over the 
upper and lower indices, and introduce the matrix 
notation: 


|| AD” || —is the matrix of the quantities 


V A® (p) AF (p) DS (i / Rl). 


4 2b if m —m 
Plan 2ah) ( F Makex 0 To the (gfe) kelp On 


V Av (p) AX? (p) 


(29) 


Summing all the G, and using the property of the geometric progression, we get 
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» LAD AGEN 
ie, (2a + 1) (2b + 1) 


x \ d®k exp (— ik (r,) —r)] 
Diop (DP; k,l 


Here the matrix of the fraction must be understood 
in the sense of a series expansion. In addition we 
have used the fact that Eq. (29) is also valid for 

= 0. To prove this one expands the expression 
for Gp obtained from Eq. (16) in a Laplace integral 
and Legendre series. 

We now recall that in the particular case of scat- 

tering symmetrical in the center-of-mass system 
one has the formulas (cf. reference 1) 


Gy ee 4 —exp[— (p+ 1) uy) 
~ 165M poet 
A (p) = Cy LM 
M 
; 2p + 2—-M + (2p + 2-+ M)exp[—(p + 1) ay) ; 
é (2p + 1) (2p + 3) ie 
2a + 1)(M +1) ie 
Aa (p) = SCS FEED (eo Pg (Xn (u)) du 
M 0 
Xu (u) = ee Mt ule um =2In-te 


Thus Eqs. (30) and (31) give the Green’s func- 
tion of the kinetic equation for the slowing down of 
neutrons. They are of simple structure and are 
written in vector form. We note that the functions 
Gx given by Eq. (29) are interesting in themselves, 
since they are the probabilities for x collisions. 

In particular, it will be shown below that in the case 
of atoms of a single kind 


G,=0 for x«< (u— uy) /uy. 


It is also easy to write down the Green’s func- 
tion for the diffusion of thermal neutrons. Using 
the recipe from Sec. 4, we quickly obtain 


Gaig (1,0) 
m (24 +- 1)(26 + 1) 
2 (21)4 


2 oe 


m=0a,b=m 


\ ak exp [— ik (r, —r)] 


cos m (~ — 91) 


i m m 
X = Dan (R, Ll) Pa (Ko- 
‘ V aray 


Q) P,™ (ky Q;) 


— 


25 (R, 1) = (| AD" / (1 — 


AD"), (32) 


2 Qn L™(p, u— uy) 
| 
Di, (Py hy) Pat (korQ) Py (KorQ2x) cos m (p—2) (30) 
1h (A™ (p) Al (py) | 
m t m (34) 
= (}AD"/(1 = Fe ADI), 


Suppose that in an infinite homogeneous medium | 
there are sources S(r, 9, u). Then the solution of | 
the kinetic equation for slowing down is written in 
the form 


© co c+ loo 
&, (2a + 1) (26 + 1) 
¥(,2u= > > = | {om oe 
m=0 a,b=m ¢—ico 
ye SEP RAT), (p, B, 1) PE (ky 2) Shek | 


V AX (p) te 


‘Si 1 
S» (Dp; k, © ©) = Ont \ du, \ ar, | 29,5 (rz, Q,, Uy) 
0 


exp {— pu, — ikr,] —m 
Ps 
V Ar (p) 
In the particular case of a point source which is 
isotropic and monochromatic and is located at the 
point ry, 


x 


(k,'22;) cos m (~ — )). 


S =8(r—r,)8(u), 


by expanding exp ik(r—ry) in.a series of prod- 
ucts of Legendre polynomials and Bessel functions 
(cf. reference 3) and integrating over the surface 
of a sphere of radius k we get: 


(2a+ 1)i 
Priced 


V(r,2,u) = >} 


a=0 


7 ‘la 
L“(p, w) \ V kdk feeouacras e 


r,—t 
x Dao (p, R, L) hee ( Si=7] Ja+, (e|r.—r]). 


The arguments of the Legendre polynomials and 
Bessel functions correspond to the fact that 
depends only on the angle between the momentum 
and the radius vector drawn from the source, and 
on the magnitude of this vector. The term a =0 
gives the part of © that does not depend on the 
direction of the momentum: 


te the. L(p,u w)\ dk 
0 


sink|r,—r| 
1, —F | Ao (p) 


Dy (p, k, l). 
(35) 


6. EXAMINATION OF THE SOLUTION AND 
SPECIAL CASES 


The function %) given by Eq. (35) is a sum in 
which the x -th term is of the form 
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sink|r—r 


Ao(p) |r, ee (= mM [Ao (P) Qu zl 


Ania (Ay(@)i 


ae 


-L+(p)( 


[2 (=)) +...) dk. 


Here we have written out several terms of the matrix element, arranged in the order of decreasing size 


near k=0. The integrands can easily be summed: 


Sie ae pies r | dk Qo (i / Lk) 4mi Ar (D) (Qu 1A) 
i on21 ; |r, —T| | 1 —(4mi / Lk) Ao (p) Qo (i / LR) Ik [1 — (4mi/lk) Ay (p) Qo (i/Rl)|? 
__ 4ni Ae (p) [Qz (i / RD]? 


+( =2 y Ag (P) [Ax (p)P (Qué / ERMA 
[1 — (4mt / 1k) Ao (p) Qo (i / RL) 

The first term in Eq. (37) is the only one in the 
case of scattering that is symmetrical in the labo- 
ratory reference system. It agrees with the solu- 
tion of Placzek and Volkoff given in reference 1 
(single-velocity approximation), as one verifies 
without difficulty by carrying out the integration in 
the complex plane. The result consists of the resi- 
dues at singularities given by the equation 


dri tan"? kl 
1 — = Ay(p) Gy = 0 
and the integral around the cut (i/l, io). This 


procedure will be carried out below in general 
form for the partial probabilities. If we suppose 
that only Aj(p) and A,(p) are different from 
zero, then all the terms containing A,(p) can 
also be summed easily. It can be seen from Eqs. 
(36) and (37), however, that the term containing 
[ Ay (p)]? is already of the same order as the 
term in A,(p). 

The procedure of operating with matrices in 
the partial probabilities makes it possible to avoid 


cumbersome calculations with infinite determinants, 


such as occur, for example, in Wick’s method (cf. 
references 1 and 4). 

It is preferable, however, to use not the expres- 
sions (37), which are relatively complicated, but 
the partial probabilities (36), after first trans- 
formed them to a more convenient form. For this 
purpose we convert the integral over k into a 
complex Fourier integral. It is easy to do this if 
we note that 


({) AD (i / RL) og = (— 1)" || AD (— i / L) lioo™ 


in view of the fact that 
Pa (i [ RL) Qo (i / RL) = — Pa(—i/ kl) Q,(—i/kl)e“e-) 


and the circumstance that the matrix elements con- 
tain sums of terms of the form DoyaDabDbc - - 


Te [=i] 1k) Ay (9) On TI TY 


. Dpo- 


(37) 


After this, noting that the points k=+i// are 
branch points and there are no other singularities, 
we transform the integral along the real axis into 
an integral along the cut (i/l, ie) and introduce 
the new variable x =i/kl. The result is 


1 
ED (4nx)“exp (—| r, —r | / 1x) 
Lox = pay L (Peal) | Weer i rea 
0 
V2 ¢ 
x {|| AD (% — #0) [p44 — |] AD (x + 10) |P*4}o0 = ar Jax 


xc Sete CL) OM 122 (7, ) Aga 


See i | 
Qo (x) 
xUnel Boy) 


(38) 


+L (p, W) [Ag (p) PAs (Pp) (B (x) 2? (B(x) P 


x Uxta ( Soe ) — 2xB (x) Ux ( et) 
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where Ux (xX) = Sin (K cos~!x) are Chebyshev 
polynomials of the second kind and 


Day (¢ 10) = Pa(*) [QF Po(x)] for a< 6; 


=V G(x) + 2/4. 


It is easily shown that the integrand has a sharp 
maximum at x =1. The maximum is due not only 
to the presence of the exponential, but also to the 
logarithmic singularity at this point, B(1) =». 

It is easy to see that the first term dominates the 
others, since near x =1 itis larger than the others 
by at least a factor (In ~)?. 

As for the inverse transformation of the coeffi- 
cients that depend on p, this is easy to do by using 
the appropriate formulas given in reference 5. For 
example, in the case of a single element 
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(M ate (\etemae 
(167M)* (x — 1)! 


Ag (a; %) = £77 (0; &) [AS Dp) = 


x > eS 1)" (u — nuy)*y (u — nun); 
Lp, u) (Ay (p)PAAn(p) = \ Ag (tt, ») Ar (w= ta) diy 


u—U yf 


The first of these formulas agrees with the well 
known relation (cf. reference 1) for the energy 
distribution after a given number of collisions. 
Marshak’s review article also gives the extension 
to the case of a mixture of elements, and asymptotic 
values of the function Aj(u, x), which has a sharp 
maximum at kx = u/2uyq. It is not hard to show by 
the method of mathematical induction that for k < 
u/uyy, i.e., when the summation in Eq. (39) is not 
broken off, Aj(u, Kk) = 0; this is physically ob- 
vious. 

Thus Eqs. (87) or (38) and (39) give expressions 
in quadratures for YW) and Wx. It is clear that 
for the value of x equal to the average number of 
collisions needed for slowing down to a given energy 
one will find a maximum of W),. Therefore it is 
sufficient to include a small number of the Wp 
which are in the neighborhood of this average k. 
Owing to the rapid decrease of the integrand (par- 
ticularly for large «) the integration does not in- 
volve much labor. 

From the structure of the formula (36) one can 
see how the results are to be extended to the case 
of a nonconstant mean free path. In first approxi- 
mation it is obvious that we are to make the re- 
placement 
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EE x 
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7. COMPARISON OF EXISTING METHODS; 
SUMMARY 


In methods existing hitherto simplifying approxi- 
mations have been introduced directly into the equa- 
tion. Wick’s method!» is based on expanding the 
functions f and W in series and obtaining an in- 
finite system of equations. One then determines 
approximately the zeros of the infinite determinant 
in the denominator of the integrand. In the one- 
velocity method! and in the considerably better de- 
veloped method of Temkin® only the scattering func- 
tion is expanded in series (which is broken off after 
a certain term). In reference 6 the main part of the 
solution is found, corresponding to spherical sym- 
metry of the scattering, and then a perturbation 
method is given for finding corrections. 
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The main shortcomings of these methods lie in 
the fact that their formalism (1) is not related to 
the physical peculiarities of the phenomenon, and 
(2) does not make it possible to write down an ex- 
act solution in the form of combinations of known 
functions and operators. 

The advantage of the method of partial probabil- 
ities lies in the fact that it introduces explicitly a_ 
new physical variable — the number of collisions 
of a particle with nuclei of the medium. The for- 
malism has a clear physical meaning, connects 
the entire problem with the theory of probability, 
and reduces it to a problem of multiple integration. 
The method deals with the actual physical picture 
of successive transfers of neutrons or y-ray 
quanta. It makes it possible to write down in a 
compact form the exact solution of the kinetic 
equation as a function of all six variables, and 
then, by the use of the available apparatus of mul- 
tiple integration, to bring it into a simple form 
convenient for calculation. 

The entire method set forth above is in principle 
capable of being applied also to boundary-value 
problems. For this purpose it is necessary to 
choose the zeroth-order partial probability in 
such a way that it satisfies the boundary conditions. 


APPENDIX 
We shall show that 


1 ¢ P™ (x) P(x) ie (*) Qp (x) asd 
5 \ axn= 


Sea aa Qs (x). Pp @) sa Sb 
(A.1) 


Diao (y) = 


ll 


where y is not on the segment (—1,+1) and 


Qa (y) = (y2— 1)""d™Qa (y) / dy” 


are associated Legendre functions of the second 
kind (cf. reference 7). 
To obtain the proof we first calculate 
al 
m 4 Po (x) Pin *) 
Dina (Y) = 3 \ 

as 
Integrating by parts and differentiating with respect 
to y, we get: 


dx. (A.2) 


d m 2 — 
aig Dina (Y) = —"— (a + m) (a—m + 1) Doha (y). 


(A.3) 


We use the relation 
d m m 
gp Seren 
= (2m — 1)(a+ m)(a—m + 1)(1 — x2)" V2 pm (x), 


and the obvious fact that for any value of m 
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Dia (oo) = 0. (A.4) 
Equation (A.3) at once gives 
pie _ (2m—1)!! (a+ m)! 
dy”™ aM) = a (a—m)! Dra 
=(2m— 1)! EERE Qa (y). (A.5) 


—my)! 


Integrating Eq. (A.5) with the supplementary con- 
dition (A.4), we get 


| Qa(y)dry 


‘, yee 
Dita (y) = (2m — 1) BESET. 
YY 


= (2m — 1)" = Pin (y) Qa (y). 


+m)! j—m 
1) ee Ge WY — 
We next take the case, witha =>m+t+1: 
Sel 


m 1 
Din+i.a (y)= 5) \ 


—al 


Presa) Pm (x) 
YX 


ax 


Om 1 fx PM (x) P™ (x) 
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dx 


+i 


Seer Pin (x) Po’ (x) 
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Ui aX, 


dim Pay) Qa (yy: 
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Here we have used the orthogonality of the associ- 
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ated Legendre polynomials. Thus the theorem 

(A.1) is proved for b=m and b=m+1. Itis 
now easy to prove it for arbitrary a and b by 
the method of mathematical induction, by using 
the recurrence relation 


2a+1 
a—m-+1 


a-+m 


BCC Vex trgear pray 


Pea): 


eee (x) = 


1R. Marshak, Revs. Mod. Phys. 19, 185 (1947). 

2S. Glasstone and M. Edlund, The Elements of 
Nuclear Reactor Theory, Van Nostrand, 1952. 

3G. N. Watson, A Treatise on the Theory of 
Bessel Functions, Chapter 4, Cambridge, 1945. 

4G. Wick, Phys. Rev. 75, 738 (1949). 

*Ditkin and P. Kuznetsov, Cupasounux m0 
ollepalHoHHomy ucuncseHuto ( Handbook of Opera- 
tional Calculus), GITTL 1951. 

6A. S. Temkin, [puxaagnaa reodbusuxa ( Applied 
Geophysics) 17, Gostoptekhizdat 1957. 

"E. W. Hobson, Theory of Spherical and Ellip- 


soidal Harmonics. 


Translated by W. H. Furry. 
301 


SOVIET PHYSICS JETP 


VOLUME 34(7), 


NUMBER 6 DECEMBER, 1958 


MULTIMAGNON PROCESSES IN THE SCATTERING OF SLOW NEUTRONS IN FERRO- 


MAGNETS 


S. V. MALEEV 


Leningrad Physico-Technical Institute, Academy of Sciences, US... a 


Submitted to JETP editor December 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1518-1525 (June, 1958) 


We calculate the cross section for the inelastic scattering of neutrons in ferromagnets, ac- 
companied by the absorption of one magnon and the emission of another. It is shown that this 
cross section is small compared to that for scattering with absorption or emission of a single 
magnon. It is also shown that the role of scattering processes in which more than two mag- 


nons participate is negligible. 


In a preceding paper of the author! it was shown 
that there are two types of multimagnon processes 
of scattering of slow neutrons in ferromagnets: 
two-magnon scattering, in which one magnon is 
absorbed and another emitted, and three-magnon 
scattering, in which two magnons are absorbed 
and one is emitted. 

This result was based on spin wave theory in 
the form given by Dyson.?*3 In Dyson’s papers all 
types of interactions between atomic spins were 
neglected except for exchange interaction (which 
can be done only for ferromagnets with a high 
Curie point), and it was assumed that the magnetic 
atoms (or ions) form a simple Bravais lattice. 
Therefore the conclusion in reference 1 concerning 
possible multimagnon scattering processes is also 
valid only with respect to such ferromagnets. 

We shall calculate the cross section for two- 
magnon scattering, limiting ourselves for simplic- 
ity to a scatterer with a cubic lattice. Using Eqs. 
(1.5d) and (1.6), we find the following expression 
for the two-magnon scattering cross section* 


Sele Gl ee Cor Ea) eg. acag aye (1) 


x [1 — (£2 )"]2@) [n(0) + 1]8(q + » —e +7) dedp, 


where, from conservation of energy, 


p? = p* + « (u?—?), and « >]. 


From here on, as in reference 1, we replace 
q by T everywhere except in the argument of the 
6 -function, and then integrate with respect to p. 
The result is: 


*We use the notation of reference 1, which we cite as I. 
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t= here yt =( 


(p',)? In (04) + 1] + (pL)? [2 (e_) + 1] 


where 
K=P-+ 4, 
ps = «1 (Q?— pe), 
pa = aK (a + 1) 
x {cos?¢+[cos?6 — a (a + 1)(1— Qa tK~)]"}, (3) 


and ¢ is the angle between K and p’. 

We can now easily integrate (2) over dQ, 
choosing the z axis along the vector K. (The 
fact that this integration can be done relatively 
simply is the reason why the total cross section 
is easier to calculate than the differential cross 
section, since integrating (2) with respect to pu 
is very complicated.) We have to treat two cases: 


1) ak? > Q, Za <Q? (4) 
In the first case 


1 > cost > cosy = {(« + 1) a 1[1 — Q? (ak?) 4}! 


while in the second,* cos ¢ varies from 1 to —1; 
also, in the second case p< 0 and we need keep 
only terms containing p‘4 in (2). In both cases the 
integration over dQ reduces to an integration over 
dpi. The integral is easily done and the final re- 
sult is the same for both cases: 


*One can show that the condition q ~ T is not violated for 
any angle ¢ 
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ie pee —2W, U mT\2) «7 
Betas) Mere Ft (ere Tes | (=) | eau) 


NT 1 — exp (—T,82R2_/ 2vT) 
. | a See pe 
iB = ee | 
where 
Ri = (@+ 1)? (V@+) @—ak? = Kp = (5 z a (2) 


; 
x {V (wep)? +257 (pt? Pe) Fat P+ pl) . 


We still have to integrate (5) with respect to up. 
The integration over the direction of p can be 
changed to an integration over the length of the 
vector K=P+u, so we must find the limits of 
variation of K. But it is obvious, on the one hand, 
that 


|P—vj|<K<P+y, (7) 
and, on the other hand, we have from (6) that 
K<(1 + 1/«)%Q. (8) 


The simultaneous inequalities (7) and (8) give the 
following results: 

(1) Ifp > P, K varies between the limits (7) 
for all wp. 

(2) If 


P>p>Vaj(a+l)P, 


K varies between the limits (7) for all yw except 
those lying in the interval 


at [P —V(@ + 1)(P?— p*)] 
<pgat[P + V(«+ 1) (P?— pl, (9) 


while for these values of ww, K varies in the in- 
terval 


|P—pi|<<K<V1+41/«Q. (10) 
(3) I 
p<Va/(a+ 1) P, 
then for 
p<py Kae t[— P+ V («+ 1) (P?— p?)] (11) 


no scattering can occur; for values of yw in the 
range 


by <p<at[P + V(a+ 1)(P?— p*)), (12) 


the limits for K are given by (10), while for 
larger m they are given by (7). 

The shape of the region of integration over K 
and p changes when P=p and P=pv(a+1)/a. 
Considered as a function of P, the total cross 
section Oty, aug) therefore has a kink at these 
values of P. One can show, moreover, that for 
P=p+0 


O07, 1 (P: P) /OP=+o, 


and consequently the cross section is a maximum 
for P=p. This is related to the fact that, for 
P=p and w=0, both n(p) and the logarithm 
in Eq. (5) become infinite (the latter because R% 
=0 when P=p and w=0). 

From now on we shall assume that 


P/a&8, 


(|p? — P? | jake B, 
B= 81Y QT /T.. 


Since a@ > 1, these inequalities are valid over a 
very wide range of values of p and T. 

When (13) is satisfied, expression (5) simplifies 
considerably. In fact, when yw 2 6, Ry ®¥ uF K/a, 
and the logarithm in (5) becomes 


(4. / a8?) Kn (u) + O(«*), 


while, if 4 « 6, the expression in the logarithm 
in (5) can be replaced by Rone since in this case 
Roeccues. 

After such a simplification, it is easy to deter- 
mine the dependence of the total cross section on 
a. First, it is clear from (14) that the contribution 
to the cross section from large values of u(u2 B) 
is proportional to Gat 

In the region of small yp, so long as a@R,y>K, 


(13) 


(14) 


In (RERG) = 4K(@Ry), 
i.e., the contribution to the total cross section is 
also proportional to a! in this case. The condi- 
tion @R;>K is violated if 


p2<oat(2Pu + P? —- p*) + O(a), 


but the equation Re (uw) =0 has roots for just 
these values of p, so that in this case (5) has a 
logarithmic singularity and the contribution to the 
cross section from this region of values of pw is 
in order of magnitude no greater than A(alnA 
+b), where A gives the dimensions of the region 
and a and b donot depend on A. Obviously, if 


P/a>Va|p—P%, 
then A ~ am) and the contribution to the cross 
section is of order 


ot (a' Ina + 0’), (15) 


where a’ and b’ do not dependon a. Butif 


a?P< v|[p?-—P?|/a, then from (11), 
A = Va2|P?— p?j + O(«4)—p, = O(a) 


and the contribution to the cross section has the 
same form (15), but with different values of a’ 

and b’. Finally, the contribution to the total cross 
section from the difference R2 — R4 which appears 
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in (5) is also proportional to 1/a@, so that the total 
cross section has the form (Aln a@+B)/a. 

As already mentioned, for given values of p 
and T the cross section is a maximum when P 
=p. The cross section in this case is calculated 
in the Appendix, where the following result is ob- 
tained: 


1-1 (P> P) = L6nirty®F*(t) Gea eh ay (16) 


Gee bee Se "43 +0(0%) 


One can also show that for the case of long-wave 
neutrons (p <7) and for temperatures which 
are not very low (ra? « gi aN the total cross 
section for two-magnon scattering is given by 


ex Tem 
(Dy 9) = 162722 F? (2) he = [1 — (EB ] 
4 /2T \2 4 2vT a 

x d4ap = } [in (<5 
where C ='/, + In 2 — 7°/12 = 0.37. 

For comparison, we give the expressions for 
one-magnon scattering in the two cases which we 
have treated. Using (1.23) and (1.35), we find for 
P=p: 

of (p, p)=97,(p, p)+ 
—2W. mt \2 “PANDY 
x Face Ms [1+ (2S) aoe F(In 


(o 


7) +e] FOC@=%. (7) 


(18) 
= ] ; 


while for p«T and ta~'/? « g/2, we find, using 
(1.24): 


Se (Pp, P) ae anSy'r? 
i 


oi (p, &) = o_4 (p;-*) (19) 
= nS? (eye [1 4 (EY) ABT ate 
nsroyeF? (se [1+ (SEY | Sar 7 le 

Comparing (16) with (18) and (17) with (19), we 
see that 


(P, 7). (20) 


It is obvious that in general two-magnon scattering 
is small compared to one-magnon scattering. When 
condition (13) is satisfied, this follows from the fact 
that in this case oT pee is proportional to a7!. 
Let us now aetlianies the magnitude of the three- 
magnon scattering. Using (I.5d) and (I.5c), it is 


easy to show that* 


37,1 (P> P< 5 (p, p)i o, _, (P, Sot, 


A arpecery (rane) 


= 55 On) ;\4 NG (u) 2 che 1 (Q, [P+ p)), 


where, in general, the region of integration over yu 
may be smaller than an elementary cell of the re- 
ciprocal lattice. Furthermore, it is obvious that 


(21) 


*For simplicity we assume the scatterer to be unmagnetized. 


+ O(a"). 
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ae, —l (Q | P + e)<oh,, —1 (Q, Q), 
while it follows from (16) that 
ert ie, QV oan es P), 


since p< Q, and therefore 


O54, 2 (P P)< 94, _, (P) Plasems 30 =) \ dun (u). 
Extending the pw integration over the whole space, 
we obtain finally 


a, —2(P» P)<xo%,, (0, p)/ 25, (22) 


where 


2 = 1/56 (/a) (0p /8x*h) (QT [Teh 1. (28) 


Thus we see that the three-magnon scattering is 
small compared to one-magnon scattering. 

As was stated at the beginning of the paper, all 
the possible multi-magnon scattering processes 
are included in the two we have treated if we can 
neglect all types of interaction of the atomic spins 
except thé exchange interaction, and if the mag- 
netic atoms form a simple Bravais lattice. 

In the general case one can assert* only that the 
principal multi-magnon processes will be those in 
which the total number of spin waves changes by 
no more than unity. This follows from the fact 
that the projection of the total spin of the ferro- 
magnet on the direction of magnetization is at least 
approximately an integral of the motion. In fact, 
the ecole amplitude opened: linearly on the 
operators St Sp aandas But it was shown in 
reference 1 iat if the projection of the total spin 
of the system is conserved, the matrix elements 
of the operator St are different from zero only 
for transitions involving no change in the projec- 
tion of the total spin, while the operators sy give 
non-zero matrix elements only for transitions in 
which the projection of the total spin changes by 
+1. It follows that the operators Sj are respon- 
sible for the scattering without change in the total 
number of magnons, and the operators S# for the 
scattering in which this number changes by +1. 

If, however, we take account of the fact that the 
projection of the total spin of the ferromagnet is 
not an exact integral of the motion, then obviously 
scattering processes are possible in which the 
change in the total number of magnons is greater 
than unity. The simplest processes of this type 
are scattering with absorption of two magnons and 
scattering with emission of two magnons. Let us 
assume, as before, that the energy of a magnon is 
a quadratic function of its momentum and that a 
is a large number. Then, just as in the case of 
O41,-1, we can show that of.) and of -» are pro- 
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portional to a@!( provided, of course, that condi- 
Hop (13) AS satisfied), and consequently oF, 0° 
a, 2 < of, -1° 

We now show that if there is scattering with 
emission of two magnons and absorption of one 
magnon, this cross section is small compared to 
Chi: In fact, as in the derivation of (22), we can 
write 


sat 
oO 


2-1 (Pr P) <Fha0(D, p) gs \ dyn (y) 


= ¥5.9,0(P> P), (24) 


where ot 0 is the total cross section which would 
be gotten from (1) by replacing n(w) with n(p) + 
1 in (1), and changing the sign of 2 


fers from ohe, 9 by a factor which is small com- 
pared to unity. As we stated above, ote, 0 is Eee 
portional a 1/a, ps consequently OTe, ox oh, 215 
so that Oe, -1< oh, -1- In this same way we can 
show that the cross section for any other multi- 
magnon scattering process is small compared to 
Ge aD. EP’). 

We have thus found the following result. 


If the energy of a magnon is a quadratic function 


of its momentum, the cross sections for all pos- 


sible ug aenen scattering processes are small 


SONS RE with ot, -;(p, P). On the other hand, 
O44, tps e)) in turn is small compared with the 
cross section for one-magnon scattering (at least, 
for large qa). Therefore multi-magnon scattering 
processes play a minor role in the inelastic scat- 
tering of slow neutrons in ferromagnets, and in 
particular they cannot be used to explain the ob- 
served”»® large value of the total cross section for 
inelastic magnetic scattering in ferromagnets at 
high temperatures. 


APPENDIX 


In this appendix, we shall calculate the cross 
section for two-magnon scattering to terms of 
order a’, for the case where P =p. 

When condition (13) is satisfied, we easily ob- 
tain from (5) the expression: 


Bie On P) (A.1) 


[1—(S For at Sat Jo); 


2 —2W 2) 
== 20 roy F2(s)e E Qn) 


Jy = zo"| de -n(u) [|p + a |§—|p — a [95 (A.2) 


0 


*o45,0 (p, P) and oe, (p, P) are maximum at P = p for the 


c 
same reasons that were given for o;,,-,(p, P). 


in the expres- 
sion for p’.* The actual cross section for scatter- 
ing with emission of two magnons, if it occurs, dif- 


te le 
J,=8 \ du- un) {(p +») In( easel tee ey 
0 
ceva e a p+eut|p—vy]|\2 
| P a | intact tome!) 
(lp—en |— Q)(p + e+ Q))), ie 
#000 peen|Ore a Oa 
Selig: ; 
Jg= — Pp ( dy. - pen (2), (A.4) 
coils 
where £ is a number suchthat ¢«1, ¢p'/? » 
p/a. 
Since p/a « p'/2, we get 
Tome temd L 2 
= Pp\ ~— 4.0 (a8) = z—-mB%p.  (A.5) 
0 


It is convenient to split J, into two parts, in the 
first of which we integrate from zero to p/a, and 
in the second from p/a to cp! 2. We note that if 
p< py 2. we can, without violating the assumptions 
made about ¢, choose ¢ so that p is greater 
than ¢8/?, and can therefore assume that in Jp, 
p is greater than uw. If we replace n(pw) by 

Bue hin J, and introduce the new integration 
variable x =u/p, we get: 


Jo = p(y + Le); (A.6) 


oa ad {in Fexceet =| + «Inf 
1 


x 2+(«—1)x («+ 4) 


1, (atte t2V14 ay | 
ca) anes In ey cave (A.7) 


a fol 


Ff; Fie eo atx? —(14+V1+ ax)? 2 A.8 
+YV1+ax In aoe} 3 


(Oar 


If we make the substitution x =t/a in I, and then 


expand in powers of 1/a, we get 

ie S144 In 3) + O(« 2). (A.9) 
The integral of the second term in I], is easily 
done and gives 


h=_((—zln3) + tn a | + 0(- 


In deriving this expression we used the fact that 
cpl’? > pa! 

The remaining part of integral I, can be split 
into two terms: 


za) (A-10) 
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eee a4 (A.11) 
eee \ dy-y (y2 — 1) {in nftt = y+)ilto— asa} 
(ifanty'ls 

We easily find for I, : and, since ¢ <1, we have finally 

(1tateep-t)'ls 9 8 4 2 

9 9 a a — TT 
a doy Vs pee ts ape tO “yt. J, = = p6?(—Int + >— 4p). (A.15)- 
(1-pan3)'ls 
But this expression is smaller in absolute value Using these formulas, it is easy to get (16). 

than 4a? In( atpy?p ), and can therefore be neg- —. Ss 
lected. After substituting t=2 [( a-l y(y ehh )] rig S. V. Maleev, J. Exptl. Theoret. Phys. (U.8.5.8;) 


33, 1010 (1957), Soviet Phys. JETP 6, 776 (1958). 
2. J. Dyson, Phys. Rev. 102, 1217 (1956). 
3, J. Dyson, Phys. Rev. 102, 1230 (1956). 


we get for I_: 


te 


2 


dt 
= Sear eee ela! 
z=) pt ( ye 4 Elliott, Lowde, and Marshall, Proc. Phys. Soc. 
. . (London) A69, 939 (1956). | 
x {in} ij SS (eS ey (A.12) >R. D. Lowde, Proc. Roy. Soc. (London) 235, 
305 (1950). 
t, = 2[(n—1) (V1 + ofBp? — 1) (A.13) 8H. Palevsky and D. J. Hughes, Phys. Rev. 92, 
tp = 2[(2—1)(VI-et— lx Pies wee Sea 
From (A.12) and (A.13) we easily get 
I = 204 (FIn3— 1) + O(«?Ina). (A.14) 
We have only J3 left to consider. But from (A.4) 
we get: 
1s= oe xx as = — ph? {— In (1 — e-*+) 
co CG 
4 x dx x Translated by M. H h 
a = ny y M. Hamermes 
+f ¢ aie —1 1) (eee ar i}. 302 
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We have investigated entropy changes which take place in shock waves as translational, rota- 
tional and vibrational degrees of freedom are successively excited and as dissociation is in- 

duced. It is shown that the largest entropy change takes place when the translational degrees 
of freedom are excited; excitation of other degrees of freedom involves smaller entropy vari- 


ations. 


1. INTRODUCTION 


is a previous paper,! the author set forth a method 


of consideration of nonequilibrium processes in a 


shock wave, making use of the introduction of zones 


of “quasi-equilibrium.” The process of transition 
is as follows: a sudden throttling of the gas over 


several mean free path lengths produces an increase 
of temperature of the translational degrees of free- 


dom, the remaining degrees of freedom remaining 
“frozen” because of their large relaxation times. 
Further, an additional retardation of the gas takes 
place and there is a transfer of energy from the 
translational degrees of freedom to the rotational; 
the vibration are “frozen” in this case. Then the 
vibrations are excited, and later there is dissocia- 
tion of the gas. 

Let us denote by the index 1 parameters of the 
inflowing current; by the indices 2, 3, and 4 the 
parameters in zones where the translational, ro- 
tational and vibrational degrees of freedom are 
completely excited; and by the index 5 the param- 
eters in the zone of equilibrium dissociation. In 


what follows, we limit ourselves to diatomic gases. 


The introduction of zone 2 is strictly valid only for 
hydrogen and deuterium; in the heavier gases, the 
relaxation times of the translational and rotational 
degrees of freedom differ less. 

In zones 2, 3: 


Ph 2%nMiyy Yaa! (1) 

Dies uch A Let ech ie 
Cha Yr 1 Pr cnet A Pr 2 
01 eS P1 Geen ( ) 
T,/T1 = P,1/P1Pp- (3) 


In zones 4, 5 (cf. reference 1): 
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Pa _ Mitt ee (a ye 


ae Y, +1 +1 ot Jatt (4) 
Gr Yet 1 Pp y, +41 Pr 
Selerertin pulheseit F (9) 

Tx/T1 = (P,0,/P,,)/(1 +), (6) 
Vel (te — 1) = Hae/ 1 + %) RTGS (7) 


Hy, = Hy (pk, TK) is the enthalpy, referred to one 
mole yw of the inflowing gas, and x is the degree 
of dissociation. 

Making use of the method outlined above, we 
obtain the entropy change of the gas in transition 
from zone to zone. 


2. GENERAL RELATIONS 


In the absence of dissociation, the entropy change 
per mole of gas is equal to 


dS = cp dT/T — Rdp/p; (8) 
whence 
Sy Sie Oe Pa 
Sener Insts (9) 
S3 — Sg 5 T3 T3 Ps 
Spa ape (10) 
PaaS ae eT) 
Ree ee Ts Tole 
Baca OLN) maapta shi eel ome reacts 
TelTy 4 TelTy 4 Ps ” 


(2 


T, is the characteristic vibration temperature. 
When T,; > Tg, i.e., the vibrations are already 
excited in the flow, we have 
SpaGy eT (12) 
 crysn ee 


ty Je Pa 
In-* + In-*—-In—. 
ea Ty Ps 
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If Ty « Te « Ty, which is the case in strong 
shocks, 


EPS iia bart ba pers peg ema pas 
eon ang Ing +1 + Tr, + In T. In as (13) 
In the presence of dissociation, 
aT aT 
dS = (1 — x) Cpp a + 2xCp1 
dx dp 
ADT) me ae x) Rs (14) 


We can set the energy of dissociation D(T) 
equal to the energy of dissociation at absolute 
zero Dp. 

To compute S; — S4, we need to know the de- 
pendence of xk on T on p in the nonequilibrium 
region between zones 4 and 5. We make use of 
the conservation equations and the equation of 
state 


pu=a, p+ pu? =B, H+ pu?/2 =e; (15) 
pie = RT (1 +)/u (16) 


a, 6B, € are expressed in terms of the boundary 
conditions; 
T T 
H = (1—»)\ cp, dT + 2x\ cg dT + »Do. (17) 
0 0 
The four equations in (15) and (16) contain five un- 
knowns, p, u, p, T and x. We can therefore ex- 
press «x as afunctionof p or T alone. The 
exact evaluation of such functions is difficult; 
therefore, we make use of approximate relation- 
ships. 
We set 


Cop =A+T), Cry =C+ Td; (18) 


a, b, c, and d are certain constants. 
(15) and (16) we have 


ue (1 +%)aRT/Bus u® > (1 + 2x) (®RT/Bp)®. (19) 
Substitution of (18) and (19) in (15) yields 


From Eqs. 


. CHSC SECs ower al is 4 
** Dot mT+ (2e En) T2— X(T) lear —F eet oT], 
(20) 


where e =p(@R/Bu)*, m=2c-a, n=2d-b. 
In a similar fashion, we find 


<= 09% {.—0,—(2—1) 


Se el 
+ 4D, E a ( —1) ei" } = (2D,)"! [F — mBR/ep (21) 


+ V (mBRiep) + GmBRep + A] 
= (2D,)1 [F —mBRlep + VQ @)I. 


Pe LU NORUN 


In the integration of Eq. (14) over p, we introduce 
the variable x = mf$R/ep. Then 


X (T4) L3 (Ts) (T4) 4 
= Jl (GA —T a) +L, In X ary XT) + a X(T) | 


S5— Sa 
R 


+ L4[J (T.) —J (Ts)] 


Teta ME A) am 


Ds 2Dy 
—,. H+m8GR/2ep;+ V HQ (ps) 
=V 0) +V 0G) Vl a ae 


nL Qies) + mB R/ eps + G/2 | 
VQ (ps) + mBR/ eps + G/2 


where the following notation has been introduced: 


+(1+ 


e(n—2). 7 p__2an-tm(e+s) _ mn(e+b) a, 
26s ae en (Oe) (2e + n)? ee || 


R= 


LR = aD, -+em+ 5 (Do(e +6) +2(2e+n)|T | 


= 9 + Gol; 


D, (e+ b) 


(23) 7 
LR = q2 + ml, +[e + =, 


2, aq (Zeta) 
= —__________— tan —_ 
V 2D, (2e + n)— m V 2D, (2e--n) —m? 

In order to obtain the explicit dependence of the 
entropy change in every region of M,; and y;, we 
consider the limiting cases of weak and strong 
shocks. 


3. SHOCK WAVES OF WEAK INTENSITY 


In this case the specific heat of the gas can be 
considered constant; we need consider only S, — Sj, 
83 - So, Sie S3: 


cee ee (ye 24 
1th, A= en Sea (24) 
We employ a power series expansion in A, whence 
Sp Si 2Yp, pil 3 
> =35,1 coats (25) 


Y2 = %/3, Ys = "Is eS a> as 


Obviously, for given yz and Mj, the entropy 
change is the greater the larger the value of y;; 
it has a maximum value for monatomic gases. 
For given y; and M,, the entropy increases with 
decrease in y;,, i.e., successive excitation of the 
degrees of freedom of the molecules is accompa- 
nied by an increase in the entropy. 

From Eq. (25) we have 


5 3} 2 3 
R = 35 ( 5 yM,— 1) > (26) 


S3 — S; 30 /9 2 5) 
R : = 07 4Mi—1) — m(5 1aMi—1) <a 


wo 


S,— Sy 


(27) 


ENTROPY CHANGE DURING RELAXATION OF A GAS 


S4— Ss 24 (= 


— 2 a 
RR 3Carip ly, “Mt — 1) 


(28) 


30 7 5 A SaaS. =. S, 
—s7e(q-nMi— 1) =< > mt 


For /; > M}>41, the excitation of the transla- 
tional and rotational degrees of freedom takes place 
without entropy change, and only the subsequent 
excitation pf vibrations leads to its increase. This 
phenomenon is known as the Kantrowitz effect? for 
supersonic velocities. No sharp front of the shock 
wave will be observed, but rather a gradual change 
of the parameters over distances of several tens 
of mean free path lengths. 


4, STRONG SHOCK WAVES 


In this case, considering M, > 10, Eqs. (1) to 
(6) are written in the form 


enorme Tr 2y1Mi x, — 


1 
eee So -, (29) 
My = Ty (Gee wees 


7 ? 
Pr Vincie PL 


where ¥, =, ¥%3=%, Y% =%; in accord with 
Refs. 3, 4, and 5, y;=1.2. Making use of Eqs. 
(9), (10), (12), (13), and (29) we obtain 


(S— 8)/R = 31n M, + 5 Inv, — 3.897, (30) 


eS Ro in in, — 2 829 << (S; — S/R, (31) 


(Sy — $3)/R rT, = 2 In My, + Iny, = 3.098 <G, (Sg Brin S2)/R. 

(32) 
For most practical problems, Te/T; < 10; there- 
fore, 


sak 2In My + Iny, + 91.43/74, 


icicle 


Eee Ole Sin Riper iS3) 


It follows from Eqs. (32) and (33) that in a gas in 
which the vibrations are already appreciably excited 
in the flow, the entropy change, for the,same values 
of M;,, is larger than in a gas with the vibrations 
unexcited. 

The expression for S;— S, is rather compli- 
cated. We shall simplify it, in order to estimate 
the dependence of the entropy change in dissocia- 
tion upon M,, ¥;, and Do. Tabulated data give 
ax 4R, cx 2R, mR, bx d* 3to6 x10 7R/T, 
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n*b; moreover, Dy © 2 x 10?RT; © y,M{RT). 
Making use of these values, we obtain 
(S; — S,)/R = (A + By, MiRT,/D,)- 102 
< (Si—SQ)/R |rner, ers oe 


A and B are constants on the order of unity. It 
is clear that the entropy change depends more 
strongly on M, in the dissociation of a gas than 
AS does in the excitation of arbitrary degrees of 
freedom of the molecules. For a given M, this 
change increases with diminishing energy of dis- 
sociation. 

On the basis of Eqs. (26) to (28) and (30) to (34), 
it can be verified that the maximum entropy change 
takes place in the excitation of the successive de- 
grees of freedom. For subsequent excitation of 
rotation, vibration and dissociation of the gas, the 
increase in entropy is lessened. This is explained 
by the fact that in an isolated system tending to- 
ward equilibrium, an increase in the total entropy 
can be accompanied by a decrease in the entropy 
of its separate parts; for a gas these will be the 
different degrees of freedom of the molecules. 

As is easily seen, in the successive excitation of 
the degrees of freedom of the gas, less of it is 
throttled, and a smaller fraction of the directed 
motion is transformed into heat energy. Such an 
excitation takes place therefore more and more at 
the expense of the redistribution of the already ex- 
cited degrees of freedom. 
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A study is made of the scattering of K mesons by nucleons, with inclusion of effects of the 
possible formation of = particles. In addition to the other propositions of the standard the- 
ory, special use is made of the conditions of causality and of the unitary nature of the S 
matrix. These conditions, together with the additional hypothesis that the interaction is in- 
variant with respect to rotations in four-dimensional isotopic spin space, enable us to obtain 
equations which are valid at not too high energies and are of the type of Low’s equations!”? in 
the theory of m-meson scattering. The form of the interaction is involved in the equations 
through the inhomogeneous term. These equations are at the same time a generalization of 
the dispersion relations for scattering at arbitrary angles. Analogous equations for m-meson 
scattering have been obtained in reference 2, where, however, use was made of a special spec- 
tral representation of the scattering matrix.*~° This spectral representation is not used in the 


present paper. 


dhe fact that it is not a trivial problem to go from 
the scattering of m mesons to a treatment of K- 
meson scattering is mainly due to the special nature 
of the behavior of the K mesons with respect to 
transformations in ordinary space and isotopic spin 
space, and also to the fact that in the case of the K 
mesons it turns out to be necessary from the very 
beginning to take into account the interactions with 
particles that do not play any direct part in the scat- 
tering, in particular 2 and A particles, and also 
m™ mesons. In addition, one must give more careful 
attention to relativistic effects. The interactions 
are here taken to be the renormalized ones; effects 
of weak interactions are neglected. This last con- 
dition is formulated as the requirement that all in- 
teractions be invariant with respect to rotations in 
the four-dimensional isotopic space.® In this space 


nucleons, = particles, and K mesons form the 
four-dimensional isotopic spinors: 
}, Ke 
?, Ke f nh 
Y v= i and K = Ko = Gal pa Ore ZW 
p.- ie (1) 


The following representation is chosen for the iso- 
topic matrices:* 


*Hereafter, where no special stipulation is made, the nota- 
tions of reference 7 are used. 


5 0) Ty a 1 2 3): i | 0 1B 

Tien —%; 0 | (eB DENG le 
r Hi (2) 
ikea ieee Heel 


This way of writing makes it possible to give a 
unified description of the dynamical behavior of 
all K mesons, and furthermore the “hypercharge” 
Y® of the heavy fermions is given apart from a. 
factor i by the eigenvalue of the matrix y}. Un- 
like the convention of reference 6, we regard the 
isotopic space as pseudo-Euclidean, since only 
in this kind of a space can an isotopic spinor K 
that does not vanish identically be taken to be 
self-conjugate: 

K = ink’, (3) 


It is necessary, however, to impose the invariant 
requirement that K be self-conjugate, owing to 
the existence of only four different K mesons. 
In connection with the experimental facts that are 
interpreted in terms of the presence of different 
parities of K mesons, one can assume* that an 


*One can try to give this fact a general explanation through 
the idea of a fusion of the ordinary and isotopic spaces.8 We 
note also that the definition of the hypercharge is here an 
obvious four-dimensional way of writing the isotopic fermion 
number of d’Espagnat and Prendtki. The reflections in this four- 
dimensional isotopic space for the K mesons are analogous to 
the Pauli transformations9 for spinor particles. 
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A 


( 


sented as a two-component quantity Wp = 


K-MESON SCATTERING DISPERSION RELATIONS 


ordinary reflection results in multiplying each 
isotopic spinor by yz. To shorten the writing we 
Shall also use the formal concept of the baryon 
space,®* in which Wy and the real isotopic vec- 
tor Wy (Ao, 2, +1i2,, 2,;-i2,, 3) are repre- 
YN 
W 


b) 


on which the Pauli matrices pj act. After these 
remarks we can write the amplitude for the scat- 
tering of K mesons by nuclei in a form analogous 
to the amplitude for the scattering of  mesons:">!0 


8(p' + q' — p—4q)i ('s’, a'j; ps, qi) 
3K j(y) 3K; (x) 


(4) 


= aH \axdye Hoan pis! *|ps). 
Here s’ and s are spinor and isotopic indices, 
including the value of the hypercharge, which is 

equal to +1 for the incident nucleon and +1 for 
the scattered nucleon. The functional derivative 
6/5K; (y) appearing in Eq. (4) can be replaced, 
in virtue of the condition (3), by 


8/8 ioK"), = (— PVP M/BKs_; (y). 
From this it follows that the amplitude for the 


scattering. of K mesons is invariant with respect 
to the substitution 


hae aes 
i<cr-d —j 


—=(p ar q =p); 
(9) 


if one at the same time multiplies by the sign fac- 
tor a(ij) = (—1)™4@x(i,5-i) .(_1)max(j,5-j)_ This 
result is equivalent to a well known theorem of 
Gell-Mann and Goldberger on symmetry in the 
scattering of 7 mesons.!” We further introduce, 
in analogy with reference 7, the K -meson current 
operator jj(xX): 

8S @ 8S* 


(0) et = S* = — oxi (x)? 


(6) 
which, in virtue of the causality condition and the 
unitary property of the S matrix, satisfies the 


conditions 
ae (é,5—2) » 


if () =(-1 
Bj: (x)/BK; (Y) = 0 
dj: (x)/3K; (y) = 0 and [j,(x), i,(y)]=0 for (x—y)? <0 


js; (*), 
for Yo<%, uO) 


Using these conditions, we can rewrite the scatter- 
ing amplitude in the form 
ge vail war LIBR q’j; ps, 44) 


5—/) (8) 
(= 1 Bae J Nene ¥)) 


= Gali 
<< p's" |T (i,j Y) de) + Asne(% 5.)8(x—y)|Ps>. 


*In reference 6 this space is called the nucleonic space. 
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FIG. 1 


To begin with let us consider separately the last 
term, which corresponds to the simultaneous pro- 
duction of the final K meson and annihilation of 
the initial K meson. Omitting effects of weak in- 
teractions, we find that this term is described by 
the diagram shown in Fig. 1, and is given by 


Saye BnnnBnx0* (p's' \ dx de'dy dy'de diet +0°* p00 


Pave ce oe ‘. er - 9 
Tana (%, x’; ¢) Dx (6, 2) Vex (YY, y's £0 (ps). ~) 


Here and in what follows I denotes as usual the 
total vertex part, I’ denotes the vertex part in 
the first approximation of perturbation theory, de- 
termined by the form of the interaction in Lint, 
and D, is the total propagation function of the 7 
meson. Furthermore I” is proportional to the 
6 functions 6(y-y’)6(y-é) or to finite deriva- 
tives of these functions; in virtue of the conserva- 
tion of hypercharge or, what is equivalent, the con- 
servation of strangeness, [pip does not contain 
transitions from nucleons to y particles. For an 
analogous reason, and also on account of the trans- 
formation properties of K and m mesons under 
reflections, in the case of parity conservation IkqK 
= (0 and in the framework of the standard theory the 
entire term (9) must be set equal to zero. If, how- 
ever, we require only invariance with respect to 
products of ordinary reflections and isotopic re- 
flections (in particular charge conservation), and 
not with respect to the separate reflections,* IxqK 
a 0 for (i—j) =»2. 

Omitting the-term (9) that has already been con- 
sidered, after the usual transformations of the the- 
ory of dispersion relations,'*’ we get from Eq. (8) 


fF (p’s’, a's ps, qi) = (— 1980? (2m)9/2 
Caf Sf SPS Lise 1 > <n k Li; OP 8> ie 
x\ a | Po E,W) ie SAP ie 
p's’ j, (0) 1m, <n, kl ig IPS .,, eo) 
: (pe ink) 
Po 9 — En (k) + te 
We have further in the real case 
Pot Gy =Pr+% + Po Mn and Jo, % > Mx > 0. (11) 


*This condition can be interpreted as the existence of rota- 
tions only in the combined space (ordinary x isotopic). 
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This last condition has allowed us to change the through zero. We now introduce the Heri ited 
sign of ie in the denominator of the second term and anti-Hermitian parts of the scattering ampli- 
of Eq. (10), since this denominator does not pass tude: 


Se) 


Dip's’, af, ps, da => p's, a FH ps, dy) seas poe ay 


r (12) 
4 r { Por ne . * “. tenth (a 
A(p’s’, qj; ps, gi) = 5, If (P's, Vi; Ps, a2) —F (ps, ai; ps’, Vi), 
In virtue of the unitary property of the S matrix, 

; 4 * atid ha ! . i\ eau — 3 
Al ptqnp'tq =~ DE (HP HG v's’, VF (t, P +45 PS, 41)8 (En—Po— 40): (13) 
where f(n, p+q; ps, qi) are the scattering am- and complexes with the experimental values of the 

plitudes into states n with momentum p+q and parameters at infinity, and is taken to be a com- 

energy E,(p+q)>0. Here, as is usual in the plete set. On the other hand, from Eq. (10) with 

theory of the dispersion relations, the system of use of Eqs. (7) and (11) it follows that 


states n is identified with a system of particles 


Ap gepreg =F (HDI SY Cp's' |}, Ola. p+ a> <P +4] ie (0) |p 5/3 (En(P+4)—Po—%)- (14) 


It is essential that Eq. (14) is valid not only in from Eq. (10) and (12) (for brevity the arguments 
the region py = My, qo = Mx, but also in the re- other than qg are not written out): 
gion* py => Mn, Gg >M —my. We now consider ; 
the connection between D and A, following mainly Diga== 2| lim of.(2)=plinnsy ye 
the work of reference 7. For this purpose we in- year peace (15) 
troduce the function f(z) of a complex variable AGS | Line elie i] . 
z, obtained by replacing qy— ie by z in Eq. (10). Oe ee Opes ofornle 


As follows from an examination of Eq. (10), when 
one takes into account the conservation laws the 
function f(z) is analytic everywhere for Im z 


Using the properties of the function f(z) and 
applying the Cauchy integral theorem, taking the 
contours of integration shown in Fig. 2, one easily 


~ 0 and for prescribed p and p’, at any rate finds that 
on the segment of the real axis tacit 
pre V re +(p==q)i +p <2) 7 pe a —p,, Fo + 2) = tl \ dq ef Genie 
A 0) A =a Jo— Io — ie/2 
Im2z= 0. weprtad X (16) 
We postulate further that f(z) falls off at infin- F (do — i8) = 55 \ qe 2k (Go Iie. 
ity faster than z~'. Using Eq. (7), one easily gets +c Jo — 40 + is/2 


Thereupon, taking the average of the expressions 


*In using Eq. (13) in the region |q,| < m, one must proceed (16) ANA Lettie Ver gos ere aetna 


in all the intermediate manipulations as is done in reference 7, 


replacing my by a fictitious quantity +< q?, q,?, with respect co =, ws oo -, 
to which the scattering amplitude is an analytic function, and D (q)) = = \ dq, 640 = Fe) Ao) | eyhe \ A (F,) Pp Ao 
continue the result to the value t= m?.. Sk (Fo — 90)” +7/4 adele Jo—4 

tIf the stated hypothesis does not hold and f(z) behaves (17) 
at infinity like z™ (evidently in reality n =0), one could con- 
sider instead of f(z) the quantity £(z)/(z—z,)"+! in the usual 
way, with corresponding modifications of all subsequent rela- tor of Eq. (10), by representing the 5 functions as Fourier 
tions. The standard way of solving the Low equations has series one can carry out the summation over the intermediate 
meaning, however, only provided that intermediate states with states. After this the numerator of the integrand will be pro- 
large numbers of particles and high energies do not for any portional to the matrix element of the commutator [j;(0, y), 
reason make an important contribution to the scattering, since js ;(0)], which is zero in virtue of the causality condition. We 
only if this is true is it possible to justify dropping out the emphasize that a complete treatment of this question is in 
higher amplitudes in the infinite system of coupled equetions. general impossible in the framework of the existing theory, and 
In this case one can also confirm the assumed decrease of that one must only hope that, as in the case of 7-meson scat- 
f(z) with increasing z, by arguing as follows from Eq. (10). tering, these last considerations are in some sense justified, 


Neglecting, for large z, all terms except z in the denomina- at least for not too high energies of the scattered particles. 


K-MESON SCATTERING DISPERSION RELATIONS 


{mz 


A N 
jk Wx 
/ i \ 
Viieg 2 pie EES 
SSS 
<a ee Sh, jr \iwtacss fa} gy 
: te | a 
\\ iat 
x) AY 


BIG. 2 


It follows from Eq. (17) that for given ps, p’s’ 


= Pot Gor 8", ih Jor 0, 1) 


Go — % — ie 


dq. (18) 
In Eq. (18) we carry out the change to observable 
quantities, recalling that A is expressed in terms 
of the scattering amplitude by Eq. (13) only for 

qo; Io = MK; Po, P§) = MN. For this purpose we 
go over to Salam’s reference system, in which 
p+p’ =0. In this system!’ 


Jo=% =V mi, + p? +2; 
d= "pis he; 


Po= Poo T= —Pt+he,. 


Ses il, coe (19) 


and the substitution (5) takes the form 


tJ]; IgP—J CO —e. 


(5’) 
In view of what has been said we can write, dropping 
from the list of arguments the prescribed values 
Ds, p’s’, 

ACh ’ 


(ope oe 


0 


7; (or —@) 
je ae 


—a(i, 
Go + Io + te 


ole 


(20) 


The region of integration in Eq. (20) can be divided 
into two parts: from zero to E, (the so-called un-. 
physical part), and from EK, to infinity, wpere in 
the chosen system of reference E,; = (mi + p*) 1/2 

In the second region the expression (13) can be Geed 
for Ajj. We see, however, that owing to the pres- 
ence in Eqs. (13) and (14) of 6 functions of the en- 
ergy, and in virtue of the conservation laws, if we 
have just the condition 


Malls + 2m,)* — mh, — mie]? — me 
Pas i =, —,,,- > 0, 
? m®, + my + [(my + 2m,)*— mz, — mj] 


and if we assume that the amplitude fhj (qo, @) 

is itself determined by the corresponding rela- 
tions for all qg > 0, then the contribution in the 
unphysical region will be given only by states with 
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a single intermediate 2 particle, or also with a 

2 particle anda am meson (in the case of an in- 
termediate A particle the presence of two 7 me- 
sons is possible). Therefore in Eq. (13) and (14) 
we break up the sum over the intermediate states 
into two parts 


Sess 1) 
where >)” denotes the sum over the positive- 


n 
energy intermediate states that can give a contri- 
bution in the unphysical region, except states with 
one nucleon and one K meson. We shall make a 
direct evaluation of the contribution to A corre- 


sponding to PK . From what has been said it fol- 
lows that in the first place there will occur in the 
sum De the anti-hermitian component A of 


the ard of the scattering amplitude given _ the 
diagram shown in Fig. 3. The corresponding quan- 


x H 


FIG. 3 


tity can be determined in complete analogy with the 
theory of m-meson scattering in the following way:* 


Ges S (= 4ymaxtis=)) 
(a) , , &BKB 
Ai ON ONG =") =) 21-2 (2x8 


xo (p’s’) \ d pi \ dp" 'ex,_;B (8 0) 


0 


Ga (p") Vax,n(0's ps Qe (ps) = | a) eaumee) 


The second term in the curly brackets, indicated 
by square brackets, is obtained from the first term 
by the interchange p’ ~~ p, q+ q’, i~~j and 


complex conjugation. Here [pep are vertex 
parts defined in the standard way: 


bi a 8G p (x, x’) 
&BKB V'gx;a(%, x; 6) ne ah Codie) se 


*To give to Eq. (22) an explicitly invariant form with re- 
spect to transformations in the four-dimensional isotopic space, 
one would have to replace v+ by viya and make a corre- 
sponding change in the definition of Gp. To shorten the pre- 
sentation we have not done this, but this circumstance must be 
kept in mind in examining Eq. (25) and in many other cases in 
which it is not sufficient to consider only invariance with re- 
spect to three-dimensional isotopic transformations. 
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and Gp is the total propagation function of the where my is the experimental mass of the 2 
baryons particle. 
> By using the relation (7.15) of reference 7, the 
Gy 
G3 = G (23) equation 
3 + , u. , 
+ Vol BKB (P's P”s — 7) Yo 
Here, for example, Gy = i<T(¥%p%y) >) has the oe 
form! ee iO memeane Shy eles (Oe; Bode (25) 
Gz (p)= ene Joie ss which follows from the definition of [pep (see 
ae tae (24) also the preceding note), and Eq. (24), we get from 
$1 (Mz) = S.(m=) = 1, Eq. (24), the results 
BKB ; Wane (ead ti d 
Ae 8 (Odeo 19) ee a ae (p’s’) \ aps | p 
X Tax,_j8(p"s ps — 9’) (vp" + mz) ie — p”) Tsk, a (p", p's 4) 0 (Ps) 
BBKB SELES GY ee = neue —Vp ‘24 m},) x pe =a) 
= — Tomei (P’ +9 —P—49 a eae 
ee (i Wy, UA = 26 
 0* (p's’) Tax, ,2(0's Pp’ — P") (yp" + mz) Tax, a(p"s p” — p) 0 (P, 8), (28) 
where I(p”, p’-p)6(p”—p-—q) = I'(p”, p; q). tioned, besides the diagram of Fig. 3 there will 
As can be seen from Eq. (26), the vertex parts also be contributions A() to >>” from diagrams 
BKB (p’, p”; q) occur only with values of the oD 
momenta that satisfy the free-particle equations in which at some stage in the intermediate states 
with the experimental masses; using the arbitrari- there are 7 mesons PEescOs as wellas 2 Bars 
ness in the prescription of SBKB> we can define ticles. Even at ae Rete however, the anti- 
the renormalized coupling constants of the inter- Hermitian oo A OTS. in the same way 
action of baryons with K mesons by means of the as Eq. (26) will be determined not only by the form 
condition of the interaction and the experimental parameters 


(masses and coupling constants) but also, in gen- 

Zaxel axe (Mp, me; Mk) = axel bxa(1 +O(q?)), (27) eral, by the unknown functions s;(p*), s)(p”) of 
Eq. (24), and also by the analogous functions oc- 

where 0(0)=0 and I'yp is the interaction cor- curring in Gy and Dz. These functions must be 


responding to the first approximation of perturba- further determined, either by a rigorous or approx- 
tion theory for the special Lj; with the experi- imate solution of the field equations, or by the study 
mental parameters.* Inserting the expression (26) of other experiments. 

as the part A in Eq. (20) and performing the inte- Substituting Eqs. (13) and (21) into Eq. (20) and 
gration over qo, we verify that A(@) gives two including the term (9), we finally obtain, in the 
terms in the scattering amplitude. In the low-en- reference system p+ p’=0 [Eq. (19)] for pre- 
ergy limit these terms agree respectively with the scribed ps, s’ and p*< pi, 

total term of the first approximation of perturba- 

tion theory for the diagram of Fig. 3 and with the hizo e) =U+ Int 0, (1) 

term for the diagram obtained from Fig. 3 by*the ce) F m . ; 
substitutions (5), for the experimental values of rig ee P 
the parameters. We note that in consequence of me GOS eae 

the conservation of hypercharge one of these terms (28) 


i ita : - 
is always equal to zero. As has already been ‘men Here Int means the substitution (5) with multipli- 


cation by a (ij ); Ay is dete by the relation Aj}, 


*For brevity we do not display distinctions between the 


interaction constants between K mesons and various baryons. = (Ey GS Po)” Pp it mi >0; and 0;; if A) wee 
These constants (q>xn» Iyxyy ete.) can be introduced notes terms calculated on the stated basis in the 
independently of each other, by considering separately the first approximation of perturbation theory, with 


various processes of K-meson scattering. the experimental parameters, from the diagrams 


K-MESON SCATTERING 


of Figs. 1 and 3 and diagrams witha = particle 
and a m meson, possibly with inclusion of addi- 
tional experimental information. 

The equation that has been obtained is the first 
member of an infinite system of coupled equations 
for the scattering amplitudes, of the type of rela- 
tivistic Low equations. In the first approximation, 
in which one usually solves the Low equations, all 
the higher amplitudes are omitted, and at suffi- 
ciently low energies we arrive at a closed integral 
equation.* A's follows from our result (28), this 
equation is simply the corresponding dispersion 
relation, with the form of the interaction entering 
through the inhomogeneous term. A special prop- 
erty of the K mesons is the fact that a study of 
their scattering by means of equations of the type 
of the Low equations can provide a basis for im- 
portant conclusions about the structure of the iso- 
topic space. Moreover, qualitative conclusions 
already offer a possibility, by analogy with the 
m™-meson scattering, of settling in which state the 
scattering will be largest. 

In conclusion the writer expresses his grati- 
tude to Professor D. D. Ivanenko for his interest 


SOV UE Tgp iHyY SIC-S: JEEP 


VOLUME 34(7), NUMBER 6 


DISPERSION RELATIONS 1061 


in this work and to M. K. Polivanov for comments. 


1F. E. Low, Phys. Rev. 97, 1392 (1955). 

24. M. Brodskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 616 (1957), Soviet Phys. JETP 5, 
509 (1957). 

3Y. Nambu, Phys. Rev. 100, 394 (1955). 

‘A. Brodskii, Dokl. Akad. Nauk SSSR 111, 787 
(1956), Soviet Phys. “Doklady” 1, 701 (1956). 

°[Ipo6xems1 cospemennow cbusuxu (Problems of 
Contemporary Physics) No. 2, (1957), Introductory 
Article. 1957. 

Pais Schwinger, Theorie des particules elemen- 
taires, l’Universite de Paris, 1957. 

"N. N. Bogoliubov and D. B. Shirokov, Bsegenue 
B Te€OPHIO KBaHTOBaHHBIx nomen (Introduction to the 
Theory of Quantized Fields ), GITTL, Moscow, 1957. 

8D. Ivanenko and H. Sokolik, Nuovo cimento 6, 
226 (1957). 

9G. Liiders, Nuovo cimento 7, No. 2, 171 (1957). 

104. Klein, Phys. Rev. 99, 998 (1955). 


Translated by W. H. Furry 
304 


DECEMBER, 1958 


ONE POSSIBLE MODE OF DEVELOPMENT OF EXTENSIVE AIR SHOWERS 


N. L. GRIGOROV and V. Ia. SHESTOPEROV 
Moscow State University 


Submitted to JETP editor December 30, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1539-1547 (June, 1958) 


The development of extensive air showers is studied under the assumption that the fraction 
of energy lost in interaction of ultra-high energy particles with light nuclei is subject to 


strong fluctuations. 


It is shown that the main features of extensive air showers can be ex- 


plained without recourse to the hypothesis that the nuclear component plays an important 
role in the development of showers in the depth of the atmosphere. 


1. INTRODUCTION 


Ir is well known that extensive air showers (EAS) 
consisting of 10‘to 10° particles possess a lateral 
distribution which is independent of the altitude of 


observation (within the limits of 1000 to 640 g/cm? 


*By this approximate equation fjj(q), e) is determined, ie 
only in the physical region, but also for 0 < qo < (mi, +p 2h, 2 


atmospheric depth) and that the number of such 
showers varies in the atmosphere exponentially, 
with an absorption coefficient 1/u = 130;tom40 
g/cm’. These facts have been explained by sev- 
eral authors!~* who have assumed that the devel- 
opment of EAS is determined by the development 
of nuclear cascade. In that theory, the slow ab- 
sorption of showers in the atmosphere is explained 
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by the weak absorption of nuclear active particles. 
The invariance of lateral distribution is attributed 
to the fact that high-energy nuclear-active particles 
carry a large amount of energy into the lower at- 
mosphere and, transferring it to the soft component, 
counteract the aging of the shower, i.e., the change 
in the lateral distribution of shower particles. 

We have already mentioned! that the above 
features as well as other properties of EAS, can 
be explained without recourse to the hypothesis 
that the shower development is influenced mate- 
rially by the nuclear cascade. It is known that 
particles of up to ~ 10% ev have an absorption 
mean free path in the atmosphere equal to ~ 120 
g/com?.? We shall assume therefore that the ab- 
sorption mean free pathis Lg = 120 g/cm? also 
for the particles of higher energies (Ey ~ Los 
to 10'4 ev) which are responsible for shower 
productions (it is possible that Lp decreases 
with increasing energy). Without contradicting 
known experimental facts, we shall assume that 
the interaction of high-energy particles is char- 
acterized by larger fluctuations of the fraction 
of energy lost. In order to simplify the calcula- 
tions, we shall assume that interactions of ultra- 
high energy particles can be divided into two 
groups, one with small energy losses, and another 
with large energy losses, close to 100%. We shall 
neglect the contribution of weak interactions to. 
shower development, assuming that a shower is 
produced when a particle loses a large fraction 
of its energy, close to 100%. 

We shall consider two simplified schemes of 
large energy loss: (a) the total energy lost is trans- 
ferred to a single photon with energy E,) (Ey is 
the energy of the primary nuclear-active particle ) 
and the shower develops then as a pure electron- 
photon cascade, without nuclear-active particles; 
(b) the collision involving the 100% energy loss 
corresponds to the process studied by Landau® and 
the shower develops with contribution of nuclear- 
active particles. 

We shall assume, furthermore, that the energy- 
spectrum of primary nuclear-active particles is 


FIG. 1. Illustration for calculation of the number of showers 
with a given number of particles from n to n+dn at the 
depth x, produced by primary particles with energy E. 
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known and is given by the expression F(E)dE = 
BdE/E?.! 

The problem consists of calculating those aver- 
age features of EAS which have been observed in 
experiments on the basis of the above assumptions 
(for the two schemes a and b) and to determine 
if they depend on the presence of high-energy nu- 
clear-active particles in the shower. S 


2. ALTITUDE DEPENDENCE OF THE NUMBER 
OF SHOWERS WITH A GIVEN NUMBER OF 
PARTICLES AND THE NUMBER SPECTRUM 


Under the above assumptions, the development 
of EAS is as follows: If a particle with energy E 
interacts with an nitrogen or oxygen atom in the 
atmosphere at the point t), and loses in that in- 
teraction its total energy, then a shower will start 
developing from that point (according to either of 
the two schemes). Let N(E,t) be the function 
giving the number of particles in the shower ata 
distance t ¢/ em? from the point of initiation ( to ) 
when the shower is caused by a primary of energy 
E. [ Obviously, the choice of the scheme of devel- 
opment will determine the function N(E,t).] At 
the point of observation, at atmospheric depth x 
g/em*, we shall record a shower consisting of 
n=N(E, x-—t,) particles. 

If we require that at the observation level y 
the shower contain between n and n+dn par- 
ticles and that it be initiated by a nuclear-active 
primary with energy E, then it is necessary that 
that particle interact with large energy loss either 
in the layer dt, at the distance t, or in the layer 
dt, at the distance t, from observation level 
(Fig. 1), where t; and t, are the roots of the 
equation 


N (E, ty 9) = 1 (221) 


and dt, and dt, are determined from the equa- 
tions: 


aN 


Gale (2.2) 


dt, = dn | dt, = dn | — — bees 
If F(E)dE primary particles are incident on the 
top of the atmosphere, with energy between E and 
E+dE, then F(E)’ exp{—(x —t,)/La}dE par- 
ticles with energy E will arrive at the level t, 

and F(E) exp{—(x — t,)/La}dE at the level Ty. 
A fraction adt,/Lj of the particles that arrive 

at the level x — t, will interact with a large energy’ 
loss in the layer dty. Similarly, adt,/L, of the 
primary particles that arrive at the level x — t, 
will interact in the layer dt,. @ is the probability 
of strong interaction with a large (~100%) energy 
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loss, and Lj is the interaction mean free path. 
The number of showers produced by nuclear-active 
particles with energy between E and E+dE and 
containing between n and n+dn particles at ob- 
servation level will be, therefore, equal to 


To atk (E) exp {— (x — ty) / La} dE 


+ i dt,F (E) exp {— (x — ty) / La} dE 


= ~ e-*lladn-F (E) dE 
Lj 

exp {tz (E, n)/L,} | 
(ONT OHy, Sf (2.3) 


{ exp {f1 (E, n) / La} 
(ON 700) |, 


Showers with a given number of particles can, 
however, be originated by primaries of various 
energies. The total number of showers Ng(n, x) dn 
with number of particles between n and n+dn at 
the atmospheric depth x is therefore 


_ adn 4, (f expla(E, n)/Lal 
ete aes | abe oN TaHy, — * )28 
Emax [ (E 
exp [42 (E, 2) /La] 
a acs F(E)dE} (2.4) 


where Emin and Emax satisfy the following 
equations: 


N (Emini t max) =f, 
IN (VBsena6e iS) =N, 


(2.5) 
(2.6) 


under the additional condition tmax <x (tmax is 
the distance from the origin, which corresponds to 
the maximum number of particles in the shower). 

Cascade curves (near the maximum) can be 
approximated, with an accuracy sufficient for the 
calculations, by the expression 


ACE, i AE exp (— ac? + bé:), c= t — tmax- 


(2.7) 


The values of ty and t, are determined from 
the equations 


t, =tmax +h, t= tmax + &, 
The values &, and £, are determined from the 
equation N(E, &;.) =n. 

If we consider scheme (a), then, for the energy 
of primaries initiating showers having 10* to 10° 
particles at sea-level or at mountain altitudes, we 
obtain A=1.2 x10 -%ev~! and the coefficients a 
and b in Eq. (2.8) are equal to 0.025 and 0.0008 
respectively. tmax =In(E/8), where £ is the 
critical energy in air, equal to 7.2 x 10’ ev. 


If we denote In (E/Emin) = Z, then, to a suffi- 
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cient degree of accuracy, we can put 


Zia 


L=—( 1+(b/a)Vzja y" = ( 


z/a "e 
4 —(b/a) ie) ; 
(2.8) 

The values of &,, and & obtained from Eq. (2.8) 
differ from the true values by less than 5% for 
0 = z < 3.2. It should be noted that the primary 
spectrum is F(E)dE=BdE/E”. The number of 
showers having between n and n+dn particles 
at the observation level is 


fo) 2max 
Cd Ap Ee || 1 . 
Ng (a; x) ti = rapatyse é \n (Z) dz == \ Qo (Z) | ’ 
na 0 0 
(2.9 
where 
_ exp {&r/Lg—2(y—1—1/L,)} , 
1 (2) a =) ae 
__ exp {G2 /La—2z(y—1—1/La)}, 
92 (2) = aE, (5 — 36%, a) 


2max = lil (Goi alld sai ea)) = &max (n, cae 


C = (aB/L 4) AvAAlag- ula, 


In the case of a nuclear cascade [scheme (b)] 
the function N(E,t) has been determined from 
curves given by Sarycheva,’ calculated under the 
assumption that the primary interaction and all 
secondary interactions of the nuclear-active par- 
ticles correspond to the Fermi-Landau® theory. 

In that case, too, the function N(E,t) can be rep- 
resented in a form analogous to Eq. (2.7): 


M(E, t) = AE exp {—a®? + 68 —c#4} 


(a=3.9 102, b= 2.8 <100-eand' c — 98 108s) 
In this scheme, A =10~°ev~'!, and the coefficient 
B which determines tmax =m(E/f) does not 
represent the critical energy, and is equal to 7.6 
x 10° ev. 

Since Zmax = Zmax(n, x), then, as it can be 


seen from Eq. (2.9), 


Cdn 


She Cae (1, x). 


Weis Sai 


: (2.10) 
Values of the function f(n, x) for the two schemes 
(a) and (b) for y= 2.7 are given in Table I. 

In calculation of the altitude dependence of the 
number of EAS one can use the expression (2.10) 
for the differential size spectrum at various obser- 
vation levels. This dependence is shown for the 
electron-photon cascade [scheme (a)] in Fig. 2 
and for the electron-nuclear cascade [scheme (b)] 
in Fig. 3. The x axis represents the atmospheric 
depth in t units, andthe y axis represents the 
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Electron-nuclear cascade Electron-photon cascade 
Observation 
lever ero nm = 10 n = 10° n =105 n = 10° n = 10° 
640 Atayno) 4 40.4 Aoe2 ded 8.8 
815 19.4 8 16.0 PRP 18.2 Aes 
4000 20.6 aul Heskadl DISS. 3) 24 29 Ngo}. 7f - 
log N,(n,x) log N,(n,x) 
2a — 


0 10 20 30 2 


FIG. 2. Dependence of the number of showers N, (n, x) with 
a given number of particles n on the atmospheric depth x 


(in t units). Calculated according to scheme (a). 


relative intensity of EAS with a given number of 


particles. 


Information on the variation of the number of 
showers of given n with the atmospheric depth, 
for depths greater than 1000 g/cm’, can be ob- 
tained from the zenith-angle dependence of showers 
at sea-level. Experimental data of Bassi et al.® 
and results of calculations of the zenith angle dis- 
tribution of showers at sea-level for scheme a 


are given in Fig. 4. 


In the altitude interval from mountain elevations 
to sea-level, the dependence of the number of EAS 
on x, expressed in g/em?, can be written in the 


form 


Ng (n, x) = Ng(n, 1000) et (1000—*) , 


Values of 1/u for altitudes from 640 to 1000 
g/em? are given in Table II for the cases of elec- 


Le 20 ee a 


FIG. 4. Zenith angle dependence of the number of EAS 
N,(@). The curve is calculated according to the scheme a. The 


histogram represents experimental data.8 


FIG. 3. Dependence of the number of showers N,(n, x) with 
a given number of particles n on the atmospheric depth x 
(in t units). Calculated according to scheme (b). 


tron-photon and electron-nuclear cascades. Let 
us mention that the calculated values of the shower 


absorption coefficient do not contradict the experi- — 


2 for showers 


mental value 1/y = 130 to 150 g/cm 
withi i= 10. Oslo 

It should be noted that the fluctuation mechanism 
of development of EAS yields, for showers of a 
given n, an absorption mean free path much larger 
than the absorption mean free path of the shower- 
producing primaries. It follows that at a depth of 
700 to 1000 g/cm?, no equilibrium is reached yet 
between the electronic component and the nuclear- 
active particles. 

For a given x anda small region of n, we can 
represent the differential size spectrum by a power 
law 


Ng(n, x) dn = kdn/n**1, (2.12) 


comparing the right hand sides of Eqs. (2.10) and 
(2.12) we obtain 


x+1=y—1/L,—Olnj (n, x)/dlnn. (2.13) 


Values of x + 1, calculated according to Eq. (2.18). 


TABLE II 


1]u, g/em? 


Electron-nu- |Electron-pho- 
clear cascade| ton cascade 


104 134 143 
10° 137 150 
108 150 157 


* 
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640 g/cm” and x = 1000 g/cm”), are given in 
Table III. 

Table III shows that the fact that xk is independ- 
ent of the altitude of observation level cannot serve 
as an argument for the decisive role of the nuclear- 
active particles in the development of showers in 
the depth of the atmosphere. 


8. BAROMETRIC EFFECT OF EXTENSIVE AIR 
SHOWERS 


If fluctuations of the energy lost by the primary 
particle in interaction with air atoms represent the 
main factor in the development of EAS, then the 
value of the barometric coefficient for showers 
with a given n is determined, essentially, by the 
absorption mean free path of ultra-high-energy 
particles. 

In fact, the barometric coefficient b is defined 


Observation Electron-nuclear cascade Electro-photon cascade 
level g/cm? 
n= 10 n = 105 n = 10° n = 10* m= 405 n = 4108 
| 
640 Pye 2.49 Zaoe 2.08 Aaloytl 2,64 
1000 Psi} | 2.44 2.49 2.46 2.47 2.48 
for y=2.70 for two observation levels (x = TABLE IV 


Electronenuclear 
cascade 


Electron-photon 
cascade 


n = 10¢ n= 10°|n = 10° m= 108 n=108|n = 108 


0.016 | 0.020 | 0.030 | 0.026 | 0.037 | 0.056 


as [we make use of Eq. (2.10)] 
b= —ONg(n, x)/Ox = 1/La—O \nf (n, x)/Ox. (3.1) 


Values of 9 In f(n, x)/@x at sea-level for showers 
with various n are given in Table IV for both de- 
velopment schemes. 

Calculations show that the increase in y with 
n causes a slow decrease of 9 In f(n, x)/@x which 
contributes only about 10% to the barometric coef- 
ficient. 

Experimental data® indicate that the barometric 
coefficient increases with n. It follows from Eq. 
(3.1) that the increase in b is due, mainly, to the 


TABLE V 


E (n, x), eV 


Observation 
level g/cm? 


Electron-nuclear cascade 


Electron-photon cascade 


n = 10% | n = 10° n = 40° sy — 0% | mi — 105 n= 10 
640 AS OES 4.2-1014 LeediOe 4.2-1038 | Sead Oia 2A oe kO1® 
4000 3.91012 2.7-104 2.2-10% 4.2-10!@ | 9.2.10 | 7.2-40% 
AM,, 
Noo 
AWN. 
So 
N; ty 
é 
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min 


FIG. 5. Energy distribution of primary particles producing 
showers with 10° particles at the atmospherig depth x = 640 
g/cm’. Solid line calculated according to scheme (a), the 
dashed according to scheme (b) 


0 0510 15 20 2530 36\n— 
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FIG. 6. Energy distribution of primary particles producing 
showers with 10° particles at the atmospheric depth x = 1000 
g/cm’, Solid line — scheme (a), dashed — scheme b. 
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decrease in La. The absorption mean free path 
L decreases, therefore monotonously with in- 
creasing energy of the primary particle. The de- 
crease may be due either to an increase in the 
value of the interaction cross-section, or to in- 
creased inelasticity, or to both effects. 


4, ENERGY SPECTRUM OF PRIMARY PARTICLES 
PRODUCING EAS WITH A GIVEN NUMBER OF 
PARTICLES 


The number of EAS containing between n and 
n+dn particles at the observation level and pro- 
duced by primary particles with energies between 
E; and E, is given by the expression 

Zo 
e*a\ (9, (2) + 92 (2)] a, 


rah 


21,2 = In (E15) Emin): 


= Fae 
n a 


(4.1) 


Since the total number of showers with n to n+dn 
particles at the observation level is given by Eq. 
(2.9), then the relative number of cases when a 
shower with a given n is produced by a nuclear- 
active particle with energy between KE; and Ey, 
will be 
AN, (a, x) 
Ng (1, x) 
Ze foo) @max 
=\ tex) + go(e de / | Jos ya + \ 


2 0 0 


®y (Z) dz | : 
(4.2) 


Using Eq. (4.2), one can compute the energy spec- 
trum of particles producing showers containing n 
particles at a given level. 

Energy distributions of the primaries producing 
showers, containing 10° particles at two observa- 
tion levels, are shown in Figs. 5 and 6 for electron- 
photon (solid line) and electron-nuclear (dashed ) 
cascades. The x axis represents the logarithm of 
the energy of nuclear-active particles in units of 
Hint and the y axis the relative number of show- 
ers produced by particles of the corresponding en- 
ergy interval. 

The mean energy of primary particles that pro- 
duce showers containing n to n+dn particles at 
the observation level is given by 


2max 
5 


The values of E(n, x) calculated according to 
Eq. (4.3) are given in Table V. 

It can be seen from Figs. 5 and 6 that if the 
fluctuation mechanism of development of EAS 


V se thaw 
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takes place in the reality, then EAS observed at 
sea-level with n= 10! to 10° are produced by pri- 
maries of a wide energy range. In connection with 
this, a study of the intensity distribution of the 
Cerenkov radiation of EAS with a given number 

of particles n can give information about the role 
of energy-loss fluctuations in the formation of 
EAS,!” and a measurement of the absolute pulse — 
size may indicate which of the considered develop- 
ment schemes (a) and (b) is closer to reality. 


eS 


5. LATERAL DISTRIBUTION OF PARTICLES 
IN EAS 


If we assume that EAS are produced by a single © 
high-energy electron (photon) [scheme (a)] then 
the lateral distribution of shower particles at the 
observation level will be determined in a unique 
way by the value of the cascade parameter s. In 
scheme (a), the mean value s can be calculated 
as a function of n and x. 


TABLE VI 
‘Ss 
Observation 
level's /cm: n = 104 | n = 10° 
640 el 1.04 
1000 {ANTE WN AVA 


It is evident that, within the framework of the 
development scheme used, a shower produced by 
a particle with energy E, at an atmospheric depth 
x —t, is characterized at the observation level by 
the value s=s(E,t). The function s(E,t) is 
approximated by an empirical formula which is in 
a good agreement (within a few percent), for pri- 
mary energies of ~10'* to 10'* ev and for 0.6 < 
s =< 1.4, with the values of s obtained from cas- 
cade curves: 


—(tmaxll8.742),, , 
Seaiee 10ers ee ay ee da 


0.63 
wes 
and tmax = In (E/8). (5.1) 
The mean parameter S(n, x), which character- 
izes showers containing n to n+dn particles at 
the observation level x, has been calculated using 
Eq. (5.1). The calculations were carried out for 
sea-level (x = 1000 g/cm”) and mountain altitudes 
(x = 640 g/cm*), for showers consisting of 104 to 
10° particles. The results are given in Table VI. 
It can be seen that in the presence of large fluctu- 
ations in the primary interaction process, even a 
purely electromagnetic development of the shower, 
without participation of nuclear-active particles, 
can cause showers with a given number of particles, 
observed at two different altitudes, to have a prac- 
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FIG. 7. Age distribution of EAS with 10* particles, solid 
line — at observation level x = 1000 g/cm’, dashed — at 
x = 640 g/cm’. 


tically identical “age,” i.e. the same mean Ss. 

The distribution of showers with 104 particles 
is given in Fig. 7 for two observation levels, x = 
640 g/cm? (dashed line) and x = 1000 g/cm? 
(solid line). The x axis represents the age pa- 
rameter s, andthe y axis the relative number 
of showers with s_ in the corresponding interval. 

Experimental study of the age distribution of 
EAS with given n might also throw some light 
upon the role of fluctuations in the development 
of EAS. 


6. CONCLUSION 


As can be seen from the above calculations, in 
the presence of large fluctuations in the energy 
loss of ultra-high-energy particles interacting 
with atomic nuclei, such parameters of EAS as 
the absorption mean free path 1/u, the mean age 
S, and the shower spectrum exponent k are prac- 
tically independent of the fact whether high-energy 
nuclear-active particles are present in the EAS, 
or whether the shower develops as an electron- 
photon cascade without a marked “feeding” of the 
shower in the depth of the atmosphere by nuclear- 
active particles. 

We think therefore that it is highly probable that 
interactions of primary particles corresponding to 
large energy losses, and which possibly represent 
the main contribution to EAS production, may be- 
long to several types. Moreover, properties of the 
interactions may vary within wide limits, from the 
case of energy transfer to one or several y-quanta 
to the case of production of a large number of sec- 
ondary particles with a large degree of degradation 
of the primary-particle energy. 

We should like to stress again that the purpose 
of the present calculation is not to choose the most 
probable mode of development of EAS (according 


OF EXTENSIVE AIR SHOWERS 


1067 


to our view, the present experimental data are not 
sufficient for such a decision) but to show that 
such experimental characteristics as the shower 
absorption coefficient and the independence of s 
and « from the altitude of the observation level 
are by far insufficient to conclude about the large 
role of nuclear-active particles in the development 
of showers in the depth of the atmosphere and, even 
less so, to determine more precisely the number of 
these particles determining this development, as it 
has been done by several authors.!!~!* It seems to 
us that so long as the role of energy loss fluctua- 
tions in the production of EAS is not explained, 
conclusions concerning the mechanism of interac- 
tions of ultra-high-energy particles based upon 
such average characteristics of EAS as 1/p, 5, 
and x must be regarded as tentative. 
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The principal processes taking place in a spark channel at moderate currents are examined. 
Solutions are obtained for the motion of the gas outside the channel. A new type of hydrody- 
namic jump is considered — a strong discontinuity with external supply of heat. Certain solu- 
tions are found which describe the state of the gas inside the channel, and expressions are 
obtained for the characteristic parameters of the channel (radius, temperature, etc.). 


1. INTRODUCTION 


Ly the present paper we consider the development 
of a spark channel under comparatively high pres- 
sures and moderate currents. This process has 
been studied in detail by Mandel’ shtam and his co- 
workers.'~* In reference 1, on the basis of experi- 
mental results, the idea was expressed that the 
rapid development of a spark channel is accounted 
for by the excitation of a shock wave. In subsequent 
papers, this phenomenon was studied in detail, both 
experimentally and theoretically. The theory of the 
development process was given by Drabkina; the 
results of her calculations are in good agreement 
with experiment. However, the theory advanced by 
Drabkina is not complete; the electrical conductiv- 
ity and the temperature in the channel are not com- 
puted in this theory, so that it does not permit us 

to calculate the parameters of the spark directly, 
by starting from the law of current growth. Rather, 
it only relates the velocity of its growth with the 
energy released in the channel; this latter energy 
must be determined experimentally. 

In the present research, an attempt is made to 
consider a specific mechanism of the discharge and 
to construct a step-by-step theory of the develop- 
ment of the channel, with account of the electrical 
conductivity and the thermal conductivity of the 
ionized gas in the channel. 

In accord with the results of references 1 to 6, 
the picture of the development of the spark channel 
can be represented in the following form. A com- 
paratively narrow current-carrying channel is 
formed in the gas, with high temperature and ioni- 
zation. Joule heat is released in this channel, 
which then leads to an increase in the pressure 
and a thickening of the channel. The thickened 
channel acts like a piston on the remaining gas 
and, since the expansion takes place with super- 
sonic speed, it produces a shock in the gas; this 


| 
shock is propagated in front of the original “pis- | 
ton.” The temperature in the vicinity of the shock | 
(between the wave front and the “piston” ) is much 
higher than in the gas at rest, and the temperature 
in the channel itself is still many times higher than 
in the shock wave. Consequently, the density of 

the gas in the channel is very low, and the major 
part of the mass of the moving gas is displaced 

from it, which also makes it possible to consider 

the boundary of the channel as a piston. 

The very fact of the formation of the narrow 
channel can evidently be understood by starting 
from the following considerations. After the gas 
sparks over and becomes conducting, Joule heat 
is released at points of flow. As is well known, 
the electrical conductivity of the gas increases 
rapidly with temperature. Thus, at a high degree 
of ionization, when the collisions of electrons with 
ions are important, the electrical conductivity is 
proportional to Ts , while at low ionization this 
dependence is even stronger, (because of the fact 
that the degree of ionization increases rapidly with 
temperature). As a consequence, a tendency ap- 
pears toward a concentration of current in a com- 
paratively narrow channel, so that at the places 
where the temperature is higher, the conductivity 
is also great, a large current exists there, and a 
large amount of heat is liberated, which leads to 
more heating, etc. The physical processes which 
determine the breadth of the channel and limit the 
concentration of current are the leakage of heat 
from the channel and the broadening of the heated 
region under the action of the pressure. 

With some indefiniteness, we can consider as 
the channel the region from the axis to the point 
where the temperature becomes so low that ioni- 
zation begins to fall off appreciably. In the chan- 
nel, we can neglect the inertia of the gas, but it is 
necessary to take into consideration the release 
and transfer of heat. In the shock wave region, 
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the inertia must be considered, but we can neglect 
the electrical and thermal conductivities. These 
two regions as separated by a transition layer, 
the “shell” of the channel. Heating and ionization 
of the gas that enters the channel take place in the 
shell. 


2. FUNDAMENTAL EQUATIONS 


The fundamental equations of the problem under 
consideration are the equation of continuity, the 
equation of motion, and the equation of energy 
transfer: 

0 (rv) 


Oe do 
Ye SURG I i rs 


ou ov Op 
3 , 7 om . 
oS +0) ale 


é 


Ohi eu? 1 
Be nS) tS = JE. 
(2.1¢) 
Here p is the density, v the velocity, p the 
pressure, e¢€ the internal energy per unit mass 
of gas, q the heat flow, f the current density, 
and E the electric field. 

We shall write the equation of state in the form 


p=(ne+n;)T =(Z + 1)0T / ma, (2.2) 


where mg is the average atomic mass, ne and 
nj the number of electrons and ions per unit vol- 
ume, Z the average ionic charge, and Ne = Anj. 
The temperature is expressed in energy units. 

We shall assume that the ionization in the chan- 
nel can be computed by Sach’s formula. This prob- 
lem is considered in detail in reference 6. 

The internal energy of the gas in the channel is 
expressed in the form 


: Ale 
Sayers wale le 
where I is the total energy of ionization plus the 
energy of dissociation, referred to a single atom. 
It is appropriate to apply Eq. (2.3) in the case of 
complete ionization, for example, for hydrogen, 
Z=1, 1=15.74 ev. For incomplete ionization, 
the energy of ionization increases with increasing 
temperature. According to Sach’s formula, the 
ratio 1/T depends rather weakly on the density 
and temperature; therefore, for a not too wide an 
interval of change of these parameters, the expres- 
sion in the square brackets can be considered to 
be approximately constant. In this case it is more 
suitable to take the expression for the energy in 
the form 


ee 
BD ao a 


, (2.38a) 


as was done by Drabkina.” Here y is the effective 
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ratio of specific heats. The value of y is some- 
what different for the gas in the channel and in the 
shock wave. According to reference, 2, y = 1.25 
for hydrogen and 1.22 for air. 

Transfer coefficients. The electrical conduc- 
tivity o and the thermal conductivity x differ 
strongly for the ionized gas (see, for example, 
reference 7): 


¢ = 9, (Z) Tl = 30’ (Z) Ts | 4e2 VY Qama; 
x= Xy (Z) ia . 


(2.4) 
(2.5) 


Here e and m are the charge and mass of the 
electron, A =I1n (3T/?/ze3 Vamne ),_and 07 (Z.)) 18-4 
dimensionless coefficient. For Z=1, 2, 3, and 4 
we have, respectively, o’ = 1.95, 1.135, 0.840, and 
0.667. The value of ke?/oT, according to the 
Wiedemann-Franz law, is of the order of unity. 
For Z=1, 2, 3, and 4 this combination is equal 

to 1.62, 2.16, 2.40, and 2.60 respectively. The 
“Coulomb logarithm” 2 is only slightly sensitive 
to the values of the quantities entering into it. For 
X=5, for example, we have o;(1) = 3.4 x 107% 
sec“tey~¥?, and x 4(1) = 3.9 x 102°cm7!sec"tey~/. 

We note that the electrical conductivity of air 
increases with the temperature more slowly than 
T32, because of the increase of Z as a conse- 
quence of ionization. At a temperature on the order 
of several electron volts, it changes approximately 
as TY? and is equal to 2x 10sec! for T* 3 
to 4 ev. 

Radiation. A simple estimate, taking experi- 
mental data®~> into account, shows that if the radi- 
ation from the channel were black body radiation, 
it would carry several tenfold more energy than 
is actually released in the channel. In fact, the 
radiation is nonequilibrium and flows freely from 
the channel. For open radiation, div q = QR, where 
QR is the energy radiated per unit volume. The 
fundamental mechanism of open radiation is the 
retardation radiation 


Qe = 1.5-1075nnZ27 2, (erg-cm sec!) (2.6) 


(see reference 8) and recombination radiation. For 
hydrogenlike atoms, the latter can be computed 
from the approximate formula 


3 


Qreo = 5-10n:neZ*T ey" (erg-cm™ sec"). (2.7) 


Equation (2.7) was obtained by V. I. Kogan, using 
the cross section of recombination at the different 
levels given in reference 9. 

For partially-ionized atoms of the different ele- 
ments, which cannot be considered hydrogenlike, 
one must expect that the radiation of Z charged 
ions is greater than calculated by the “hydrogen- 
like” formulas, because of the incomplete screen- 
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ing. This circumstance can be taken into consider- 
ation if we use the effective change Zeff=Z+A 

in place of the actual charge of the ion Z. Accord- 
ing to Unséld,! we can take as a sort of mean value 
(as a rough approximation, with great uncertainty ) 
A= 1.5. 

Radiation in the discrete spectrum as a result 
of resonance absorption is forbidden for many lines 
and is close to the equilibrium (Planckian) in in- 
tensity. The presence of such radiation increases 
the thermal conductivity of the plasma. In the 
present research, however, we shall not consider 
this radiation thermal conductivity, since its cal- 
culation is a complicated independent problem 
which requires a detailed knowledge of the spec- 
trum and the line widths. 

Skin effect and the magnetic field. The penetra- 
tion depth 6 of the field after a time t can be es- 
timated by the formula 6? ~ c’t/270. According to 
Abramson and Gegechkori,?* og = 2 x 10°" see". 

At the instant t = 107° sec, the radius of the chan- 
nel becomes a ~ 1mm, which yields 62/a? ~ 10?. 
Thus we can consider the electric field to be con- 
stant over the cross section and use the expression 
j =oE for the current density. 

We now estimate the role of magnetic forces, 
for which we compare the magnetic pressure H?/ 87 
with the gas-kinetic pressure. The latter has the 
same order of magnitude as the kinetic energy per 
unit volume. If an appreciable amount of the liber- 
ated Joule heat remains in the form of the kinetic 
energy of particles in the channel, then the pressure 
can be estimated as 


Ue H? & 


Ta? ma2o 


p~ wee (2.8) 
It is then evident that we can regard the magnetic 
forces as inconsequential when we can neglect the 
skin effect. 

The magnetic field begins to have a strong ef- 
fect on the kinetics of the electrons (on the elec- 
trical conductivity and especially on the thermal 
conductivity ) when the frequency of their rotation 
in the magnetic field w= eH/mc is comparable 
with the collision frequency 1/7. For typical val- 
ues of the magnetic field and density in the channel, 
Mandel’ shtam and his coworkers obtained in their 
experiments wt ~ 0.1. 

We shall neglect both the magnetic forces and 
the effect of the magnetic field on the kinetics of 
the electrons. 

The shell of the channel. Ionization jump. Since 
we are dealing with entirely different simplications 
in the channel region and the shock-wave region, it 
is necessary to establish the condition of joining 
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the solutions on the boundary between the two re- 
gions. Physically, the joining takes place in the 
transition region, in the shell of the channel, where « 
a transition occurs from a strongly ionized gas to 
a weakly ionized one, and where an intense ioniza- 
tion process is taking place. We shall not investi- 
gate the behavior of the quantities in the transition 
layer, but shall consider them (approximately) as 
discontinuities, as is usually done for discontin- 
uities in hydrodynamics. We shall assume here 
that the transition region is not very wide. | 
We shall denote by a the velocity of motion of » 
the discontinuity, and use the index 1 for quanti- 
ties on the outside and the index 2 for quantities 
on the inside (the channel side). The laws of con- 
servation of mass and momentum take the form 


| 
(2.9a) | 


| 


0; (VU, — 4) = pe (U2 — 4) SQ; 
Pi + 01 (U1 — 4)? = Pro + 02 (V2 — 4). (2.9b) 


The density in the channel is very low, p2 < pj; 
therefore, the first condition yields v;=a. The 
pressure jump is expressed in the form Ap =p; —- 
Pp = 8"(p2'— pi). Considering p, K py, g ~ pra, 
p-. pias, we find that the pressure jump is small: 

Ap/P ~ pe/y<< 1. (2.10) 


We shall assume that the pressure does not underge 
a jump. Then, neglecting the heat flow on the side 
of the cold dense gas, we obtain the condition 


g (2 + p/ps) + G2 = 0. 


from the conservation of energy. 


(2 


3. QUASI-SELF-SIMILAR SOLUTION 


As is well known (see reference 11), the motion 
described by two dimensional parameters is self- 
similar. In our case, the motion as a whole depends 
on a large number of parameters; however, we can 
find an approximate solution which is self-similar 
separately in the region of discharge and in the re- 
gion of the shock wave. Curves representing the 
dependence of different quantities on the radius re- 
main, in each of the regions, the same with passage 
of time, but their scales change in each region ac- 
cording to its own law. 

Shock wave. The motion of the gas outside the 
channel is completely determined if the time de- 
pendence of the radius of the channel is given. The 
boundary of this channel plays the role of a piston 
which displaces the gas. If this dependence has a 
simple power form 

a(t) = At® (3.1) 


and if the pressure in the wave is so large that the 
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pressure of the undisturbed gas can be neglected, 
then the motion in the region of the shock is deter- 
mined by the two dimensional parameters A, Po 
and is self-similar. 

In place of the variables t, r in Eqs. (2.1), we 
introduce the variables t, x = r/ag(t), where Ao 
is the radius of the wave front. We introduce also 
the new dependent variables: 


e’ (x) = p/p», 


i (x) ol. / Ode. 


OR) Oa, 

(3.2) 
Neglecting the heat released and transferred, we 
can rewrite Eq. (2.1) in the form 


, FEC OME RCLXO! 
(v a Dr rots xdx 


1 r , dv’ 1 dn’ 
(-=)’+@—nF+t#-0, (3.3) 


, axv’ 
xdx 


1 oom , dp’ : 
2(1—-)p + (0 —x) 24 yp Dai): 
The boundary conditions in a strong shock wave for 
x =1 have the form 


= (aig 1) 202 yd), 
pe 

Equations (3.3) with boundary conditions (3.4) were 
integrated numerically on an electronic computing 
machine for the values k=1, ai VE and y= Te 
a, JE . The results of the integration are shown in 
Fig. 1. The position of the piston is determined by 
the point where v’ =x. The pressure at the piston 
Pp, can be obtained from the velocity of the piston 


(3.4) 


Pr = K pod, i325) 


where the coefficient of resistance Kp will be con- 
sidered as approximately equal to 0.9 (see Fig. 1, 
Kp = D’(s)a-/an). 


The Channel. Let us consider the case in which 


3 
0875 Ui 


0875 1 0875 1 24 


FIG. 1. Distribution of the velocity v’ (dashed lines), pres- 
sure p’ and density p’ behind the front of the shock wave as a 
function of x = t/a, for various values of k. The curves 1 cor- 
respond to y = 5/3, 2 to y= 7/5, and 3 to y = 9/7. 
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we can neglect radiation. Then 


Ged dr. (3.6) 


We shall assume that the temperature in the 
channel is appreciably higher than is necessary 
for complete ionization. Then, on the boundary of 
the channel, where the ionization is beginning to 
fall off, the temperature will be much less than at 
the center, and we can set (approximately) T =0 
fOr m= a, 

We transform from the variables t, r to the 
variables t, s = r’/a?(t), and also introduce the 
new dependent variables 


Ah 15 #7 fr U 
(8) Sp u=—=a-(5 oh 


Yy oF \-2 + : (<= —\I. 


Here Ty is the temperature on the axis. We shall 
regard the pressure as constant over the cross 
section of the channel. Equations (2.1a), (2.1c), 
(3.6) take the form 


(0) 


du 1—(4/ 2k) Cy ois °l, 3 
as 9 ror, (2—- =). 
dd oy + 8/2. ud (3.8) 
cae os l2 : 
where 
a =x(Ty) Ty /paa, (3.9) 
B = 6 (T)) E?a*/x (To) To. (3.10) 


The condition (2.11) becomes y(1)/u(1) = 
I/(Z+1)T . It is then evident that for self-simi- 
larity the temperature ought not to depend on the 
time. The same applies to the quantities a, 8B. 
Making use of (3.5), (3.10), we obtain the result 
that a ~ 13/4, E«~t ¥4. The electric field is con- 
nected with the current by the relation 


J = <0) rare, (3.11) 


where the angular brackets denote an averaging 
over the cross section of the channel. Thus, the 
self-similar mode is obtained only in the case of 
a definite law of current increase: J ~ t?/4. Actu- 
ally, the current changes sinusoidally, but for the 
first quarter period of the sine wave we can use 
approximately the results obtained from the self- 
similar mode. 

Equations (3.8) have been integrated numeri- 
cally for k = *% with the boundary conditions 


Verh 
9=0(9 <1). 


ioe SO ZO, p= O: 


for s— 1) “git Z IN To, 


In the actual integration, the parameter @ was 
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assigned and 8 was so chosen that the quantity 
3(1) was as small as possible. The exact value 
of #(1) is rather unimportant, since the curves 
hardly depend on it over the major part of the in- 
terval. The characteristic curves are shown in 


10 
08 
ab 
ag 


——] 


a QS 


i 10s 
FIG. 2 


Fig. 2. The values of I/(Z +1) Ty = 5.95, 2.0, 

1.56, 0.9, and 0.25 correspond to a@ = 16, 8, 6.90, 
5.33, and 4 and B=1.48, 1.56, 1.60, 1.68, and 

1.80. The coefficients Kg = <T¥2/T32> and Kp 
=<T,)/T> change in this case from 0.661 to 0.632 
and from 1.49 to 1.69, respectively. We shall 
henceforth take approximately B=1.6, Kg = 0.655, 
and Kp = 1.55. Knowing the dependence of q@ and 
B on the temperature, it is possible to find all the 
parameters of the channel. However, it is more 
suitable to use Eq. (4.4), in which we must replace 
o by <o>=0,<TY>. mm accord with (2.3), it 

is necessary to replace in Eq. (4.4’) (y-1)7! by 
ye +r KpI/( Z+1)T). For the temperatures of inter- 
est, the single-term approximation & ~ 3vI/(1+ Z)T9 
is valid with sufficient accuracy. Using Eqs. (3.10), 
(3.11), (4.4) and the values of the coefficients that 
have been obtained, we get the radius of the channel, 
the temperature, and the electric field. For hydro- 
gen, we have: 


@= 125395) ** (thy ht (3.12) 
T= 8.50, tae (32ers) 
Bi Natt (3.14) 


For the temperature in the channel, the condition 
Hie (< TS 25, 2/3 is assumed. Here we have ex- 
pressed T, in ev, a in mm, E in v/em, J in 
kiloamperes, t in psec, while the density unit 
is20.9:x 10>" g/em?, In reference 4, for a 15-kv 
discharge, a 2uhy self inductance anda 0.25yuf 
capacitance, the measured values for the radius 
of the channel (for hydrogen at atmospheric pres- 
sure, py =1) were 1.00, 1.55 and 2.60 mm for 0.3, 
0.5 and 1.0usec, respectively. The corresponding 
values computed according to (3.12) are 1.00, 1.50, 
and 2.45. The agreement is rather good. Experi- 
mental data for the quantities in (3.13) and (3.14) 
are unfortunately lacking. The existence of such 
data would have made it possible to verify Eq. (2.5) 
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for the thermal conductivity of the plasma, since 
the radiation does not play an important role in 
the given case. 


4, HOMOGENEOUS MODEL OF A CHANNEL 
WITH A DENSE SHELL 


If the removal of heat from the channel is 
brought about by transparent radiation, while the 
thermal conductivity can be neglected, then we 
can demonstrate a simple self-similar solution 
for the region of the channel: the pressure, tem- 
perature and density are constant over the cross 
section, while the velocity is proportional to the 
radius. The entire temperature drop is concen- 
trated in the shell. The radiation is absorbed 
there, and the ionization of the gas entering the 
channel takes place in that region. If we consider 


the shell to be thin, we can obtain a set of equations | 


for the basic parameters of the channel. In the 
general case, use can be made of these equations 
as a mathematical model describing, however 
roughly, the basic processes in the channel. In 
this case we can also take the thermal conductiv- 
ity into consideration (approximately ). 

The equations for the energy balance in the 
channel and the shell have the form 


dra? 


re oe Qs; (221) 


dw 
erotae! 
(2+ 2) T= Or + Qe, 


where M and W are the mass and energy of the 
gas in the channel. Equation (4.1) is obtained by 
integration of (2.1c) over the cross section of the 
channel (including the shell) without any assump- 
tion on the form of the distribution of the quantities 
over the cross section. For the homogeneous 
model, we set W=Me, M= Ta*p. Equation (4.2) 
is obtained from (2.11). The expressions for the 
release of Joule heat Qj and for the heat loss by 
radiation QR and by thermal conduction Q7 can 
be written in the form 


Qy = J? /na’sc, Qr=7a°Qr (p, T), 
Oy 1 eee 


(4.2) 


(4.3) 


In order of magnitude, Qp- ~ k(T/a)2za, while 
the coefficient in (4.3) is chosen in correspondence 
with the results of the previous section Eq. (3.10) 
wherein Ty = (<T¥2> 2% was assumed for the 
characteristic temperature in the channel. Approx- 
imately, it can be obtained from (3.5) for a weak 
shock, or it can be considered equal to the pressure 
of the undisturbed gas, when the wave becomes 
weak and undergoes a transition to the acoustic 


type. 


| 
| 
| 
| 
| 


THEORY OF THE DEVELOPMENT OF A SPARK CHANNEL 


Making use of (3.5) and (2.3), we can rewrite 
(4.1) in the form 


py2r*ata% = J2/c, (4.4) 


b= K, [1+ (y— renee 


(4.4’) 
allay aa) 4 (2 —k4)). 
Here k= at/a. Comparing (4.1) and (4.2), we ob- 
tain 
Qr + Qe = 72), 


where 7 is a coefficient on the order of unity. If, 


(4.5) 


i. for example, we can neglect the change in temper- 


ature with time, then 


mieey| Pay ml) 2a Tel hs 294.5%) 


For a weak shock, when the pressure in the 
channel can be considered equal to the pressure 
of the undisturbed gas py, we get from (2.3) in- 
stead of (4.4) 


py2nPatay |(y — 1) = J*/o. ao 


Equation (4.5) retains its form, but the coefficient 
7 will be different. For example, if we neglect 
the change in temperature with time, then we have 
simply 7 =1 in place of (4.5). Equations (4.4), 
(4.5), together with (4.3) and (3.5), (3.11) allow us 
to find all the parameters of the channel. 

Let us consider the channel in air. The conduc- 
tivity o(T) for air in the temperature range of 
interest to us changes comparatively slowly (see 
Sec. 3) and, by (2.4), can be taken to be approxi- 
mately 0 =2 xX 104 sec"!. This is supported by 
the experimental data. If, making use of refer- 
ences 3 and 4, we take the electrical conductivity 
into account, then it is shown that within wide lim- 
its of change of the parameters of the discharge, 
o does not depart appreciably from this value. 
Assuming Kp = 0.9, y=1.2 and J~t, we get 
&=4.5. For these values of o and &, we get 
for the channel radius (from Eq. (4.4) 

a = 0.93 po he". (4.7) 
Here a isinmm, J in kiloamperes, t in psec, 
and we take as the density unit the density of the 
air at atmospheric pressure, 1.29 x 107-3 ¢/cm?. 

The experimental values of the radius‘ for a 
discharge voltage of 15 kv and capacitance C = 
0.15 pf, at 0.3, 0.5 and 1.0ysec, are the fol- 
lowing: for a coil inductance of L=2phy (which 
corresponds to J = V/L=7.5 xX 10° amp/sec): 
0.65, 0.95, and 1.55 mm, respectively; for L= 
12 (Jj =1.25 x 10°), 0.33, 0.50 and 0.80 mm, 
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respectively; for L=64 (J =2.4 x 108), 0.18, 
0.25 and 0.40 respectively. The corresponding 
values computed from (4.7) are 0.67, 1.0 and 
1.62 (for? i= 23) 0.35) 0.57" and* 0799 “(for “hh 

= 12), 0.21, 0.32, and 0.58 (for L=64). The 
agreement is excellent. A certain saturation at 
larger self inductances and values of the time 

is explained by the fact that (4.4) does not take the 
initial pressure into account. If this were done in 
(4.1), for example, by means of the interpolation 
p= Kpp oa” + po, then the agreement with experi- 
ment would be improved. 

The spark discharge in air has also been in- 
vestigated experimentally by Norinder and Kar- 
sten.!? The values of the radius computed by (4.7) 
agree satisfactorily with their experimental data. 

The temperature in the channel can be calcu- 
lated by (4.5) and (4.3). However, this computation 
is difficult in practice because of the absence of 
reliable data on the radiation of air. We shall only 
put down some estimates. The coefficient 7 is 
on the order of unity. For the same discharge 
which was considered previously,’ at t = 1 psec, 
the Joule heat (for L=2, 12 and 64uhy) is Qj = 
1.7.x 101%, 3.x 10, 4.2.x 101} erg/em-sec, re= 
spectively. For L= 64, using (4.5), we obtain 
T = 38.7 ev, while all the heat is transferred by 
the electronic conductivity; we can neglect radia- 
tion (QR ~ 10 erg/cm-sec). For L=12, the 
thermal conductivity and radiation have the same 
order of magnitude, but for L= 2, the heat is 
primarily conveyed by radiation. In the second 
case, the radiation is much greater than in the 
first, because of the high density of the plasma, 
but also because of the large value of the cross 
section of the channel. Taking T =4 ev, we get, 
making use of (2.2) and (3.5), nj = 3.3 x 10. in 
the first case and nj = 9 x 10" in the second. 
These quantities greatly exceed the experimental 
value of 10‘ obtained by Dolgov and Mandel’- 
shtam.? According to their experimental data, 
Tx4ev and Z~* 2. Substituting these values 
in (2.5) and (4.3) we get Qp = 0.6 x 10” erg/cm- 
sec. We estimate the radiation crudely by using 
(2.7) with an effective charge equal to Z+1.5 = 
3.5). This-gives QR =1:6 10" for [L =12 and 
Qr = 4.4 x10!3 for L=2. These results corre- 
spond in order of magnitude to the experimental 
values of Qj; however, the accuracy of the esti- 
mates is not very great because of the very approx- 
imate method employed in considering the radiation 
of air. Therefore, the role of other possible mech- 
anisms of heat transfer, for example, radiant ther- 
mal conductivity, is not completely clear. 

In conclusion, let us consider the limits of ap- 
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plicability of the theory developed above. 

The lower limit is determined by the fact that 
for appreciable ionization, the temperature in the 
channel ought to be larger than (approximately ) 
one electron volt. For this, the current ought to 
be not too small and should increase after a rather 
short time. The corresponding estimate can be 
obtained from (3.13) for hydrogen and from (4.3) 
and (4.4) for air. Neglecting the weak dependence 
on the density, and disregarding radiation, we ob- 
tain a condition for both cases, which is very 
rough: 


Is 107%, (4.8) 


The upper limit is determined by the require- 
ment of smallness of the magnetic pressure H?/87 
= J*/2ma’c? in comparison with the gas-dynamic 
pressure. Using (3.5) and (4.4), we get 


H® /8xp = (Udo), Jy = (2K /Exh) (cpt /0), (4.9) 


where Jy is the current at which the magnetic 
forces begin to be appreciable. For hydrogen, 
setting o=0,T?/*, & =(53/T)'/*, and using (2.4), 
we get 


J (He) = 50p% jh, (4.10a) 


For air, substituting a fixed value of the conductiv- 
ityagi=2 «1075.7 and .2)= 445, we get 


Jy (air) = 250 0%! (4.10b) 


The current is expressed in kiloamperes, the time 
in msec, and the density in units of 0.9 x 1074 for 
hydrogen and 1.29 x 107° for air, both in g/cm’. 
Both criteria are well satisfied for typical cases 
of lightning in the atmosphere. For example, let 
the current of the lightning be 30 kiloamperes and 
the time of current flow 200usec; then we get 0.55 
< 30 « 250. The form of the lightning current is 
not linear, so that the coefficient in (4.7) must be 
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changed, but if (4.7) is used for a rough estimate, 
then we get, in the case considered, for the radius 
of the lightning channel a ¥ 4 cm. 

In conclusion, I express my deep gratitude to 
M. A. Leontovich, V. I. Kogan, D. A. Frank-Kame- 
netskii and S. L. Mandel’shtam for useful discus- 


sions, and to Z. D. Dobrokhotov and G. A. Mikhailov | 
for help in setting up the program for machine com-_ 


putation and for carrying out the computations. 


! Abramson, Gegechkori, Drabkina, and Mandel’ - 
shtam, J. Exptl. Theoret. Phys. (U.S.S.R.) 17, 862 
(1947). 

2S. 1. Drabkina, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 21, 473 (1951). 

31, S. Abramson and N. M. Gegechkori, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 21, 484 (1951). 

4N.M. Gegechkori, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 21, 493 (1951). 

5G. G. Dolgov and S. L. Mandel’shtam, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 24, 691 (1953). 

6S. L. Mandel’shtam and N. K. Sukhodrev, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 701 (1953). 

'S. I. Braginskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 38, 459 (1957), Soviet Phys. JETP 6, 358 
(1958). 

Sw. Heitler, The Quantum Theory of Radiation, 
(Oxford, 1954).. 

9H. Wessel, Ann. Physik 5, 611 (1930). 

Ny Unsoéld, Physik der Sternatmospharen (Ber- 
lin, 1955), Ch. VI. 

"1. I. Sedov, Merogsr noxo6ua mu pa3smMepHoct B 
mexaHuke (Methods of Similitude and Dimensional- 
ity in Mechanics) (GITTL, Moscow) 1954. 

241, Norinder and O. Karsten, Arkiv for Mat., 
Astr. Fys. A836, No. 16 (1949). 


Translated by R. T. Beyer 
306 


SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 6 


DECEMBER, 1958 


ENERGY DIFFUSION OF FAST IONS IN AN EQUILIBRIUM PLASMA * 


V.S. KUDRIAVTSEV 
Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 2, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1558-1565 (June, 1958) 


The problem of the energy diffusion of fast ions injected into an equilibrium plasma is con- 
sidered. The energy distribution of the injected ions is initially monochromatic, with the 
energy exceeding the mean thermal energy in the plasma. It is assumed in this case that 
the distribution of velocity directions is isotropic. The extent to which the distribution ap- 
proaches a Maxwellian one is determined. For an arbitrary initial distribution, the result 
can be obtained by the principle of superposition, since the equations are linear. 


1. DERIVATION OF THE EQUATION 


abe kinetic equation for a fully ionized plasma in 
the absence of external fields has the form! 


Of /dt = —divyi, 


: me2L of’ , Of \ #8, — uu ' 

Ue Si Der\li oi ae a } re ~ dv’. (2) 
Here f=f(t,v) is the distribution function, j is 
the flux density of particles in velocity space, L= 
In [n7!(€/e?)?] is the Coulomb logarithm, m, e 
are the mass and charge of particles, uj = vj - vj 
is the component of relative velocity. 

Integration over dv’ is taken over the whole 
velocity space. The primed variables are summed 
over all types of particles that collide with the 
given particles. 

In our case the distribution function for each 
kind of particle is isotropic with respect to the 
velocity direction. We can therefore integrate in 
(1) over the directions of the vector v’. Taking 
into account the equalities 


Of CROf Ni NS pe ee 
oes Up(UOin — Ujtty) = 0, 
we obtain 
= te2L 2 
ee de : 
of’ , of U8 ip = 12 dO 
x \\(F RTT f =a) (Ory 5 v2 dv'd vis (2) 


The integral over the angles of v’ has the form: 


Cea 
u?d;, — Ujllp 
we 


Q2 
Wn = Py oea udQy:. 
Evaluation of the last integral gives 


*Work carried out in 1952. 


e or n , 
\ udQy SS ke oO) eg Oe Oe 


After differentiating twice and substituting into 
(2) we obtain for the flux in velocity space 


i. OP , Of \8m_ 45 8 AS 
x \(F aaa i 5) 00 eae aoa. dv’. 


This flux is directed along the vector v, and its 
divergence is 


div j= = 2 (0%), me) 
where j is the absolute value of the flux. 

We assume that a small number of ions of 
definite energy, with a spherically symmetric 
distribution of velocity directions, is injected 
into an equilibrium fully-ionized plasma. Then 
the role played by the collisions of these particles 
with each other will not be great, and the change in 
time of the distribution function f of these parti- 
cles will be determined by the collisions with the 
ions and the electrons of the equilibrium plasma 
having Maxwellian distributions: 

P= n(M)QaTy be eer (9) 
fi =n (m/2nT) Pe Pr (6) 
where n is the ion or electron density, M, m 
are the ion and electron masses, T is the ion 
and electron temperature in energy units. 
The distributions are normalized so that 
f'4nv’* dv’ =n. Thus the flux of injected particles 


in velocity space is equal to: 


j mes ( of; és of 8 Us} 8 , , 
J — M NG Mo’‘dv’ fi tiem) Bi vU (o-+ il zs [o—o’ 3 U du 
(7) 
meth of, LOPE NST 6 8 fie 
Ore 

Aga eee fe meas) gee (eamesaasran © 
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Substituting for fj and f@ their values from (5) 
and (6), and integrating over dv’, we shall obtain 
the final expression for the flux of particles in 
velocity space: 


Pe on LTS fT 8. pee Sea UNOS ates 
aaa Bale lev L M ' (V LE s me 

(e/a os oer hale Of ) 
+y ™ lay = m Ae QT nD, ss Hg ( Ife i Moos 4 


Zz 
fe dt is Kramp’s function. 
V7 0 
The kinetic equation for the injected ions, in 
accordance with (1) and (4) has the form 


where ® (z) = 


of | 
a = at 55 (0°) ®) 


Substituting into this the expression for j from 
(8) we obtain: 


Of 4 0f4;- of 
em Veale OE +55): (10) 
with 
x = Mo? /2T, 1 =2*e*Lnt/3n" M'T™, 
3 O (Vx 3 
T(x) =3Ve pe ~e-* (11) 
" ii el SEL 5 ates | 
m VnggM OD 


We shall normalize the function f by the condition 


\fVxde =1. (12) 
0 
In going over from the distribution function f in 
velocity space to the distribution density with re- 
spect to energy p =fV¥x, we obtain from (10) the 
following equation for p: 

Noe +5) 


eal (13) 


with 
(14) 


2. SOLUTION OF THE EQUATION 


The initial condition for the distribution density 
with respect to energy of the injected ions p isa 
monochromatic distribution with the energy equal 


to Xo. In future we shall assume that xg exceeds 
unity. Thus 


o(x, 0) =6(x—-x,). (15) 


With time this distribution will be smeared out by 
diffusion and will approach the stationary distribu- 
tion which is obtained from (13) when dp/dt = 0 
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and which is, as it ought to be, Maxwellian _ 
0 (x, OOpm Ze V x/m. 


Our problem is to find the time variation of the 
distribution, particularly for large times and for 
energies exceeding Xo. 

We solve (13) by using Laplace transforms. To 
do this we multiply both sides of equation (13) by — 
e-AT and integrate over dt between the limits 
0 and «, Integrating by parts on the left-hand 
side and denoting 


(16) 


(17) 


we obtain from (13), after taking (15) into account, 


do, \) 
ho, —8(x— x) = 2 [r (*) (o, — so a (18) 


The transition from p,(x) to p(x, 7) is accom- 
plished with the aid of the formula for the inverse 
transformation 

o-+200 


\ oy (x) e** dh. 


o—ico 


p(x, t) = — (19) 
Here the integration over dA is taken in the com- 
plex A plane along a line lying in the right-hand 
half-plane to the right of the singularities of p(x). | 
Let us put Eq. (18) into a more convenient form. 
For this we first eliminate the first derivative by 


the substitution 
Se Site ok. (20) 


We then Pepa the function g) and the independ- 
ent variable? x 


aN — Digs (21) 
aes \ [I (x) dx = \ eyes (22) 
0 0 
As a result we obtain 
a A—u®) Fr 
(23) 
== — x7! erel2 [LT (x5) J" 8 (§ — &), 
where 
ny — Pk eT *P IP (ay) ae? 
PAST xe ep *2 1p (x)]!s (24) 


Equation (23) with I(x) as given by formula 
(11) does not have a solution in finite analytic form 
(except for the case 1 = 0). However, one can ob- 
tain, with sufficient degree of accuracy, an approxi- 
mate solution by making use of the specific form of 
the function u(é). A graph of the function u Ce) 
for the value m/M = 1/3600 (deuterium plasma) 
is given in Fig. 1. 

In the range of values of from 5 to 30 (while 
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x varies from 4 to 25) the function u(é) main- 
tains an approximately constant value equal to 0.14, 
as can be seen from the graph. We denote this 
value by a. (The remaining values of the function 
u(&é) inthe region é > 30, which are of no prac- 


tical interest, increase monotonically and go through 


a maximum (on the order of M/m) at £, and then 
asymptotically approach zero for still greater val- 
ues of &. 

For an an approximate solution of (23), we shall 
choose such an expression for I(x) [which we 
shall denote by y(x)], as to make u(£) a con- 
stant equal to a, i.e., in accordance with (24) 

a? (x oP Ly G9) 1a? 


x leo *12 Ly (x)]'# 


= a. (25) 

With such a value of y, Eq. (23) can be solved 
in finite analytic form. We have denoted by ¢ the 
quantity € corresponding to the new function y(x). 
Such an approximation allows us to obtain, with a 
sufficient degree of accuracy, the distribution func- 
tion in the range of values of — from 5 to 30. On 
solving Eq. (25) for the function x/4e-X/ [y(x)]/ 
we find 


x'lse—*l2 [y (x) == C exp(— Val) + Cy exp (Va), (26) 


where C and C,; are constants, which for the 

time being are arbitrary and will be determined 

later. The dependence of ¢ on x is now given 

instead of (22) by the formula: 

C= \iy@rrhds, G=\yWhde. (27) 
0 0 

Equation (23), without its right-hand side, has for 

A =0 a solution which falls offas & > ~, or, 

what is the same, for x ~ ~. This solution has, 

according to (24), the form 


F, = const x*e—*l2 [T (x) ]"'«. 
A solution of (23) (for %=0) which falls off at 
infinity, must have for u(é) =a the form 
F, = const x" e—*2 [y (x)]"*. (28) 
Comparing (28) with (26) we find that C,;=0, and 
thus 
x'lee—#l2 [y (x)]'* = C exp (— Vat). 


The constant C is determined from the normali- 
zation condition and turns out to be equal to 


C = (xa)'l. 


(29) 


(30) 


Now we can find from (27), (29) and (30) the depend- 
ence of y and ¢ on x. We obtain 


C= — S=in[1— 0 (V2) ) V ze]; (31) 
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1— (Vx) xSe 
Vises? 7a\ f 
Equation (23) assumes the form 


y= na f (32) 


ar 
PEA (G+N Fa = xeemPly (x3 C—G), (33) 


while px, and F) are related by the expression 


P, = xls e—*l2 [Y (x)J—s Fy. (34) 


FIG. 1 


Let us determine the boundary conditions for 
Eq. (33). Integrating (13) with respect to x be- 
tween the limits 0 and o, and noting that it fol- 
208 

OT 
ly (x) (0 5+ S = 


0 


lows from (14) that J pdx = 0, we obtain 
0 


0. (35) 


As x—>o both p(x, 7) and 9p/dx should tend 
to zero, and since at the same time y(x) remains 
finite, it must follow that 


(36) 
(37) 


(0 — p/2x + Op/ OX) +0 = 9, 
(v(x) (oe —p/ 2x + Op /Ox)}x.0 = 0. 


Upon applying the Laplace transformation to the 
last two equations, we shall have the same condi- 
tions also for px (xX); obviously (P))x—-ao = 0. 
From the condition (p,)x—+«0=0, from the speci- 
fic forms of the functions ¢(x) and y(x) given 
by (31) and (32) for x > ~, and from the relation 
(34), we obtain the boundary condition for F, as 
x= ol (C= om) 

(Fie = 0. os 


Similarly we obtain the boundary condition 
4 4Fy = 5S 
Caer eee 


In addition to satisfying conditions (38) and (39), 
the function F,(¢) must be continuous in the 
whole region from zero to ~, while at the point 
£ =) the derivative dF, /dg must have a discon- 


(39) 
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tinuity whose magnitude is found by integrating (23) 
over a small interval which contains the point 


C= fo: 


V. Si: KUDRIAVTSEYV 


exp {Vat,—Va+ao} (CV aaa Via) ) exp ( (Va+r0) a 
Baa)'"VaziVati—Va) 
4+ (Vatr+Vaexp(—Va +26], 6<% 


| 

<4 exp {Vat,—Va+ = 
2(ma)*Vat+r~Va+a— 

( 


fs (Va+hk PX + V a)exp (— Va+ar)], 


The function F,(¢) is defined for complex values 
of A, including also negative values of A, by 
means of analytic continuation with respect to A, 
starting with positive values of 2X. 

According to (17) and (34) the desired distribu- 
tion p(x, 7T) is equal to 


o+ico 
p= x'le e—*l2 Areal oe \ 18 ert dh 
o—loo 
(42) 
sige Viatiay da 
==) = \ Fe dh. 
a : o—loo 


The path of integration in the complex A plane 


may be deformed in the following manner. The 
hin = 
p= 28 Va 
vile 
C due * ue 
Xe (VERO) tre 


0 


The first term in (43) represents the integral over 
the circle, while the second term represents the 
integral over the loop. On carrying out the neces- 
sary integrations in the second term, we obtain the 
final expression for the distribution p(x, T): 

C+% 


p= y~hVaexp{—2Vat}[1+ ©(Var + <2) (44) 


ep tex (9a OG, pane 


-e at 


2V nt f 


————— Rer 


FIG. 2 


V5 [(Va+ir—YVa) exp (Va + 2%) 


Conditions (38), (39), (40) and the requirement of 
continuity completely determine F) (x) fori am2G: 
The function F, which satisfies all the above re- 
quirements has the form: 


(41) 


Gee: 


integrand F,e47 has singularities at A= 0 and 


=-—a; in particular, the point 7 =0 isa pole 


with a residue equal to 2( a/1)¥4 are while the 
point »} = —a is a branch point of the first order. 
After making a cut along the negative part of the 
real axis from A=-—a to A=-—~%, we take the 
path of integration along the edges of the cut in 

the form of a loop surrounding the point A = —a. 
Then the integral in formula (42) will reduce to 

an integral over this loop and an integral over a 
circle surrounding the point A=0, as shown in 
Fig. 2. Both functions F, in formula (41) give, 


on integration, the same result for p(x, 7). On 
carrying out the integration we obtain: 

7 xP (= Val =G,)} 

agTty (43) 


COs Vie ae) 


2Vua . — ; 
ra VeGo+)]- 


where ¢ and ¢) are determined by formula (27), 
while y(x) is determined by formula (32). 

T— 0 we obtain from (44) p =6(x-x,)), while 
for p = 2e% Vx/m , as it should be. 


U2 YO, 


3. RESULTS 


Expression (44) obtained above for the distribu- 
tion density with respect to energy p(x, T) will 
describe, to a sufficient degree of approximation, 
the energy distribution of ions injected into plasma 
in the range of values of € and &) from 5 to 30. 
The range of the corresponding values of ¢ and 
€) is approximately the same, while x and xy 
vary between 4 and 25. In order to describe the 
manner in which the distribution function approaches 
the stationary Maxwellian distribution 


Pu= Qy— ht V ae ae 


it is convenient to introduce the ratio p/pyy which 


NER GYS DIFFUSION: OF 


is equal to 
2g C+5\] 
eM =3(! +o(Ve— Sel 

4 exe at +Va(E+ %)} 


4V mat 


[e- (SG) 140 + Cam (S400)?! lary. (45) 


The variables ¢€ and ¢) occur in p/pyy ina sym- 
metric way. 

For given values of ¢ and & (f¢# & ) lying 
within the region in which the solution is applicable 
the quantity p/p), regarded as a function of time 
increases from zero (at T=0) toa maximum 
value greater than unity (for t= 7T*) and then de- 


_. creases asymptotically approaching unity from 


above. For small values of the time 


ce ova 
p/py bas the form: 


{ (Sb _ 


Cths a GGalt 
a7 Vm ape VS te). (46) 


For large values of the time 
tO > (C+ O)/2Ve 


we have: 


xeon (VE) (Ve). 


FAST IONS IN AN EQUILIBRIUM PLASMA 
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The time t=7* at which p/p), has a maximum 
is found from the condition 9(p/py,)/9T = 0 which, 
in accordance with (45), assumes the form: 


atten - Wart +0 +0)/ Ve)? — Mp 
at* — (C—%,)?/ 40* + 12 ° 


(48) 


Assuming that the quantity ¢f£)/7T* is large 
compared with unity (this condition is fulfilled as 
may be seen from the result (49) obtained above 
for our range of ¢ and ¢)) we obtain T* by 
equating to zero the denominator of the right-hand 
side of (48) 


Woe Font fl 
se mi (49) 


In conclusion, I express my gratitude to A. B. 
Migdal for suggesting the problem. 


'T,. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
7, 203,(1937); 

2R. Courant and D. Hilbert, Methoden der Mathe- 
matischen Physik, vol. 1 (Russian translation) 1951, 
p. 251 [Berlin, 1931; Interscience 1943]. 


Translated by G. Volkoff 
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The procedure of approximate second quantization is used to sum the special class of diagrams 
corresponding to the divergent terms in the standard perturbation theory expansion for a sys- 
tem with coulomb interaction (infrared divergence). An energy spectrum for a high density 
electron gas is derived, which contains both individual excitations (quasi-particles obeying 
Fermi statistics) and collective excitations of the plasma type. The correction to the speci- 
fic heat due to the self energy of the elementary excitations is computed. The results are 
compared with those of Gell-Mann and Brueckner. To a certain extent, the results can be 
considered to be a justification of the independent particle model in the electron theory of 


metals. 
1. INTRODUCTION 


DOME of the ideas of quantum field theory, in par- 
ticular the method of graphical analysis of matrix 
elements, prove to be very fruitful in quantum sta- 
tistics. In papers of Gell-Mann and Brueckner! 
and Sawada,” for the case of a high density electron 
gas, a partial summation is carried out over the 
specially selected diagrams corresponding to the 
most strongly divergent terms in the perturbation 
expansion, thus eliminating the well known “infra- 
red catastrophe” which is related to the long range 
character of the coulomb interaction. Hugenholtz® 
has developed in detail a technique for constructing 
diagrams for a system of interacting particles 
obeying Fermi statistics, and has investigated the 
dependence of various matrix elements on the vol- 
ume of the system. 

In the present paper, we apply the method of 
approximate second quantization to a high density 
electron gas, and obtain the energy spectrum of 
the elementary excitations corresponding to both 
collective motion of the system and to individual 
excitations. 

In reference 1 it was shown that for a system 
of Fermi particles at high density (large Fermi 
momentum ), only those matrix elements of the 
Coulomb interaction are important which corre- 
spond to transitions near the Fermi surface. The 
electrons and holes then form bound pairs. Thus 
the Gell-Mann — Brueckner partial summation of 
diagrams in which electron and hole lines form 
irreducible complexes is equivalent to treating a 


model dynamical system with a Hamiltonian which 
is obtained from the exact Hamiltonian by dropping 
all terms which do not correspond to electron-hole 
pairs. It was also shown in reference 1 that the 
matrix elements corresponding to the exchange 

of an excited pair give a contribution of higher 
order, and can therefore be dropped. In the pres- 
ent paper the authors start from the results of a 
paper* of Bogoliubov, Tiablikov, and Tolmachev, 
in which the idea of partial summation of diagrams 
is combined with the well developed technique of 
computation in the method of approximate second 
quantization. These ideas are proving to be very 
fruitful and, as is well known, are very sucessful 
in the theory of superconductivity.4 Thanks to the 
convenient form of writing diagonal matrix ele- 
ments, we obtain in the present paper, in very 
much simpler fashion, not only the results of Gell- 
Mann and Brueckner,!»* but also explicit expres- 
sions for the energy of elementary excitations, 
which they were unable to get. 


2. GENERAL FORMALISM 


Let us proceed to formulate the problem mathe- 
matically and obtain the general relations from 
which it is easy to find the spectrum of elementary 
excitations in which we are interested. We start 
from the exact Hamiltonian of a system of N par- 
ticles (electrons) contained in volume Q: 


*This work was reported at the seminar of the Theoretical 
Physics Division of the Steklov Mathematical Institute of the 
Academy of Sciences, USSR, in September, 1957. 
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NN * v (q) * * 
fe 2 (p) Fe +> 20 2) @ 440 Aygo" p09? (1) 
q Pp’ 


oo’ 


apo and apg are the creation and annihilation op- 
erators for an electron with momentum p and spin 
o. We shall omit the spin indices from now on. As 
usual, we assume the presence of a uniformly dis- 
tributed positive charge, which is necessary to 
maintain the neutrality and equilibrium of the sys- 
tem. All energies are measured in Rydbergs, and 
momenta in units of the Fermi momentum. Thus 
the expressions for the kinetic energy of the elec- 
tron and the Fourier transform of the Coulomb in- 
teraction are: 


¢ (p) = (p®pp/2m)/(e*m/2h?) = p?/(rsx)?, 


(2) 
1g) == (4xh?e?/q? p2.)/(e4m/2h?) = 8r/ker aq”, 


where rg=r,)/a is a dimensionless parameter, 
m and e are the mass and charge of the electron, 
a=h’/me’, 4mrj/3 =Q/N, pp =tikp is the Fermi 
momentum, and @ = (4/9r)!/, Since rs is pro- 
portional to e*, the expansion in powers of rg is 
the usual perturbation series; rg will be small if 
the density is sufficiently high. 

If we choose as the “vacuum,” with respect to 
which we define the electron and hole, the state 
@cq in which all individual states within a certain 
region (G) in momentum space are filled with 
electrons while all other states (H) are empty, 
the creation and annihilation operators for the elec- 
tron and hole will be, respectively: 


Cp =(1—x(p)) ap, bp = (p) ap, 1 for p€G 
6 = 
Cp = (1 —x(p)) ap, bp = *(P) ap. mo for p€H. 
Then 
Gp=Cpt+bn, ay =cpt bp. (3) 


Using the ideas in the cited papers of Bogoliubov, 
Tiablikov, and Tolmachev, we show that the opera- 
tion of summation of contributions from diagrams 
of a selected class, corresponding to the most 
strongly divergent terms in each order of the in- 
finite perturbation series,!»® can be replaced by 
the simpler and well developed method of approxi- 
mate second quantization. In fact, if we retain in 
the exact Hamiltonian only terms that can be 
uniquely associated with fundamental elements 
(irreducible complexes and vertex parts ) of the 
diagrams of this particular class, it is clear that 
the exact solution of the problem for the model 
dynamical system with this simplified Hamiltonian 
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is completely equivalent to the operation of sum- 
mation of the infinite perturbation series which 
we described above. In our case, the irreducible 
complexes in the diagrams to be summed are the 
electron-hole pair lines, while the vertex parts 
correspond to scattering of an electron by the hole 
of a given pair. It is not hard to see that such ir- 
reducible complexes correspond to combinations 
of the type Ch+qhp and bye in the interaction 
Hamiltonian, and that just these terms should be 
kept to get the model Hamiltonian. 

It should be mentioned that a similar idea was 
essentially already used by Sawada,’ but since he 
did not write the expression for the self energy of 
the pair explicitly, he did not succeed in represent- 
ing the complete simplified Hamiltonian as a quad- 
ratic form to which the diagonalization method could 
be applied; to solve the problem he had to use more 
complicated mathematical methods. In doing this, 
he omitted the contribution from excitations of the 
plasma type, so that his results are not entirely 
correct. These deficiencies are eliminated in the 
present paper, and new results are obtained. 

Substituting (3) in the Hamiltonian (1) and keep- 
ing only terms corresponding to irreducible elec- 
tron-hole complexes, and also dropping exchange 
terms (an important point here is that we express 
the diagonal part in terms of the energy w(p, q) 
of a free pair), we get the model Hamiltonian in 
the form 


fi = E (®¢) — S\x(p) (1 —* (p +g) G2 + So(p, a) a8 
pq Pq 


+ na lesa + pay + gpI, 
q 


pp’ 
(p,q) =e(p+q)—s<(p), 


where ng = Cp+qhp» ng = bpeptq are the crea- 
tion and annihilation operators for an electron-hole 
pair, defined with respect to the state gq; they 
satisfy complicated commutation relations, which 
are different from those for both fermions and bo- 
sons. The basic idea of approximate second quan- 
tization just consists of the fact that when we treat 
the state cq and there no particles outside the 
region G, these operators can be regarded as 
Bose operators, i.e., when applied to the state oq 
they satisfy the same commutation relations as the 
usual Bose amplitudes. 

The Hamiltonian (4), which is a quadratic form 
in na : nd, can be diagonalized using the familiar 
method of Tiablikov.® To do this, we make a canon- 
ical transformation to new Fermi amplitudes 
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b= Dilup (@) a5 — op (@) 081, 
Pg 
>}*(p) (1 —x(p +.4)) [ug ? —[ 08 7] = 1, (5) 
Pq 
e = » [us (x) 7p s v4 (a) m3); fez, aan = Oyy 


P4 


If u and v_ satisfy the equations 


Eu (a) = o(p, q) us (a) 


+ 2) Sx (p!) [(1 =x (p’ + a) u4, (a) 


p’ 


+ (1 —x(p' — q)) 05,(«)], (6) 


— E03 (%) = © (Pp, q) 08 («) 


[Up q)) 


ua (x) 


+ (1—x(p’ + 4)) 03,(a)], 


the Hamiltonian, when expressed in terms of ey 
and éq takes on the diagonal form 


D Eel 0g (@) (? x (p) (1 =» (+4) 


%,D,q- 


(=x (9 +9) + Baie 


H = E(®c)— 


(7) 
= S}* (P) 
pq 
Here the Eq are the energies of the elementary 
excitations, which are given by the zeros of the 
function 


2 (p’, q) 
PI=ASAG SGD) © 


re « (p’) 
(8) 


The part of the Hamiltonian H which does not con- 
tain operators [without E(4cq)] 


Veg) = (1 —x(p 


Eq) 


x (p) (1 —x(p + q)) 
BEG) mou p2 (E, + (p, 4)? 
[2 (1 — x(p7-F q)) 
x ‘bl aL E,—ePra)y ®) 


dx) (1x (p + q) 


Pq 


= SICA wl 


determines the change in energy of the ground state 
due to dynamical correlation between electrons.* 


3. GROUND STATE ENERGY 


The true lowest state corresponds to a com- 
pletely filled Fermi sphere (Fermi vacuum by). 
Substituting in (9) 


*The second-order exchange correction is not included in 
expression (9) for the correlation energy. 
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1 tor + |p 


x = § ee) — 
=o) C0)—5 eee 


(10) 


and using (8) and the residue theorem, we easily 
get the expression for the correlation energy in 
the form* 


x Vfinfi—- = SHH rang 
i 


E (®y) = 


ai z 


v 2@ (P, 
Sen iyi —0(p +4) poet ae. oy 
Pp 


The contour I runs clockwise around the positive 
real axis. If we deform I to run along the imagi- 
nary axis from —~ to +, Eq. (11) coincides ex- 
actly with the result obtained in reference 1 by par- 
tial summation of the divergent perturbation series. 

As is well known, the branch of collective exci- 
tations of the density-fluctuation type (plasma 
waves) is very important in the spectrum of a 
dense charged gas. As already mentioned, exci- 
tations of this type contribute to the correlation 
energy. From the physical point of view, the plas- 
ma oscillations are important because they show 
the effect of the long-range correlation between 
electrons, which results in the screening of the 
Coulomb interaction and the cutting off of integrals 
over virtual momenta at a lowest momentum ke 
which is proportional to ri/ 2 This is why the idea 
of summation of divergent diagrams is completely 
justified mathematically, and is the essential phys- 
ical reason for the elimination of the infrared di- 
vergence, which is the basis of all the investigations 
discussed in the present paper. Let us show that in 
our formalism the plasma oscillations are included 
in the energy spectrum of the system. For Q — ~, 
we have the asymptotic expression: 


Je 2r 0 z! 1 (2.4 2g) — Gt 
Bete q)= th mq? et ee (12) 
NS ll gq ge z/—(2g-+-q?)? ; 
r G 4 = ns ee ee 


The isolated zero of the function %(z,q) deter- 
mines the frequency of collective ordered oscilla- 
tion of the system. For q<< 1 it reduces to the 
familiar dispersion relation for plasma waves: 


47 \ 2 N 
Sew dls Se 


(13) 


. {4re2n 
Daye | 
= ! 
ee 


Y) 


a (q) =z 


*This formula for the case of the Fermi vacuum was obtained 
in the paper of Bogoliubov, Tiablikov, and Tolmachev which we 
cited earlier. 


| 
| 
| 


ONE Pow sere rRUM OR OANHIGH' DENSITY ELECTRON GAS 


Aside from the plasma solution, we find from 
(8) only the trivial result Eg = w(p,q) for the 
spectrum of elementary excitations. Thus, in our 
approximation the excitation energy of a pair is 
not changed by the interaction, or, in the language 
of quantum field theory, the excitation has no self 
energy. This is entirely natural since the matrix 
elements of the interaction potential corresponding 
to diagrams with external lines, which are the ones 
which would give rise to a self energy of the ele- 
mentary excitations, were dropped in getting the 
model Hamiltonian. 

We also note that n* and 7 are not Bose am- 
plitudes with respect to the excited state, since the 
occupation number of the excited state cannot at 
all be assumed to be zero. Consequently our model 
Hamiltonian is not suitable for investigating the 
spectrum of elementary excitations if we use the 
Fermi vacuum as the initial state. 


4, ENERGY OF EXCITED STATES 


This difficulty can be overcome as follows. We 
shall consider the model Hamiltonian (7), in which 
the initial state ®q represents the Fermi vacuum 
plus an electron-hole pair with momenta py + qo 
and py. Then all the preceding formulas remain 
valid except that, instead of (10), we have to substi- 
tute 

x (p) =9 (p) —A (p — py) + A (p — py —Q), 
| ieeiber po — \) 
A(p) = 
Jo, af p = : 


(14) 


The interaction Hamiltonian, consisting of opera- 
tors n* and 7 defined with respect to @q, al- 
ready contains processes of scattering of an elec- 
tron (or hole) with absorption or emission of a 
pair with respect to the Fermi vacuum @y. Thus 
the treatment of the new model Hamiltonian is 
equivalent to summation of diagrams of the type 
shown in Fig. 1 (except for the ground-state dia- 
grams). Then the energy of excitation of a pair 
is given by the obvious relation: 


E (pp + Go» Po) == (Po + A> Po) — Zo (15) 


= (Pp, Go) + Wx (Po, Go) + AE (Ma) — AE (®y), 


where E (Po +, Po) is the excitation energy of 

a pair; E(pp) +, Po) is the energy of the excited 
state containing one pair, and Ey is the energy of 
the ground state. Wx (Po, 4%) = Wx (Po + %) — 

Wx (Py) is the exchange correction to the excita- 
tion energy of the pair. The expression for Wx (Pp) 
is well known: 


W.0)=— [2+ 


TAP 5 


sais il 
1 Pin =f. 
p L— jp 
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Substituting expression (11) for AE(4y,) and 
AE(%q) in (15), using (10) and (14), and dropping 
all terms which vanish as 2 —~ ~, we get the ex- 
pression for the excitation energy of a pair 


E (Po +40, Po) 
= (Po, qo) + Wx (Po. Go) + G (Po + Go) —G (Pp); 


2 4 
G (Po) = — sp (16) 
(1 = tank) 20 (Po, q) dz 
d*q Zz 
x d q? Ar ale 
|potql>1 it I? +—<-(1 — ztanh dll (22 — w? (po, q)) 
wT 74 
fo af 4 \ 
(4 — ztanh73— ‘2 (— po, q) d: 
m . dq ¢ \ “ z) @ (— Po, q) dz 
OP \ ' 4r 50 = at \ 
|Po—a|<1 t[q?+ (1 — ztanh =| (22 — w? (— po, q)) 
ie T Zz 


Using the obvious symmetry property E(—q)—DPp, 
—Py) = E(Pp + %, Po), we can change (16)* to the 
more convenient form: 


2 (CGB 
GN Dy eee \ it 
©0 (1 —utan? —) (Po, q) du (17) 
u 


x ; 

is [@ oF ai a (! —utan™ ~)| (u* + @* (Do; 4)) 
From (17) we see that G(p)) is independent of 
the volume of the system, which should have been 
anticipated from physical considerations, since 
this quantity represents the correlation correction 
to the energies of the elementary excitations, and 
these quantities are intensive quantities as 0 — », 
The explicit form of G(p)) can be obtained by 
numerical integration of (17). 


FIG. 1. We use dia- Parone PotM% 
grams of type con- SWS 
sidered in reference 3. 
The solid line shows 
the electron, the p ae =e Po 


dotted line — the hole. 


5. SPECIFIC-HEAT CORRECTION 


From (16), we can easily find the correction to 
the specific heat in the Gell-Mann approximation.° 
For this purpose we need to know the derivative of 
G(py) at |po| =1 (from now on, we assume that 
Pp) > 1). Since the divergence in the perturbation 
series for the derivative of G(py) at |p| =1 
appears one order earlier than for G(Py), we 
need only include terms proportional to Tee and 
Te In Toe In calculating the derivative of G(po) 


*In (16) and subsequent formulas, @ (Po, q) = q:(2py) + q@/2q. 
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in this approximation, it is sufficient to differenti- 
ate (16) only with respect to the limit of the q in- 
tegration, since the other terms give contributions 
of higher order in rg. For the z integration it is 
convenient to choose the contour I as shown in 
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Fig. 2. The integrals over IT; and IT; give no 
contribution, since the subsequent q integration 
goes only over the surface of the unit sphere 

lq —pol =1 (lpol =1), on which w(Dp, 4) = 0. 
Thus we have 


[* =f 


(1 = ztanh- 2 (Po, 4) (Po, Po + 4) | 


Ar .o ( 


TX 


1 Sz tents) | (z* — w? (Do, q)) 
z . 


—4( d° 
0 (lp, a) = i 


(res denotes the residue at the point z = w(Dpo, q)). 
Noting that w(p),q)=0 on the surface |q + pol 

= 1(|po| = 1), and also that lim z tanh7!(1/z) = 0, 
we have 


dG (Po) = = | dq (Po, Po + 4) a1 
apy |pe=1 mw \g* (1 + 4r,a/mq?) 
+1 


=F xdx 


Te \ (L—x)2(@ 5 2riafa! (1 —x)) ~ 


al 


|Po + q]) 


(18) 


Here we have changed the integral over q toa 
surface integral over a sphere with center at pp, 
and x =py)*(P) + q). Expression (18) diverges log- 
arithmically. When we add to it the derivative of 
Wx (Pp) at py =1, the logarithmic divergences 
cancel and we get an expression which is identical 
with Gell-Mann’s? result: _ 


dE (po) 2 Aoast ated 
Po pes xax 
ape 2 ne Ter 0 \ (4 —x) 


ever 4) 
OPo Dae ars a 


i 
SLES al ; 
For the specific heat, we find the expression 


a 


c/e ear 
1D \ 2 


= (—Inrs+In{a/2}— 214+), (19) 


TT 


where c and cp are the specific heats of the 
electron gas in the presence and absence of inter- 
action, respectively. 


6. DISCUSSION OF RESULTS 


From the results of Secs. 3 and 4 it follows that 
in an electron gas there are two types of elemen- 
tary excitations: excitations of individual pairs and 
excitations of the collective type (plasma oscilla- 


Z 
FIG. 2. The countour I is 

split intol,, 0, 0;. [, cir- 

cles the cut from the origin 

to the point z= 1.1, andT, 

encircle the poles z= a(p,, 

q) and z = w,(q), respectively. 


SN 
Ne 
ww 


ot 4p 


(1 = ztanh"*—) (Po; Po a q) 4 
; (1—'p.+4)) 
sal = ztanh"* —) 
Tt z Z= (Pod) 


tp oels Sins hetlors ait As Sete eee 
tions). In investigating the physical properties of 
the electron gas in a metal at ordinary tempera- 
tures, excitations of the individual type are of pri- 
mary interest, since we know that the plasma os- 
cillations are not thermally excited. The essential 
point is that, even when we take account quite pre- 
cisely of the dynamical correlations between elec- 
trons, the main role in these phenomena is played 
by the independent elementary excitations: the 
electron-hole pairs (quasi-particles, satisfying 
Fermi statistics). The divergences in the usual 
perturbation theory expansion for a system with 
Coulomb interaction prove to be ephemeral, and 
after appropriate formal manipulation give finite 
contributions to the energy of the ground state and 
the elementary excitations. These ideas are real- 
ized in a very simple way in the present paper by 
using the method of approximate second quantiza- 
tion. We have obtained finite expressions for the 
self energy of the elementary excitations. There- 
fore, to a certain extent our results can be re- 
garded as a justification of the independent par- 
ticle model in the electron theory of metals, which 
has been applied with great success to treat a va- 
riety of metallic properties despite the fact that 
this model completely neglects correlation effects. 
This problem has been repeatedly discussed by 
various authors (cf. for example, reference 7). 
The treatment of a more realistic model, in which 
the effect of the periodic field of the crystal lattice 
is included right from the start, will be the subject 
of a separate investigation. 

The authors take this opportunity to express 
their deep gratitude to Acad. N. N. Bogoliubov and 
V V. Tolmachev, under whose direction and con- 
stant interest this work was completed. 
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An algebraic method is suggested for treating the relativistically invariant equations of high- 
spin particles. The direct product of generalized Dirac algebras underlies the analysis. This 
method can be used to obtain explicit expressions for the infinitesimal rotation matrix, the 
spin operator, the metric and reflection operator, as well as to limit the number of represen- 
tations taken into account. The equations can be treated directly either in tensor or in spin- 
tensor form. The commutation relations are automatically obtained in parametric form. 


1. INTRODUCTION 


W: consider relativistically invariant equations 
of the form 


rnp + xp = 0, (1) 


where 2» is a particle wave function with a finite 
number of components which transforms accord- 
ing to some finite-dimensional representation of 
the Lorentz group. Equation (1) shall be called 
relativistically invariant if under the Lorentz 
transformation xj = jx; together with the trans- 
formation 7’ = Sy it remains formally invariant, 
in other words if 


a= Lis SG jOur: (2) 
Now the conditions of (2) are fulfilled if 
Vin, Tp] = — Sela + Sel nj + nyt it — Srl; (3) 
(oi, I jn] = Sijo%n — Benj, (4) 
where the 1jj are the infinitesimal-rotation mat- 
rices, defined by 


b => + */orinl nc. 


We shall consider here the problem of finding all 
relativistically-invariant equations (1) that satisfy 
the additional requirements that they be invariant 
under reflection, that there exist a nondegenerate 
real Lagrangian, that the energy density be positive 
definite for particles with integral spin or the 
charge be positive definite for particles with half- 
integral spin, and that the equations be irreducible. 

This problem has been treated in general form 
by Gel’fand and Iaglom.! Their method can be used, 
in principle, to obtain all possible equations for 
high-spin particles. In actually obtaining the equa- 
tions, however, certain difficulties arise. Among 
these are, in particular, the analysis of irreduci- 
bility, the transition to spin-tensor (or tensor ) 
form, and the determination of the algebra of the 
a, matrices. Further, there is no way to tell 
whether all of the equations belonging to a given 
maximum spin have been found. 

While Gel’fand and Iaglom base their consider- 
ations on explicit expressions for the infinitesimal 
operators, Harish-Chandra?’* develops an algebraic 
method based on the study of an algebra designated 
U(qa). This is the a-matrix algebra of the forms 
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where the ck--- are numerical coefficients. Harish- 


Chandra has shown that the Ijj matrices, the re- 
flection matrix T, the metric matrix 7 (used in 
the definition of the bilinear invariant Hermitian 
form wn), and the matrix S corresponding to 
the Lorentz transformation all belong to U(@). 

He has also shown that the a, matrices must sat- 
isfy commutation relations which uniquely define 
U(q@). He did not, however, give any concrete 
method for finding the matrices lij; 105 Gis. Bile! Sp 
or the commutation relations of U(qa). The pres- 
ent article (Sec. 2) gives such a method. It is 
based on a consideration of the direct product of 
generalized Dirac algebras U(T) 


U (x) =U (L)xU (I’)xU (I") x... 


whose matrices Ij satisfy the commutation rela- 
tions of Eq. (9). This method can be used to obtain 
and analyze equations both invariant and not invari- 
ant under reflection (these latter being of interest 
in connection with the nonconservation of parity in 
weak interactions ). We shall obtain general ex- 
pressions for ]jj, T, 7, and a, in terms of al- 
gebraic parameters. The method can be used to 
arrive at conclusions concerning the irreducibility 
of the equations, as well as to restrict the number 
of linked representations. In particular, we shall 
demonstrate (in Sec. 2) the reducibility* of the 
many-mass equations for spin- Ps treated by 
Ulehla.’ In our method the commutation relations 
for the a, matrices are automatically obtained 
in parametric form. In Sec. 3 we obtain the com- 
mutation relation which Harish-Chandra® and 
Petras®® found by selection. This method can be 
used to establish beforehand all of the equations 
belonging to a given maximum spin, without sep- 
arate investigations of all possible methods of 
composition, among which many are equivalent. 
All of the analysis (the determination of the mass 
and spin states, the positive definite conditions ) 
may be performed in spin-tensor (or tensor ) 
form using a single standard method. 

Section 2 is a general discussion, while the 
advantages of the method are shown in Sec. 3 by 
a concrete analysis of the equations for spin 1 
and 5. 


2. GENERAL METHOD 


We first make some general remarks. Let the 
Up (@) (with p=1,...,n) form a linearly inde- 
pendent basis for the algebra U(a@). Now Up (la) 


*Ulehla’s single-mass equation for spin-1/2 is irreducible. 


is also an element of U(q@), and can therefore be 
expressed linearly in terms of the basis in the form 


ty (Lee) = SY Lpity (2). (5) 
q 


Thus to each transformation / in a -space there 
corresponds a transformation L in U-space. The 
set of all L is a representation of the Lorentz — 
group.” Using Eqs. (2) and (5), we immediately ob- 
tain the relation between this representation L 

and the representation S which transforms the 

w~ function. This relation is 


>) L3ut, («) = Up (SaS*) = Sup (a) S* (6) 


It is easily shown that this implies that if S can 
be written as the direct product of the representa- 
tions which transform the wave functions 7%’ and 
y~” that satisfy the equations 


a, On’ + xp’ = 0, a Onp” + xh" = 0, 
then the algebra U(q@) can be written in the form 


U (a) = U (a) x U («”). (7) 


The converse is also true. We recall that the direct _— 


product of an algebra with a decomposable algebra 
is also a decomposable algebra, from which we ob- 
tain the criterion for the reducibility of the equa- 
tions. 

Note that the equations given by Ulehla’ for a 
spin- /, particle with several different mass states 
are reducible. Indeed, Ulehla’s U(a@) algebra 
corresponds to the representation (using Cartan’s 
notation ) 


S = D Cie 8/2) OC) 
+ mD (0, 1/2) + mD (4/,, 0), m>2. 


But this can be written as the direct product of the 
representations 


[D ("/25 */2) + (m— 1) D(O, 0)] or [D (0, */2) + D (*/2, 0)]. 


It is easily shown that any a, matrix belonging to 
the first of these two representations is reducible 
unless m= 2. Thus all of Ulehla’s equations are 
decomposable, except that for a single mass. This 
will be seen to follow automatically, furthermore, 
from the theory developed below. 

All the finite-dimensional representations of the 
Lorentz group, which transform some wave func- 
tion %, can be written as the direct sums of quan- 
tities D(m,n), where m and n are positive in- 
tegers or half integers, including zero. Every such 
sum can be obtained by forming products of the 
form 1 [iD (0, %,) +14D(%, 0) . Using the crite- 
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rion for reducibility, we see immediately that the 
most general case involves direct products of rep- 
resentations of the form 


D(0, */2) + D(/2, 0). (8) 


All irreducible equations can be obtained by treat- 
ing n algebras U(I) corresponding to Eq. (8). 
An algebra U(I) is a generalized Dirac algebra, 
for which the commutation relations hold: 


T,.; + TT, = 2poir (9) 


(where p is any complex number). The matrix 
T), can be written 


ee 0 aor nF 
T= (55, 0 ) PALO 


N 
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while the ordinary Dirac matrices are 


OF 10 fe 
es -id, 0 : 


Let us thus consider the direct product of n of 
these algebras, or 


U (x) =U (L)xU (IY)KU (I)X.... (10) 


We first find the matrices Ikj and a, of the al- 
gebra U(a@). To do this, we note that a, and 

Ikj = —Ijk must be covariant in the indices k and 
kj with respect to Lorentz transformations. For 
the direct product of two U(I) algebras we obtain 
in the most general case, using Eq. (9), 


eee Ono tes OLD bls avo. yl Pal il lw bella tel lyk el aly) 
SLE oy (hace Er rhc earees rd Byer) Bette Dr DAN Be Bree a WEEN AN WH pik PD 


Inj = (QO ie ae Ply) (Zo aia ely oie oe iy A = aE Dele. 


(11) 


+ gL PCE PP aly) + Ca] — Tr) (Go + Bilt + ++) 
+ (PT) — TP) (go + gill +++); 


For the direct product of a large number of al- 
gebras we obtain much more complicated expres- 
sions. However, relations (3) and (4) must be sat- 
isfied if the equations are to be relativistically in- 
variant and the Ij are to be infinitesimal rotation 
operators. This places some restrictions on the 
coefficients bj, cj, and gj. We now insert equa- 
tions such as (11) into (3) and (4), and after very 
cumbersome, though algebraically simple calcula- 
tions, we find that for the most general case of 
products of 1,.2)...., or mn algebras U(I'), the 
Ijj are given by 

Ii, = g, TA; —T Pi), 
lg=ai(Tj—-TT) + ge0T;—TiT), (12) 
le = Sian Tb) —T TY). 
ees 
Here the coefficients g, satisfy the conditions 
2k (4PpK8k — 1) =9 (no summation over k). 

From these expressions we automatically ob- 

tain the minimal equations 


‘ { 
ig = 0; 1; Jig + 1) = 0; 


(12; = “ti eo 7) = 0 ete. (13) 
for the squares of the infinitesimal-rotation oper- 
ators. The lij corresponding to space rotations 
are spin-component matrices. Equations (3) and 
(4) place only one restriction on the ay. This is 
that the number of algebras in the direct product 


of (10) is uniquely determined by the maximum 
spin for the particle. Thus all relativistically- 
invariant irreducible equations with maximum 
spin 1 can be obtained by considering the direct 
product of two U(T) algebras. Those with max- 
imum spin *% are obtained by considering the di- 
rect product of three U(I’) algebras, etc. 

For the equations to be invariant under reflec- 
tion in space, the reflection matrix must satisfy 
the relations! 


T? =E, where E is the unit matrix (14) 
ihe Ong a0 eae 0: 

BY leh, 0, j= 03 -OF wie a0; (15) 

(Tonle Om b= 12321 Ton he == 0: (16) 


According to (15), T must be of the form 


Dial onl scalps 
If (14) is true, then in the most general case for a 
single algebra we have 

&p = COSE Yn + 1 SIND Y5Yr- 
All the values of the parameter gy are equivalent, 
and we can thus always choose a, =Y, and T= 


Yo. In the general case, however, we must treat 
two kinds of direct products, namely 


U (Yr) x U (y,) X ...and U (iysyr) x U GCSOcee 


For the direct product of two algebras, T has the 
two nonequivalent definitions 
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T = yor, T = — Ys¥,VoY,> (17) 


corresponding to the tensor and pseudotensor the- 
ories. For three algebras there are also two non- 
equivalent reflection laws, namely 


T Sy joe T= Sie (18) 


corresponding to the spinor and the pseudospinor 
theories, etc. In general when treating equations 
invariant under reflection, it is necessary and suf- 
ficient to consider the direct product of ordinary 
Dirac algebras together with the two different pos- 
sible reflection laws indicated in (17) and (18). 

The existence of an invariant real Lagrangian 
for Eq. (1) requires the existence of a bilinear in- 
variant Hermitian form Ui Nd», where 7 is the 
metric matrix. If this is to be a Lorentz invariant, 
reflection invariant, and Hermitian form, and if the 
Lagrangian for the equation is to be real, then we 
must have 


ital = 0, (S20, kS=E 0 [Hates OH 0 Or Amel 
Pyle; a Ss (19) 


(20) 


It is easily shown that conditions (19) imply that in 
our representation T and 7 are represented by 
matrices which are equivalent up to a constant fac- 
tor. On going to another representation, however, 
T and 7 in general transform differently. The 
allowable transformations R under which the the- 
ory is invariant are of the form® 


(H&n)* = — Nor, R= 1, 2,3; (Nu)” = yoo. 


a ee es 
; (21) 
ope, = Ri IaR, TT’ =RITR. 
In any representation, therefore, we may write 


where A is a scalar matrix (see also Harish- 
Chandra*). Relations (20) restrict the coefficients 
in the expression for the a. 

These coefficients are restricted also by the 
requirements that there exist mass and spin eigen- 
states and that either the charge or energy be pos- 
itive definite. We proceed with the first of these 
requirements. Consider the spin operator Z. As 
is known, Z’ = Z% + Zi + Z3. But the infinitesimal 
space rotation operators are just the spin-compo- 
nent operators. Therefore 

Taso es, Latetrk ois (23) 


We find the eigenfunction belonging to a given value 
of the total spin by solving 
Ze = 5 (E+ 1) de. (24) 


We now apply the mass operator ay to each of the 
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eigenfunctions ~¢, obtaining 


othe = Ade. 


In this way we find the eigenvalues A and eigen- 
functions ~;, of @ , and hence the mass states. 
At this point the analysis can be brought directly 
into algebraic form. To find states with positive 
definite energy density, we then must require that— 


(26) 


(25) 


jafinrre z= 0, 
whereas if the charge is to be definite, we require 
eh aint 2 (27) 


where the inequality means that the eigenvalues of 
the matrix are greater than or equal to zero.? Here 
f(n) =n when n is even, f(n)=n-—1 when n 
is odd, and n is the lowest power in the minimal 
polynomial a (a2 -—1)... (a3 —m?). 

The analysis can be cast in spin-tensor (or 
tensor) form, and the transition to this form is 
elementary. Then for each simultaneous eigen- 
function PEN of the spin and mass, we must re- 
quire that 


PerT%bea > 0, (28) 


or 


PeArNver > 0 (29) 


for half integral.or integral spin, respectively. 

As an example, we apply this method in the 
next section to the equations with maximum spin 1 
in algebraic form, and to those with maximum spin 
*% in spin-tensor form. The commutation relations 
are then automatically obtained in parametric form. 


3. SPECIFIC EXAMPLES 


The case of maximum spin Ys is trivial. There 
is only one irreducible equation which satisfies the 
necessary physical requirements, namely the Dirac 
equation, for which 

Xn = yas T= = Yo; Y%q = 1 >0, Ley = 


neag 


Ya (YEVi — Vive) 
Vive = 2677. (30) 
As mentioned in the previous section, we shall 
treat maximum spin 1 algebraically. The most 
general form of the a, for an equation which is 
relativistically invariant and invariant under re- 


flection is 
Se = Yr (do a by J + b,J2 + bzJs + 6,8) 
+, (Co + Cd + C23? + cgJs + cys), 
JH YNp S=Y5%5: 


(31) 


Inserting @) and n= YoYo into (20), we find that 
the conditions for the existence of an invariant La- 
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grangian are 


Im Cy = Im (6; — 2c3), Rec, = 2b,, Rec, = bs, 
Im by = Im (Cy yt 2b2), Re by = NG. Re Dn — Oe (32) 


Imc,; = lmc3 = Imb, = Im bs = 0. 


Let us perform an equivalence transformation (21) 
of the form 


R=a) + a,J + ad? + ays + as. (33) 


We have at our disposal four arbitrary constants. 
In the transformed matrix we can choose bh, = by 
= 0. Then, according to (32), a3 = by = cz = cy = 0, 
and by and cy are real. Thus, if an invariant 
Lagrangian exists, we may restrict our considera- 
tions to ay, = boy, + CoV. 

If the energy density is to be positive definite, 
then 


02> 0. (34) 


Since na? = (b2 + c2) yoy) + 2bycy and yyy) have 
eigenvalues +1, we may write (34) in the form 


Be ty < 2006, 


which can happen only if by =cy. If b= ibs 
minimal equation for a) is 
Oo (a — 1) = 0. (35) 


Thus the a, are given by 
=o (n+ Yh): (36) 


This leads simply to the Duffin-Kemmer commu- 
tation relations 


O06 5067 + 06 pO jOp = Oy;Hn  Ops%r. (37) 


On going to tensor form, the direct product of two 
bispinors decomposes into a scalar C, a pseudo- 
scalar C, avector A™, a pseudovector A™, 
and a second-rank tensor H™™. Here the symbol 
~ denotes the pseudo-quantity. In tensor form Eq. 
(1) is 

0, A* +xC =0, (OnA” —OnA") + xf” = 0, 

CG A= 0. On eA = 0 


In the other theory, which corresponds to T=” = 
—YsYkY0Y0, Wwe have 
OnA* +xC =0, (OA OnA ul == 0, 


OmC +xA” = 0, OnH™” +A” = 0. 
As is seen, the algebra of the a, matrices 
is decomposable. The a, matrices can be writ- 
ten in the form 


(38) 


(39) 


00 0 
a, = 0 Br 0 
00 Br 
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The algebra formed by these matrices contains 
126 independent matrices. It decomposes into a 
homogeneous algebra containing only the known 
matrix, a five-dimensiénal algebra U(8), anda 
ten-dimensional algebra U( B). From the explicit 
form 


ae {0 Sim rs a! (0) 8 PEO sm i 852 3m 
Pram ie 0 (Pies = ( Snr Sins! Sas Snr 0 
(40) 
of the matrices, we obtain the commutation rela- 
tions for the algebras U(8) and U(8), namely 


be Br Br + Bi Be Bs = Sen Br + Snr Bi 

Pe Pebi=0, if ik loth, aa 
Ba By = a B81, Oe aE of! =e i 

B? = 5B —4E, where B = >}. 


These four relations uniquely define a U(8) alge- 
bra with 25 independent matrices. 

The algebra U(f) is uniquely defined by the 
commutation relations 


8, Bn Br + BrBeBe = Bn 8. + BinBr. (42) 
B?=5B—6E. 

This contains 100 independent matrices, corre- 
sponding to the ten-dimensional representation. 

We note that (41) and (42) are very important 
results. For instance, Petras® obtained paramet- 
ric commutation relations in which 6 was a pa- 
rameter, but which did not include all of Eq. (41) 
(the third relation was missing). His expressions 
cannot be used alone to obtain the complete com- 
mutation relations explicitly. A similar remark 
can be made about the work of Harish-Chandra.? 

By finding the eigenvalues of the spin operator, 
we can show that the five-dimensional representa- 
tion corresponds to a particle with spin 0, and that 
the ten-dimensional representation corresponds to 
one with spin 1. Thus there exist only four irre- 
ducible equations satisfying the physical require- 


ments. Their matrices satisfy the commutation 

relations (41) and (42), namely 

in the U(B) algebra /;; = 8,8; —8)8:, T = y= 28) —1; 

in the U(A) algebra J;; = 8.6; —88:, T= = 28;—1. 
(43) 


Here we have TW =+% or TpP=-=y% depending on 
whether we are using the tensor or pseudotensor 
theory. 

For the case of maximum spin %, all allowable 
Q,, matrices are contained in the direct product of 
three Dirac algebras. We are interested, however, 
only in those equations for which there exists an 
invariant Lagrangian. It is known! that Q}, cannot 
correspond to an equation for which there exists an 
invariant Lagrangian if D(m,n) and D(n, m) 
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are not both contained in the representation accord- 
ing to which ~ transforms, or in other words if 
this representation is not symmetric. Multiplica- 
tion again by D(0, '4%)+D%, 0) would give an 
asymmetric expression. In that case the resulting 
direct product would be one for which no invariant 
Lagrangian exists. We need therefore consider 
the direct product only of those algebras for which 
there is an invariant Lagrangian. Then the a, 
matrices of a direct product of two Dirac algebras 
can always be written in the form (yj; + yj)/2. But 
the algebra U[(yi + y{)/2] is decomposable. 
Therefore all of the desired irreducible equations 
with maximum spin *% can be obtained by consid- 
ering the direct products 


(44) 
(45) 


U (yz) X U (82), 
U (re) x U (Ba) 
(including both the spinor and pseudospinor theo- 
ries ). 

In order to exhibit the possibilities of our meth- 
od, let us consider the algebra indicated in (44) in 
spinor form. The most general form of the a, 
for this direct product is 


Or = Dyn + beynyiBs + DsynB181 + bryi8e82 + Osyi8 BR (46) 
= b6Br a5 6788181 + bsyr¥1¥mBiBm te boyryiBmBmBr- 


Equation (1) with the a, given by (46) can be writ- 
ten in the spin-tensor form 
Qy1YRrOnYy 4F Qy2YrOn'P2 + a430nF a + x); = 0, 
AorYrOnY + AoeyrOnb, + A230nFr + xb, = 0, 
AsrRadr + AgeRnths + dss Qnsl's + xFn = 0. 


er eG oN 
4 Ha Yavne , | is the wave func- 
Or. = OnsYrOk = Uy Vis, Be 


tion of the system, ~, and %, are bispinors, and 
the spin tensor Fy satisfies the equation y,Fn 
= 0. The ajj are related to the bj by 


(47) 


Here 


Qy, = 6, + 4b; + by + 6; — 26g, Az = 2b, + 6, + 6, + 16 by, 
A2g = — */2b, —1/2 bs + by + 05 + bg, 
Ay) = — */nb, + */4 0g + 6; — 1/2 by, 
Azz = b, + bg, , a3 =b, +b, 
Ago = 26, + 26;+ 464, d33 = 26. +0,+46,4+2b,, 
Ar3 = */2 dy + 1/2 bs + bs. 


(48) 


To find the spin and mass states, we note that ac- 
cording to (12) and (48) the infinitesimal rotation 
operator can be written 

fej = */4 (veri — vive) + BiB; — BiB: (49) 


The squares of the Ij; satisfy 


Li AS SHE REP EN 


(li; + a) ij + 8/4) = 0. 

To separate the states with spin ¥, from those 
with spin Ue we shall write out the spin operator 
Z*. According to (23) and (49), the result of oper- 
ating on ~ with Ze igs 

3/4 dy 
“/a 2 (50) 
2 (8m Fy + one Po + 8ng F's) — [(Sn2¥2 + Ons¥s) Ya Fi + (Bns¥s 
Lb 81 Ya) Yolo + (8mr¥1 + Save) Y's] + 3/4 Fae 


Setting & = Wb in (24), we obtain the spin- 7; eigen- 
function. This is the wave function in which 4, %, 
and F, are arbitrary, but — Fy = —¥.2F2 = —73F3 
= (%)¥)Fy (twelve independent quantities). We 
now set £ =%, obtaining Fy =%,=%,=0, and 
ViF1 + YoF2 + ¥3F3 = 0 (only eight independent quan- 
tities ). 

The eigenvalues and eigenfunctions of the mass 
operator @) are determined by the equations 


spin 3/2: As3YoP i = AF ;; (51) 
Ay1Yoh1 + A12Yo'P2 + As3Fy = hh, 
spin 1/2: AzrYoh1 + A22Vo'P2 + Gosh = Mpa, 


a Q31Yo1 + 3/4 AseYo'P2 + Wp Assy = YF o- (52) 


Using the explicit expression for yp, it can be 
shown that the eigenfunctions of yp belonging to 
the eigenvalues +1 are not linked. Thus to every 
positive root +A there corresponds a negative 
root —X (see also Gel’fand and Iaglom‘). For 
the state with spin 4 we have A = 433. 

It is easily seen from (52) that if at least one 
state with spin '4 is to exist, we must have 


Ay (22 + Age / 2) | 


3 
/4 A343, =— 5 


22 — Qy1 
(53) 
aes (Q11 + ss / 2) 


3/ ey 
4 223032 = 
Q22 — a4 


In this case 
Ane = FE (Qu + Gog + 4/233), 234 = s,6 = 0. 


Since we have restricted our considerations to 
(44), there are three inequivalent possibilities for 
the matrix n. These are 


1 = Yo(Yoro)» 1 = Yo (éysYo- tYsYo)s 
1 = lysYo° (“YsYo" Yo). 
In the algebra given by (44) these correspond to 
T == (2P—1), (54) 
T=y= Yo (2 Bo — 1) —*/oyiV¥oymBiBm, (55) 
T = 1 = Yo (2 Bo + */s—*/sB1)—"Va1¥oYmBiBm. (56) 


Inserting (54) and a) into the quadratic form 
~tnayd, we have 
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+ 
p Xt = anid, aE Ash yyF Oo Anois Vy se Asst yy F 0 
ae AF yobs is AsoFo Vos ae Gehgit, — A33F 7 Fp. 


It is seen from this that a necessary condition for 


the existence of an invariant real Lagrangian is 
that 


11 = 1, 22 = Aza, Ass = M33, ys = O31, Ogg = Aso. (57) 


We now investigate the conditions under which the 


charge density is positive definite, using (28). It 
can be shown that if two or three mass states with 
spin '/ exist, the conditions on the ajk are neces- 
sarily contradictory. If there is only one mass 
state with spin 4, we have 


(Q11 ++ Az + agg / 2)? 


aie as 
Gaal Fn > Os at cas] 2) (Gan + tos 12) 


FSF 02--(58) 
Conditions (53), (57), and (58) are contradictory, 
i.e., it is impossible to introduce a positive defi- 
nite charge density in the case given by (54). 

Similar considerations hold for equations (55) 
and (56). If there exists only one state with spin be 
a definite charge density can be introduced. If 
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T = = Yo (2 Bo— 1) — "/s yrve¥mB Bn 


(pseudospinor theory) the conditions for the ex- 
istence of a Lagrangian are 


Qyy = Q13, Ase = Ag2, Azz = Qz3, 


2 ahs = 31, — As = 32, (59) 
and those for a definite charge are 
33 > 0, Qy1 > Ag2, G1 << — Qg3/ 2. (60) 


If 
T = = Yp (285 + ?/s — 5/5 Bi) — "avryo¥mBi8m 


(spinor theory) the conditions for the existence of 
a Lagrangian are 


1 = 441, Arg = Ag2, A33 = 33, 


—o As a Oso ame Ass = 432, (61) 
and those for a definite charge are 
Qs3 > 0, Gy, > — (Gz9 + Ag3/2), doe < — Q33/ 2. (62) 


The spin- hb equations with a single mass state 
must satisfy the subsidiary conditions 


(G51 / a1) dy + (Ago / A>) be, = 0, 


F/4 M+ Yv0y) (3101 SF A392) + 3/3 a33M (= dy =F = os) + Asg (/s Onley 


(63) 


a YoYvOve o) Pee “Yolo = 0; va I Z 3; M= *(Qy1 oe Q29 oe Me Qs3) ?. 


With the aid of (48), we obtain commutation relations for the a, in the parametric form 


op = (A33 — 03) Yr + OsynPiBs + (7/4 Gs2 — */2 Gs) YiPaBs + (G23 — "/> Qgs) Y1B1BR + Osyryry¥mP1Bm + "ae {(4 Qs1 + Gis) YeviB1 


++ 2 (— 31 + 8 ays) Br -+ 2 (G31 — 2 As) BeB1B1 — (A231 + Gis) Yx¥1B mB mB1}; 


(64) 


bs = 4/4 (Gog + 9/33 — G23 — 1/4 As2); 03 = 1/3 (Qu + */2 Gaz + °/4 ss — 9/2 Qos — 9/¢ Ase). 


Here the commutation relations between the y 
matrices are given by (30), while those between 
the B matrices are given by (41). The values of 
the constants a43, 431, 432, and a,3; depend on 
the choice of theory. 

Thus we see that physical requirements lead 
to definite restrictions on the coefficients ajj. If 
we specify the mass states we can write the equa- 
tions for special cases. Then the values of aj), 
Ag, and ag3 will be fixed. Inserting these into 
the appropriate formulas, we obtain the positive 
definite conditions, the subsidiary conditions, and 
the algebra of the a, matrices without perform- 
ing any further calculations. There exist only four 
types of equations (with spinor and pseudospinor 
versions). These are the following. 

1. The Ginzburg equation, with a3; =1. This 
equation was obtained by Ginzburg? in 1943 in spin- 
tensor form. In 1952 Bhabha® dealt with it in spinor 
form, and it has been treated in detail by Fainberg,”” 


It describes a particle which can be found in two 
states with spin % and %. If ag =—a33/2 or ay 
= —a33/2, it breaks up into the Dirac equation and 
the Pauli-Fierz equation. We remark that the pos- 
itive-energy equation given algebraically by Harish- 
Chandra? is a special case of the Ginzburg equation. 

2. The Fradkin equation with agz;=1, ago = 
— (ayy + y, ). The existence of this equation was 
pointed out by Fradkin in 1950.!! It contains no 
mass state with spin is and involves only the 
single constant a,,;. When a,,;=0, it becomes 
the Pauli-Fierz equation. In the absence of an 
external field, the equation together with its sub- 
sidiary conditions is identical with the Pauli-Fierz 
equation. When, however, one introduces a gauge- 
invariant interaction with the electromagnetic field, 
these equations differ. The Fradkin equation de- 
scribes a particle with spin up and an anomalous 
magnetic moment. 

3. The Ulehla-Petras equation with a33 = 0-and 
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ay. = 1. This equation was obtained algebraically 
by Petras and investigated by Ulehla.' It contains 
no state with spin *% and involves the single arbi- 
trary constant a,,. In the free state it coincides 
with the Dirac equation. When the interaction with 
an electromagnetic field is included, it describes 
a particle with spin yi and anomalous magnetic 
moment. 

4, The Pauli-Fierz equation. This equation 
was obtained by Fierz’ and has been treated in 
spin-tensor form by Ginzburg.'? If ag, = —a33/2, 
terms with an even number of @ matrices remain 
in Eq. (64). Using the explicit form of 8 given by 
(40), we find that the product £;,8]7 can be written 


bz] 0 
in the form kl , where the pkl satisfy the 
0 Bkl ; 


relations 


This equation can therefore be written in the form 
(setting a,,=0) 


1 
= Yet (ys ‘) 1B + es =") vB" 


t*/s (1 ae Uy Y0YKYmB'™. 


Equations (66), (65), and (30) determine the com- 
mutation relations of the algebra, and the minimal 
polynomial of a) is a%(a%—1). The reflection 
matrix is T = 1 = ¥9(2Bgo— 1) — (4) yp%¥mB™, 
and the infinitesimal rotation matrices are fiven 
by lij = (4) (ivy — Yyvi) + BY — BUI. Petras? ob- 
tained the Pauli-Fierz equation by selection in the 
somewhat different form in which 


or = Yr + 1 (B — BY) / V3. (67) 


It is easily shown that the equivalence transforma- 
tion 


R=E+(V3/8)y'1"B” (68) 
will bring (67) into the form given by (66). This 


exhausts all of the irreducible equations in the 
direct product of (44). By performing a similar 
analysis for (45), we can write down all of the de- 
sired irreducible equations for particles with max- 
imum spin ae We are at present in the process 
of analyzing (45) and obtaining an explicit expres- 
sion for the algebra given by (44). The method of 
the present article can be standardized for particles 
of higher spins (2, Tbe ..) and has certain definite 
advantages over other existing methods. 

In conclusion I express my sincere gratitude to 
Professor V. L. Ginzburg, V. Ia. Fainberg, and 
E. S. Fradkin for attention to the work and for 
very valuable discussions. 
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The nonlinear Dirac equation is considered, and a method for its solution is given. Periodic 
solutions are obtained in general form. A relation is established between the nonlinear Dirac 


equation and the Klein-Gordon equation. 


As has been pointed out repeatedly in the litera- 
ture, it is possible that an important part in the 
solution of problems of the theory of elementary 
particles will be played by nonlinear generalized 
equations, and in particular by the nonlinear gen- 
eralized Dirac equation. 

In the present paper we do not consider the 
question of the derivation of nonlinear generalized 
field equations. Taking the equations as given, we 


examine the possibility of solving them analytically. 


Furthermore, on the basis of physical considera- 
tions we seek solutions that are periodic functions; 
under certain restrictions we are able to obtain 
these solutions in a closed analytic form. 


1. THE GENERAL FORM OF THE NONLINEAR 
GENERALIZED DIRAC EQUATION 


Let us consider the nonlinear Dirac equation in 
its general form,* which has as special cases the 
generalization of the basic Dirac equation by the 
addition of terms A(dy)Y or A(YY5~) V5, first 
suggested by Ivanenko!? and by Ivanenko and Miri- 
anashvili,’ or in the case of vanishing rest mass 
by Heisenberg:* 


0 : 
{—- -tay—eaw pe=o (2-1) 
and its complex conjugate equation: 
Py 1 TVA aa 
VY {ge teav+ FE Heb=0, (1-2) 
where 
b*A* (b", b) ps = (3A (9", ) 9)”. (1.3) 
We introduce the usual notation® 
Mp ips%n, Ya = 03» yr == ibys, 
(1.4) 


X= tte Ka (Kae Xa): 


Ee re ga 7 4 
*The notations are the same as in reference 1(fi=c = 1). 


Then Eqs. (1.1) and (1.2) are written in the forms 


{Yu0 / Ox, + A(Y", $)} p=0, 


YP {yu0 /OXn + ya" (9", P) Ya} = 0. 


The nonlinearity of Eq. (1.1) is contained in 
A(w#*, ~), which does not depend on derivatives 
and is a function of ~*, ~ only. By considerations 
of invariance, A(#*, ~) must have the form® 


AP, 9) = A(YTE YT (YTD) TH... (UTIDG) TH), 


where 


(1.5) 
(1.6) 


Tel eel larly ee (1.7) 
are, generally speaking, matrices. In addition, the 
invariance of the expression requires that the in- 
dices J;jy; not include any free indices. 

The limitation that we impose here on A(j*, =) 
is that we consider only the case 


A(Y, ¥) = AC(HTY) GTP)... (THY). (1-8) 
As is well known, the solution of Eqs. (1.5), (1.6) 
depends not only on xy, but also on the spin co- 
ordinate s. 

We assume that the solutions of the equation 
allow the separation of the spin and (four-dimen- 
sional) space coordinates. We shall try to find 
these solutions in the form 


b=x(s)P(%u), P =x" (Ss) 9° Hu) (1.9) 
with the condition x*(s)x(s) =1. 
We now introduce the notation 
0 (Xu) = 9 (Xu) 9 (Xu) = 0° (xy). (1.10) 


Then Eq. (1.8) takes the form 


A($’, 9) =A (TR x). - CTW) 0" (%)) = A (9), (1-11) 


where we have used the fact that, (x* Tx) ae 
(NET i x), is a numerical quantity which can be 
included in the constant coefficient of the function 
p™(x,). Thus we get 
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YA" (Y", b) Y4 = yA" (2) Ys = yA* (9) ne A* (p). (1.12) 
Then Eqs. (1.5) and (1.6) take the forms 
(Yu0 / Xu + A (¢)} x (8) 9 (Xu) = 05 (1.13) 


1° (8) {uO /Oxn— A’ (p)} @ (xu) =O. (1.14) 


2. SOLUTION OF THE NONLINEAR DIRAC 
EQUATION 


On the basis of physical considerations we shall 
look for solutions of Eqs. (1.13), (1.14) in the class 
of periodic functions: 


Ota) = (6), o = Rata; &, (Rn, ka), By = 10. (2-1) 
Then we have 
(yukud /ds + A(o)} x (s) 9 (s) = 0, 
17 (s) (Yultud ds — A’ ()} 9 (s) =0. 


Let us consider the system of equations 


(2.2) 
(2.3) 


do /ds =—A(e)9/ik, dg | do = A’ (p)¢@ / Ad. (2.4) 


As.we see, if gy and y* are solutions of (2.4), 
then Eqs. (2.2) and (2.3) reduce to a system of equa- 
tions for the spin factor of the solution 


(iyuku +4) x (s) = 0, 7 (8) (Cruku + 4) = 0. 


We supplement Eq. (2.5) with the following two 
equations for the spin* 


(2.5) 


(ks — osk) y (s) =0, x*(s)(ks—esk) =0. (2.6) 


The solutions of the system of equations (2.5) and 
(2.6) are well known.! 

Let us now return to the solution of the system 
of equations (2.4). We write the functions A(p) 
and A*(p) in the formy 


A(e) = a(¢) + ib(p), A’ (¢) = a(e)—ib(o). (2.7) 
Then Eq. (2.4) gives 

d 2 : doves Gu ieeda: 

= —+5(0) p; \ ob (9) = eee (2.8) 


We denote the solution of Eq. (2.8) by p=f(c), 


*As is well known, in the linear theory one introduces for 
the spin the operator oV/ik. The necessity of this is basically 
due to the existence of a superposition principle for the linear 
equations. In a nonlinear theory the introduction of a differen- 
tial operator leads to serious difficulties, but because of the 
absence of a superposition principle it is also not necessary. 
We here use the single term ogk. 

tIn A(y*, W) the function of i =(—1)%, which changes the 
sign of the term with b(p) when one goes from the equation to 
its complex conjugate, can be performed by y,. In such a case, 
however, one must remove the restriction (1.8) and replace A by 


A, + Ys A, in Eq. (2.5). 


DY FEF: KURDG EE AIwZ 


and substituting it into Eq. (2.4) we get 
de /@=—A(s)do/ir, do’ /e =A (s)de/ir. (2.9) 


The solutions of these equations have the form 


f =exp {£\A(e)ds | (2.10) 
= exp {—+[0(a)do+—-[a(e) ac} , 5 

f = exp early! (<c) ds (2.11) 
= exp = eo 6 (2) d(c) aia) a(e)de : 

£ = exp{—+-|0(a) do}. (2.12) 


As we see, the density is determined by b(p) 
only. From this it follows in particular that for 
b(p) =0 the nonlinear Dirac equation has‘no other 
complex solution besides 


tR,, x bd TR 
P=, =const, p= Qe", =e HN, 


(2.13) 


ko =—Vv=— a” (5); 
and in the case a(p)) =kg we arrive at an ordinary © 
solution of the linear Dirac equation. 

The real solutions of the equations (2.9) can be 
obtained directly from the solutions (2.10) and 
(2.11). In fact, for a(p)=0 we have 


ones = exp{—+-(d(e)do} . 


Mae (2.14) 


For b(p)=0, if we replace (iA) by —A’ with 
A’2>0, Eqs. (2.9) and (2.5) become! 
dy [ds = de" /do =a(p)e/¥ =a(e)¢'/x’, (49) 
(tyuky + (id’)) x (s) = 0, 7 (S) yuku + A’) = 0, (2.16) 


and the solutions for the spin factors are given by! 


7 (s) = QB(s, «, (i), y" = B’ (s,¢, (2X))Q", 


B (s,s, (OY) = = VIFSi 


Bo, (2.17) 
Vi — sf(),e ViEsf@, —eVi—=sf Ce), 


i) =VIF@)*7TR, B= BK? = 2%, 
cy = VIER? RE = jR|/K. 


K= Fao, 


It must be noted that, just as in the linear theory, 
one can choose in the nonlinear theory also two of 
the four amplitudes arbitrarily and determine the 
other two from (2.5). The expressions for the am- 
plitudes will be just the same as in the linear the- 
ory, except that the mass ky is replaced by A. 

Ih the Newtonian approximation K >A, just as 
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in the linear theory, two of the amplitudes can be 
neglected in comparison with the other two.® 


3. THE RELATION BETWEEN THE NONLINEAR 
DIRAC AND KLEIN-GORDON EQUATIONS 


Let us consider the Dirac equation (1.5). Apply- 
ing to it the operator y,0/8x,, we get 


Se toe AG, Obra, OF =0. (3.1) 


Under the restrictions imposed on our present 
problem we have 


WAY Der =AOns-=—A OY, (3.2) 
(oe AW Y)p= AO Brey (3.3) 


; dA 
= — Linh (p) A@ , 


where we have used Eqs. (2.9) and (2.5). Substitut- 
ing Eqs. (3.2) and (38.3) into Eq. (3.1), we arrive at 
the equation 

0) / 0x2 — B(p)>=0, (3.4) 
where 


B (p) = A*(p) + i2pb (9) - (3.5) 


Sia iS (pb? (0)) + 126 (0) + (pa (p)). 


We also get an analogous relation for the complex 
conjugate function. 
We arrive at the same result if we apply the op- 


erator d/do to Eq. (2.4) and use Eqs. (2.8) and (2.1). 


We now suppose that we are given a nonlinear 
Klein-Gordon equation of the form (3.4) and its 
complex conjugate equation. It is required to find 
the corresponding Dirac equation. The problem 
reduces to the determination of A(p) and A*(p) 
in terms of B(p) and B*(p). Equation (3.5) and 
its complex conjugate give a system of nonlinear 
differential equations to determine a(p) and b(p) 
in terms of the given values of B(p) and B*(p). 

If we introduce the notations 


c=— I/p, §=pa(”)=——a(0), 
= YV be) =0@)/V—* (3.6) 
AQ=—PA®), k= >(—) "Be @), 
where 
By () = (B() +B’ (0) /2, (3.7) 
By (x) = (B(x) — B’ (*)) / 2, 


then Eq. (3.5) and its complex conjugate can be 
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written in the form 
dé [dz = fa), (3.8) 
dy? | du — 3 = fy, (). (3:9) 


In the particular case in which f,(T)=0 (Bo(T)= 
0), the system of equations (3.8), (3.9) is easily 
solved, and we find: 


a)y=0, §=V—fi (9); 
by 10, Bab, a= ([ (f(t) + ho) de)", 


b(p) =0 a(o)=V B,(e), 
(3.10) 
that is, 


G 
ot () era 


(0) = {(c.-4 —| a, ea) | |”. 


If, on the other hand, f,(7T) # 0, then the sys- 
tem of equations (3.8) and (3.9) can be put in the 
form 


(3.11) 


(3212) 
(3.13) 


= (fyi fa)e (1/2 f2) (@— fi)? =0, 
lps (\ {fi (*) + 2} dr) 


In view of the complexity of these equations, how- 
ever, it is difficult to find their solution in general 
form. 

As we See, in the nonlinear theory A and B 
are related through (ordinary) differential equa- 
tions, unlike the linear theory, in which this con- 
nection is purely algebraic. 

On this account, for given B and B* the func- 
tions A and A* are determined only to within 
two arbitrary constants if f,(7T) =0 and three 
arbitrary constants if f,(7) #0. A unique con- 
nection between B and A can be secured in the 
usual way, by adjoining supplementary conditions 
to the differential equation.’ 

In cases in which one is able to reduce the non- 
linear Klein-Gordon equation (3.4), (3.5) to a non- 
linear Dirac equation, the solution can be found as 
indicated above. 

I regard it as my obligation to express my deep 
gratitude to Professor D. D. Ivanenko for his con- 
stant interest in this work. 
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The dielectric permittivity tensor €j, is usually taken to be a function of frequency alone, 
i.e. one neglects spatial dispersion — the dependence of €j, on the wavelength. However, 
even in non-gyrotropic media spatial dispersion must be considered in cases of weak absorp- 
tion, when the refractive index increases rapidly and becomes infinite if dispersion and ab- 
sorption are not taken into account. Spatial dispersion is also important in the analysis of 
longitudinal (plasma) waves which propagate in an isotropic medium or along the principal 
dielectric axes in crystals. It is also shown that spatial dispersion leads to a weak optical 
anisotropy in cubic crystals. In addition to the above, an analysis is made of the collective 


(discrete) energy losses in solids. 
1. INTRODUCTION 


In analyzing the propagation of light and electro- 
magnetic waves of longer wavelengths in a medium, 
one usually uses the local relation 


Dz = eir(@)En, (1.1) 


where D and E are taken at w, the frequency of 
the Fourier components of the electric induction 
and field intensity at the point r. If there is ab- 
sorption, the tensor €j, becomes complex and 

D must be replaced by D —i(4m/w)j where j 

is the density of the conduction current. In order 
to simplify the analysis this substitution is implied 
below, but not carried out explicitly. 

The relation in (1.1) does not reflect the nature 
of the field variation in space, that is to say, it ap- 
plies only if we neglect spatial dispersion — the 
dependence of the tensor €j, on the wavelength. 
The spatial dispersion can be characterized by the 


parameter a/A =an/Ay, where a is a character- 
istic length for a given medium (molecular dimen- 
sions, lattice constants, Debye radius, etc.), Ay = 
2mc/w is the wavelength in vacuum, ’=A,)/n is 
the wavelength in the medium and n is the index 
of refraction. In condensed media in the optical 
region usually a/Ay ~ 1to3 x 107° so that spatial 
dispersion is negligibly small in most cases.* 
This, however, is not the case if we are interested 
in effects associated with spatial inhomogeneities 
of the field. A well-known example of this type is 
natural optical activity — an effect which is of order 
a/X. It will be shown below that taking terms of 
order (a/d)* into account leads to an additional 
effect — weak optical anisotropy in cubic crystals. 


*The time dispersion, which leads to a dependence of Sik 
on @ may be large under these same conditions because it is 
characterized by the parameter w@/wj, where ®; is a character- 
istic frequency of the medium. 
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It is also necessary to go beyond the local relation 
(1.1), as is well-known, when one considers longi- 
tudinal (plasma) waves in a medium (ionized gas, 
solids). Finally, in cases of weak absorption, it is 
necessary to take account of terms of order (a/))? 
at frequencies close to characteristic frequencies 
of the medium, i.e., in regions in which the refrac- 
tive index n becomes very large. This situation 
is completely understandable because when n — oo, 
the parameter an/A, also increases without limit. 
This case has been already considered in an analy- 
sis of waves in a magneto-active plasma close to 
resonance! and in absorption of light by excitons in 
crystals.’ Although calculations involving spatial 
dispersion have already been carried out in indi- 
vidual cases, it would appear that there are still 
a number of points which are not entirely clear. 
For this reason certain aspects of this problem 
are considered below. 

If small, the effect of spatial dispersion can be 
taken into account by writing the relation between 
D and E in the form 


OE ‘ O2E 
D; = Esp (a) |B se Yikl (o) ae ot: OckIm (0) ina, ‘ (1 2) 
- 


The term containing Yj,j is responsible for 
optical activity (cf. reference 3, §83) and vanishes 
if there is a center of aymmetry in the body. Be- 
low we shall assume with one important exception, 
that Yj;jJ =9. Considering plane waves, for which 
the field is proportional to the factor exp{i(wt- 
k-r} = exp{i(wt— wns-r/c)} we write (1.2) in 
the form (we consider only plane waves for which 
the planes of constant phase coincide with planes 
of constant amplitude ): 


% a5 
Eth = E¢h — “chimS1SmN’" 


D; = einEn, 
3 
Ginim= (@/C)* Sizims a 
where s is the unit vector normal to the wave, 
n=n-— ik is the complex refractive index (n is 
the index of refraction, 
The coefficient 6 is of the order of the square of 


the characteristic length a and |ajJm| ~ (a/Aq)’. 


It is apparent that the tensor QjkJm can always be 
assumed symmetric with respect to the indices l 
and m. Using the principal of symmetry for the 
kinetic coefficients it can be shown (reference 3, 
§83) that the tensor Qj,Jm is also symmetric 
with respect to the indices i and k (it is as- 
sumed that there is no external field). In the ab- 
sence of absorption, this tensor is real. Further 
simplification of the tensor derives from the sym- 
metry of the medium. 

The expansion given in (1.2) and (1.3) is not 
always possible. For example, if one of the com- 


K is the absorption factor ). 


ponents €gh of the tensor ej; tends toward in- 
finity, terms of order (a/))?n2 can always be 
neglected as compared with it. ‘On the other hand, 
the quantity 1/e€gp becomes small and the last 
term may become important in the expansion 


] os =i) / &ap ai BabimS1Smf? 


Thus, the tensor €j, is sometimes replaced by 
a-1 
€ik : 


ee aes | = A 
E; = ein De, ein = ein + BinimSiSmn’. 


(1.4) 


The symmetry properties of this tensor are the 
same as those of ej. The introduction of two ten- 
sors €j, and éjj{ should not occasion surprise 
since the vectors D and E are of equal rank. 
In order of magnitude terms the coefficients a 
and 6 are generally the same. The choice of one 
or the other of the expansions (1.3) or (1.4) is dic- 
tated by the nature of the individual problem and 
will be clarified below. 

The propagation of plane waves is determined 
by the field equations 


H =n[sxE], D= —a [sxH], (1.5) 


whence 


D = n? {E —s(s-E)}. (1.6) 


Here H is the magnetic field associated with the 

wave, the magnetic permeability ww is set equal to 

unity and the medium is assumed homogeneous 

(the same applies in (1.3), (1.4), and below). 
Substituting in Eq. (1.6) the relation given in (1.1), 

we obtain the well-known equation for ii’: 


(e,55 1 8,S;.-1- ¢254),/1 


— [ex (¢y + ©) Sy ey ee ey) Sh (1.7) 


me A 
+ &z (Sx + &y) Sz] N? + exeyez = 0, 


where €x, €y and €,7 are the principal values of 
the tensor ¢€j,. It is characteristic that Eq. (1.7) 
is quadratic in n? whereas the system in (1.6) con- 
sists of three homogeneous equations and, in the 
general case, leads to a cubic equation in fi?. The 
coefficient for f® can be set equal to zero only 
when the local relation in (1.1) applies; if, on the 
other hand, (1.3) applies, the equation in i? is of 
the third degree. This fact is responsible for the 
appearance of the additional “proper” wave. These 
considerations indicate the need for taking spatial 
dispersion into account under certain conditions. 


2. ISOTROPIC MEDIUM 


In an isotropic medium the tensors €jk, €ik, 
Qiklm and Bik]lm become scalars and from (1.3) 
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we have* 

D =e ee an (220) 
For transverse waves, in which s-E=0, substi- 


tution of (2.1) in (1.6) leads to the double root Af 2 
= €/(1+a@) which, because a is so small, virtu- 
ally coincides with the value fi? = € which is ob- 
tained when spatial dispersion is neglected. For 
longitudinal waves, in which s(s-E)=E, we 
have: 


nz = €(o)/ a. 


(2.2) 


In a longitudinal wave D=0, as is clear from the 
condition div D = —(iw/c)ns-D=0 or, better 
still, from Eq. (1.6). However, the field E asso- 
ciated with this wave may be different from zero 
since the expression in (2.2) is equivalent to € = 0, 
which, according to Eq. (2.1), is compatible with 
the conditions D=0 and E+ 0. If spatial disper- 
sion is neglected, when € =€ a longitudinal wave 
is possible only if 


¢(w) = 0. (2.3) 


This condition is also clear from Eq. (2.2) since 
fig remains finite as a—~0 onlyif «—0. 

The existence condition for longitudinal waves 
in the form given in (2.3) was given a long time 
ago (cf. for example reference 4, §4) but has been 
a subject of discussion until very recently.°*® 

If spatial dispersion is neglected the longitudi- 
nal waves are characterized by a vanishing group 
velocity u =dw/dk and are associated only with 
discrete frequencies wj which satisfy (2.3). When 
a0 the longitudinal waves assume the same im- 
portance as the proper waves in the medium. Longi- 
tudinal waves are well-known in plasmas: if colli- 
sions are neglected, 


¢(w) = 1 — 4ne?N / mo? = | — a? / 


and, if a Maxwellian velocity distribution obtains 
and the quasi-hydrodynamic approximation is used 
a@=xkT/mc?. On the other hand, if the calculation 
is carried out using the kinetic equation, a = 
3xT/mec* where «x is the Boltzmann constant and 
T is the temperature. In a plasma longitudinal 
waves are not strongly attenuated close to the fre- 


*In an isotropic medium a tensor of the 4-th rank has two 
independent components which, in (1.3) correspond to the ex- 
pansion 


D =cE+ 8,AE + 8, grad div E = (¢ — an?) E — ays (SE) 72. 


Thus, for transverse waves, in Eq. (2.1) « = a,; for longi- 
tudinal waves « = 4, + a . In (1.4), because of the condition 
div D = 0 in an isotropic medium, there is only one coefficient 
B, i.e., Bikim Can be replaced by a scalar unconditionally. 
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quency W, only when the index n3 is small 
(plasma waves are considered in detail in refer- 
ence 1). In the general case, in a plasma we have 
a ~ (Vo /c)* where vo is some characteristic 
velocity (in a degenerate gas vo is the order of 
the velocity at the Fermi limit). This result for 
a is found to be in agreement with an estimate 
made earlier a ~ (a/A,)? = (wa/2me )? since, for- 
a gas in a high frequency field the characteristic 
length a ~ 2mv)/w, that is, the path traversed by 
the particle during one oscillation period (in order 
of magnitude terms 2mv)/w, is the shielding ra- 
dius or Debye radius ). 

In solids the longitudinal waves are similar to 
plasma waves and, as is well known, are described 
by “plasmons” when quantized.® Just as in the 
plasma case, the attenuation of these longitudinal 
waves can be small only in the neighborhood of 
frequencies w], at which €(w]) =0. We may 
note that in principal qa can also be negative, as 
in optical vibrations of a solid lattice. When @ 
<0 obviously f2>0 for €(w)<0. 

For transverse waves, in the region fil 2 = 
€ —~ © the expansion in (2.1) is not affected al- 
though one would expect strong effects due to 
spatial dispersion (cf. Introduction). However, 
because the quantity «7! is so small it is neces- 
sary to use an expansion of form (1.4) which ap- 
plies for an isotropic medium (it is assumed that 
s-D=0) 


1j/e=1/e+ Br’. 


In the case of longitudinal waves, substituting 
Eq. (2.4) in Eq. (1.6) we obtain the condition € = 0, 
that is to say, when ¢€ #0 we have fiZ=. In 
other words, in the resonance region, as well as 
at frequencies far from w], it is impossible for 
longitudinal waves to exist in an isotropic medium 
(keeping in mind the fact that macroscopic waves 
exist only when n «KA,)/a; (cf. below). For trans- 
verse waves, from Eqs. (2.4) and (1.6) we obtain 
the equation Bft + fi?7/e -1=0, whence 


ne = —1/28-+ V(12ep)? + 1p. 


Having in mind the frequency region close to an ab- 
sorption line we may use the following expression 
lore: 


E=D/s, (2.4) 


(2.5) 


& (w) == 2, —ieg = ey + 


of — «a? + iwyv 
_ Ag AS 
ee ee (2.6) 
€=(@—0))/@;, 6 =y/20;,, A= Qne*Mete/ mej. 


In the absence of absorption, in which case 6 = 0, 


(0) = 21 (0) == ey —A/E, 


On 


< 
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where Ny is the refractive index when both absorp- 
tion and spatial dispersion are neglected. From 
Eq. (2.5). it is clear that when 


(2.8) 


e|Bi<1, 


ny =e(1—2B+...), 


Mt = —1/sB—e+.-.. (2.9) 


With 6 ~ 107°, the condition given in (2.8) becomes 
fiz <« 10°, and when €) ~1 and A ~1 [cf. Eq. (2.7)] 
we find |é| = |w — w5|/w; > 107%; in the optical re- 
gion, with Aj = 2mc/wj ~5 x 107°cm this means that 
the expressions in (2.9) apply at distances AX > 
‘ORS Aj ~5A from the center of the absorption line. 
In this region it is obvious that nj =i? since, if 
absorption is present, the root nj is approximately 
equal to fi? which corresponds to the case B=0. 
However, the root ng is very large and, when ¢ 

~ 1, as can be the case far from the line, |fi3| ~ 
1/|B8| ~ 10°. In this case X= 2%) /ny ~ 5X 1078 and 
Eqs. (1.3), (1.4), (2.1), and (2.4) no longer apply, 

so that macroscopic analysis of the problem is no 
longer meaningful. The new root of the dispersion 
equation ny, is real only close to the line, in the 
region where A =A)/n) ~ VB] Xo haus <i One 
i.e., as long as ny K Ay /a. It will be assumed be- 
low that this condition is satisfied. 

As is clear from Figs. 1 and 2, close to the ab- 
sorption line spatial dispersion has a qualitative 
effect on the fi?(w) curves. Both of the curves 
refer to the case A=1 and 6=0 butin Fig. 1 
the value B=10~° has been taken while in Fig. 2 

=-10~°. The dashed curves in both cases rep- 
resent the limiting curve (2.7), also for A=1 
(generally €) ~ 1 and since we are interested in 
the region |e| > 1 we may set €,=0 every- 
where). We may note that if there is no absorp- 
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2 is real with fi2>0 it is obvious 


tion and if fi 

that f? =n’; for fi? <0 wehave fi? =—x?’, i.e., 
there is total internal reflection from the medium. 
For B=0 and 8>0O we are dealing with cases 
of this kind since fi? is real. If, however 6 < 0 
in the region |e| > 1/2V]6] the values (fi? = 

n— ik)? are complex (in this region of Fig. 2 
there are no solid curves). 

Thus, when spatial dispersion is taken into ac- 
count, near a resonance (absorption line), for a 
given value of w we find a new root for i? (more 
precisely double roots, because of the two independ- 
ent directions of polarization). The peculiar be- 
havior of the n?-curves close to resonance, shown 
in Figs. 1 and 2, was known earlier from work on 
magneto-active plasmas; in the crystal case an 
expression such as (2.5) has been obtained recently 
by Pekar? starting from a concrete model.* 

To a considerable degree the possibility of ob- 
serving the new wave close to resonance depends 
on the amount of absorption. In the absence of ab- 
sorption the effect of spatial dispersion is large 
in the region in which 4¢?|8| ~ 1, i.e., when |é| 
~ éj = 2AVIpI . Furthermore, if 


5<e = 2AV |B), 


at a frequency such that |é| =|w — wj|/wj = t& 
the absorption has only a small effect on the quan- 
tity €,=Ree while €.=Im ce <« |e,|. Similarly 
the curves n?(w) and «*(w) are not changed if 
we neglect the effect of attenuation in the region 
which is completely transparent for 6=0. Sup- 
pose, for example, the condition in (2.10) is satis- 
fied, 8 >0, and we consider a frequency for which 
4¢2|8| =1. Then, with &<0 we have nx 0.687'/4 


(2.10) 


' 


*The fact that the results obtained by Pekar? correspond 


to an expansion such as that given in (2.4) was noted still 
earlier by L. D. Landau in conversation with the author. 
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and K © 0.2(6/é,) B84, which, for &, ~ 107%, 
B~107§ and 6~107' yields n~ 20 and kw 
6 x 107‘. Since the radiation intensity falls off in 
accordance with the relation I= [ye 2wk2z/e = 
pe #2, this means that p= (2w/c)n ~ 150 cm“! 
(for Ay ~ 5 X107°cm). For the same values but 
with B <0: 


n= 1/V 2e,/B] = [BI +30, x Ve, 1 /2(281 |B 1)" 
= V3/%/2|B|" = 0.15, 


i.e., 4 ~3%X104cm™!. Thus the intensity is re- 


duced by a factor of e ina distance )/1.8 = 

3x 107cm whereas \ =))/n ¥ 2 x 107°cm. 
Hence, even in the second case, the attenuation in 
one wavelength in the medium is relatively small 
although it is enormous in terms of macroscopic 
distances. With 8<0 and 4e?|f| <1 the absorp- 
tion is less and in order of magnitude terms is ap- 
proximately the same as that for B>0. On the 
other hand, in actual crystals it is probably always 
true that 6 > 107’. From these examples it is 
clear that the observation of spatial dispersion 
close to absorption lines is very much complicated 
by absorption effects and would require very spe- 
cial and favorable conditions (assuming ordinary 
optical methods of observation). 

Because of the small spatial dispersion in a non- 
gyrotropic medium, it is of special interest to con- 
sider the resonance region in naturally active ma- 
terials in which case the effect of interest is of 
order a/A. For optically active isotropic solids 
and cubic crystals far from resonance (cf. refer- 
ence 3, §83) 

D = cE — if [sxE] n. (2211) 


Assuming large values of ¢€ it is necessary to use 
the related expression 


E=D/<-+ ig [sxD]n. (2.12) 
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Substituting this expression in (1.6), for transverse 
waves we have: 

g?n® — (n?/e — 1)? = 0. (2.13) 
With gn?«1, ni=e it is easily shown that 


—1/e%g?, (2.14) 


The curves for real values of fij,2 3 are shown in— 
Fig. 3for ¢€=—-1/£, g?=10°°. We may note that 
the multiple root corresponds to the values 


A 2 a 1 2 
ne, =(2/g)", n= z(2/g)" 


ie = ng (1 + gn), n 


Em — Pearson 


whence, with g ~ 3 Xx 107° we have: ex = —1/e 5 
~ 25 and ém = |Aw|/wj ~ 4 x 107? or, in the op- 
tical region, AA ~ 100 to200A. It is also apparent 
that in the case of a gyrotropic medium the absorp- 
tion will not be as effective in masking the effect of 
spatial dispersion simply because the latter effect 
is so much stronger. 


3. CRYSTALLINE MEDIUM 


In rhombic, tetragonal, and cubic crystals the 
principle axes of the tensor €j;k coincide with the 
symmetry axes (these will also be used as the co- 
ordinate axes x, y and z below). Under these 
conditions the tensor Qj}jJm is simplified and in 
rhombic, tetragonal, and cubic crystals has 12, 7 
and 3 independent components respectively. Thus, 
in the tetragonal case the nonvanishing components 
are 


Azeez, Axxyy = Ayyxxy Axxzz = “yyzz, 


Axzxz = Cyzyz and Axyxys 


Lyxxx = Cy yyy, 


Xzexx = “ezgyy, 


where the z axis is the axis of 4-th order symme- 
try. In a cubic crystal the non-vanishing compo- 
nents are 


Hy = Arxxx = Cyyyy = Szezzz,  %Q = Ayyyy = Ayyxx = “Xxxzz 


== Ozexx = Xyyzz = Czzyy and Kz = Aryxy = Xxzxz = Nyzyz- 


Whence it is clear that a weak optical anisotropy 
should be observed in cubic crystals where €j,; = 
€Ojk. Far from frequencies at which ¢€ is zero or 
infinite, to a first approximation fi? =n%=e€ (itis 
assumed that € > 0 and that absorption can be neg- 
lected). To take account of the weak anisotropy is 
obviously necessary to substitute this value f? = 

nj for €jk in (1.3). The resulting tensor éjx is 
of the form: 


exe =e(1 tas? +0, (s% + 82)], 
Syy =e [1 regs ee (Shs (3.1) 
See =e(1+ 0483 + (sy ae Spas Sey = 28038 Sy, 


nw “a 
Exe —=2EN3S Sz, Syz =2 &X3SySz. 


_ the situation is entirely different. 
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The principle axes of the tensor €ik depend on the 
direction of the normal and in the general case will 
not coincide with the axes of 4-th order symmetry 
xX, y and z. To detect the weak birefringence it 
is probably easiest to observe the ellipticity of the 
light transmitted through the crystal. The elliptic- 
ity is defined by the difference in the refractive in- 
dices for waves with different polarization An ~ 
nNo®, where a is a suitable combination of the co- 
efficients aj and sj. With n)~1 and a ~ 1076 
the phase shift Ag = (27/d)) Anil ~ 0.11 where / 
is the path in cm traversed by the light in the crys- 
tal. An effect of this order of magnitude is detect- 
able. On the other hand it should be kept in mind 
that the values of @ may be somewhat smaller 
than those which have been assumed and that the 
observation may be complicated by possible direc- 
tional effects and other factors. 

When the light propagates along a cubic axis, 
there is no birefringence and when € ~ 0 or 
€ — ©, one should observe the features discussed 
above for the isotropic case. For other directions 
of s and « =0 all the roots Af.2,3 = 0 and in 
this region one of the waves is like a plasma wave 
while the others are like transverse waves. In 
other words, the picture is similar to that which 
obtains for the isotropic case, being only slightly 
complicated by the weak anisotropy. The same 
considerations apply to the region € ~ © in which 
it is necessary to make use of the expansion in 
(1.4). 

In non-cubic crystals, in which the tensor €j, 
is not completely degenerate, in the general case 
For a uniaxial 
crystal, to which we shall limit ourselves for sim- 
plicity, with Qj,Jm = 0: 


ni=e,, 1/n3=sin?6/e, + cos? 6/e,, (3.2) 
where 
Sime rS COS iasic ne sy 10), ine) ales) le) epee. 
Suppose that 
00, G~n/2, oy #e. (3.3) 


In this case the refractive index for the extraordi- 
nary wave n, does not approach infinity as either 
€ Or €, approach infinity. If, however, the val- 
ues of €; and e, are finite but of different sign, 
fiz =o when 


e, sin? 6 + e, cos? 6 = 0. (3.4) 


If either € or €, is zero, fi? =(0. The cases 
6=0 and 6=7/2 are degenerate; wave 2 becomes 
transverse and there is a longitudinal wave whose 
frequency, for @=0, is determined by the condi- 
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tions €)(w)=0 or €,(w)=0. Another special 
case, which is not realizable, occurs if €) =¢€, =0 
or €) =€,; = at the same frequency (in a biaxial 
crystal this refers to all three principal values ex, 
€y and €z). In essence, at this frequency the 
crystal degenerates into a cubic crystal, with all 
the features characteristic of the latter. In par- 
ticular, only with €x =¢€y=e¢z for any direction 
will there be a wave (longitudinal) characterized 
by D=0. In the case indicated by (3.3) D0, 

but if (3.4) is satisfied wave 2 becomes longitudi- 
nal. This is due to the fact that as fi? increases, 
for a given D the angle between s and E is re- 
duced and when n? — o, 8° EB — 0 (cf. Eq. (1-6)1- 
Hence, in non-cubic crystals, with QjkJm =0 in 
general there is no new wave analogous to the long- 
itudinal wave 3 in an isotropic medium. The lim- 
iting transiton to a cubic crystal is not trivial. If 
€; ~ 0 and e€, >0 the tensor ellipsoid 


(+ y)/e, +2%/ey =] 


degenerates into a plane disc; if ¢€, > 0 and e, 
>0, it becomes a line. In other words, as one of 
the principal values €j approaches zero the crys- 
tal becomes anisotropic in the limit even if the 
other principal values are small. Different signs 
for €, and €, means that we do not have a tensor 
ellipsoid but a tensor hyperboloid, with (3.4) as the 


asymptote. As one of the principle values approaches 


zero in the limit the anisotropy is also large in this 
case. If €x =€y =€z,=0 the tensor ellipsoid or 
hyperboloid degenerates to a point. 

In the case given by (3.3), which we also con- 
sider, if spatial dispersion is taken into account 
and the condition in (3.4) is not satisfied there is 
a non-real third wave with a very high value of 
figs Only in the region of angles and frequencies 
for which the quantity ¢€, sin? 6 + € cos? @ is 
very small does spatial dispersion lead to an in- 
teresting result.* If the condition in (3.4) is ob- 
served the values of €) and e, are different 
from zero and finite. In this case the expansions 
in (1.3) and (1.4) are equivalent. In the general 
case the expressions which are obtained are ex- 
tremely complicated. In order to illustrate the 
qualitative aspects of the problem we make a 
further far-reaching assumption: namely, 


— an?. (3.5) 


2 assumes the form: 


The equation for fi 

*The fact that in general the third wave in an anisotropic 
medium has a real value only in the region where n, > was 
noted by the author earlier in the case of a magneto-active 
plasma (cf. reference 7, $ 75). 
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(e; - n?) {ant —[e, sin?6+ ¢, cos? 4 
35 3.6 
+(e; +e,)a}n®?+4+ e,2,} =0, (3.6) 
where small terms have been neglected. 
With a=0 Eq. (3.6) becomes Eq. (1.7) with 
€x =€y=€, and €,=€, and its solution is given 
by (3.2). When 


(3.%) 
u=c, sin?64 2, cos?9+(c, +e, )a. 


The dependence of fis 3 on angle 6 or frequency 
w close to the point ~=0 is completely analogous 
to the dependence on w in (2.5) close to the point 
€ =o (cf. Figs. 1 and 2). With p? > |4ae,e)|, it 
is apparent that fz is determined by (3.2) and fiz 
= p/a. When 6-0 and €,—+0: fg=c,, f=, 
as is to be expected. When @— 7/2 and €, > 0, 
similarly fi?=¢, and n}=e¢,/a. Moreover, when 
62—-0e and 40)—17/2* fig oe correspondingly for 
€, > and €) > © (fi? - © for €,— © at all 
angles for wave 1). In these cases spatial disper- 
sion is taken into account through the use of an ex- 
pansion such as that given in (2.4). 

As in an isotropic medium and cubic crystals in 
non-cubic crystals, spatial dispersion is consider- 
ably stronger when the medium is gyrotropic (cf. 
Sec. 2). However, we shall not stop here to con- 
sider this problem nor a number of other problems 
which require special investigation (the behavior 
of the rays and the group velocity, gyrotropic ef- 
fects under the influence of an external magnetic 
field, magnetic media such as ferrites, biaxial 
crystals, conical refraction, axial dispersion, dis- 
persion relations, artificial anisotropy induced by 
electric fields, in which case it is possible to re- 
alize the limiting transition to isotropy, a more 
detailed analysis of absorption, etc.). 

We have considered above only waves in an un- 
bounded medium. Any observation of these effects 
would always require an examination of the boun- 
dary situation (for example, a first step would be 
to solve the problem of transmission of light through 
a plane slab). Thus boundary conditions must be 
considered. The ordinary conditions 


Don = Dyn, lolx Infagy. Fog = Ey, Jolep= Vale. 


are valid but not adequate if one is to take account 
of the new waves. Within the framework of the 
phenomenological approach employed here, addi- 
tional boundary conditions can be obtained only by 
introducing certain assumptions. 

For example, we may consider the boundary 
between a medium and vacuum and write the vec- 
tor D inthe form 
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D; = ¢nEn + Di = Er + Cn —tayEn + D; 
= Bit Dy 
In vacuum D” = 0 and if the boundary is not sharp 
D” approaches zero smoothly in the transition 
layer. On this basis, one would write at a sharp 
boundary: 


(3.8) 


D’ = D—E = 4cP = 0. 


(3.9) 


On the other hand, if spatial dispersion is neglected 
completely, and D’ = 0, (3.9) is no longer correct 
(in this case, from the condition Dgn = Din = Ein 

it is clear that only Pp =0). Hence, a more rea- 
sonable boundary condition is 


Da (3.10) | 
In his paper Pekar? used a boundary condition which | 
was an “average” of (3.9) and (3.10) while the vec- 
tor P was specifically set equal to zero except for 
an indefinite part of local origin. Since the new 

waves generally appear only under very special 
circumstances, further refinement of the analysis 

of boundary conditions will probably result from 

the solution of specific problems. 

One might also be interested in finding the elec- 
tromagnetic field and radiated energy for sources 
located in a medium with spatial dispersion. In the 
isotropic case this problem can be solved by an ex- 
tension of classical methods; in crystals, however, 
it is more feasible to use the Hamiltonian method. 
This approach was used in reference 8, in which 
spatial dispersion was not taken into account. 


4. REMARKS ON COLLECTIVE ENERGY LOSSES 
AND THE CERENKOV EFFECT 


The discrete energy losses of fast electrons or 
other charged particles which move in a medium 
are related to the excitation of longitudinal waves 
(plasmons ) .® 

If spatial dispersion is not taken into account, 
the longitudinal oscillations take place at frequen- 
cies w] such that €(wj]) =0 and the correspond- 
ing energy losses are associated with the so-called 
polarization or Bohr energy loss in the medium 
(cf. reference 9). In the presence of spatial disper- 
sion the polarization loss becomes the Cerenkov 
effect and is associated with the emission of a 
longitudinal wave 3 for which n¥=e(w)/a [ef. 

Eq. (2.2)], assuming an isotropic medium. In this 
case it is apparent that the following condition must 
be satisfied: 


cos§=c/vun(a), (4.1) 


where @ is the angle between the normal s and 
the particle velocity v, n=ng3 and the variation 
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in particle energy is neglected (this last condition 
assumes that v > vy — the velocity at the Fermi 
limit). 

Since @ ~ (v)/c)’ ~ 107°, even with Aw/w, 
= (w — w])/w] ~ 0.03t00.1 a macroscopic analy- 
sis becomes unfeasible because n3 ~ 102, € ~ 0.1 
and X=’)/nz3 ~ 107". As a result the intensity of 
the Cerenkov radiation falls off sharply and the 
absorption increases. Hence the radiated longi- 
tudinal waves (plasmons) are characterized by 
a relatively narrow spectrum with Aw < 0.14. 
Transverse Cerenkov radiation occurs if the con- 
dition 


e = Miz > (¢/0)? 


is satisfied but usually the radiation is character- 
ized by a wide spectrum, i.e., non-discrete losses. 
An exception might be a medium with weak absorp- 
tion in which the condition in (4.2) would be satis- 
fied only over a relatively narrow frequency range, 
for example close to an absorption line. 

In cubic crystals, in the first approximation the 
discrete (collective) losses are of the same nature 
as those in an isotropic medium. The only distinc- 
tion is due to the spatial dispersion which leads to 
the weak optical anisotropy for cubic crystals (cf. 
Sec. 3). This anisotropy is especially marked in 
metals because for a cubic structure the Fermi 
surface is not a sphere and the corresponding ve- 
locity vg depends on direction. Inasmuch as the 
width of the longitudinal Cerenkov radiation in an 
isotropic medium is not small in absolute magni- 
tude the weak anisotropy which is indicated in the 
discrete losses is not of great importance.* 

The situation in non-cubic crystals is different 
because in the general case there is no specific 
individual branch for the longitudinal waves. Even 
if spatial dispersion is neglected, there are no po- 
larization losses. Hence, all the collective losses 
are to be associated with the Cerenkov effect (cf. 
also reference 9). On the other hand, in non-cubic 
crystals even when ¢; <1 there are frequencies 
for which the refractive index becomes rather 
large. This is the case particularly in a region 
which corresponds to the condition in (3.4) or, for 
an arbitrary crystal, to the condition 


(4.2) 


*In this connection the anisotropy in the optical properties 
of cubic crystals, which results from spatial dispersion, may be 
important in analyzing the interaction of plasmons with an ex- 
ternal transverse electromagnetic field and may lead, for ex- 
ample, to the excitation of quasi-longitudinal plasmons when 
light is incident on the crystal boundary. It is likely that taking 
account of spatial dispersion in the macroscopic behavior is, in 
some degree, equivalent to the quasi-microscopic analysis of 
plasmons as waves in a degenerate electron gas of inhomoge- 


‘neous density. 1° 
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Ex (ws) Se + &y (os) Sa + €2 (1s) cy = 0. (4.3) 
Under these conditions, as has already been pointed 
out, wave 1 or 2 is longitudinal and it is important 
to take account of spatial dispersion. In solids, 
particularly in metals, at frequencies of the order 
Of 1102 a energies of approximately 10 ev) the 
Cerenkov condition (4.1) may be satisfied only for 
W= WI], [cf. Eq. (4.3)]. As a result the collective 
losses are again of discrete nature, although, in 
addition to spatial dispersion there is one other 
effect which tends to broaden the spectrum. This 
effect is a result of the fact that the frequency Wess 
as is clear from Eq. (4.3), depends on the direction 
of wave propagation in the crystal. If the vector 
associated with the normal s approaches the di- 
rection of the principal axis i Eq. (4.3) assumes 
the form €;(];) =90, which is the same as the 
existence condition for longitudinal waves along 
the i axis. The additional broadening of the dis- 
crete line is then due simply to the fact that wx 
¥ Wly ~ Wz, OF, in a uniaxial crystal the fact 
that Ww], * wd). 

In conclusion we may note that the use of the 
Cerenkov effect would seem to offer the best ap- 
proach to the problem of exciting “spatial disper- 
sion” waves although problems such as those 
mentioned at the end of Sec. 3 would arise. 
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The structure of an oblique shock wave in a plasma with finite conductivity is considered neg- 
lecting its viscosity and thermal conductivity. The conditions of applicability of the approxi- 
mation are obtained. An estimate of the width of the wave front is given. The limiting angle 
for the propagation of an oblique shock wave is obtained in a plasma of infinite conductivity. 


1. BOUNDARY CONDITIONS 


‘Tae structure of the front of a normal shock wave 
in a plasma of finite conductivity has been investi- 
gated neglecting viscosity and thermal conductivity 
in the paper by Golitsyn and Staniukovich.! In this 
paper we consider the problem of the structure of 
the front of an oblique shock wave for an arbitrary 
orientation of the field ahead of the front in the 
same kind of plasma. 

We consider a. plasma with a constant and iso- 
tropic conductivity sufficiently large not to have to 
take displacement current into account. Let us de- 
termine the conditions for neglecting the kinematic 
viscosity v and the electronic thermal conductivity 
kK in comparison with the magnetic viscosity vm 
in the system of equations of magneto-hydrodynam- 
ics (cf., for example, Syrovatskii? ). 

As is well known (cf. Chapman and Cowling’), 


(1) 
(2) 


where w? = 4mmnee?/me is the characteristic plas- 
ma frequency, Y = Cp /cy is the ratio of specific 
heats, a is the velocity of sound, Tej and Tjj 
are the times between electron-ion and ion-ion 
collisions respectively 


Ter = me? (BRT) "/0.7-4nn,e4 In de, 


2 A 
Ven == 2/4 == C2/4re*11. to, = C7 / Mot e77 


vy == 3a%;;/2y, 


7 aa (3) 
tii = m;* (3kT)*/0.7 - 8xn;e* In dy. 


Here 
A = (3/2e%) (R°T3/nn)'2 = h/py, 


where h is the Debye screening radius, py) is 
the impact parameter for which an electron on 
colliding with an ion is deflected by 90° (for de- 
tails see Spitzer‘); Ne and nj are the electron 
and ion densities respectively. We assume every- 
where in the following that ne = nj =n. 


If the kinetic and magnetic energies satisfy the 
inequality pv’ < H*/4n, then the condition vy 
> vy assumes the form: 


S_ (Tey (4) 


To, m eo 


4 e2 \4 
Here S is the electron-ion collision cross-section; 
Yo = e?/mec” is the classical electron radius, 1/n 
=Vay is the average volume per particle. For n= 


av 


10'%em=3, T=.104°K, mj= 3.2 x107%* em: the lefts 


hand side of the inequality is ~10*. 

A similar condition for neglecting the electronic 
thermal conductivity k = 20 ( 2/ ry? kT/mY? e4 Ind 
(cf. Spitzer’) can be written in the case nkT < 
H2/47 in the form: 


S?/22.5r Vay S> 1. (5) 


The system of equations of magneto-hydrody- 
namics has the following particular integrals of 
the motion if all the quantities depend on only one 
coordinate x: 


[vxH]y,2— vncurl,, -H =cE,2= const, H, = const. 


(6) 


6U, =const=m, g,=const==<, «z,;,=const= /;, 


where gx is the energy flux density, while’ mix is 
the momentum flux density. 


2. THE STRUCTURE OF AN OBLIQUE SHOCK 
WAVE 


We consider an oblique shock wave in a plasma 
of finite conductivity. The parameters of the me- 
dium ahead of the front we shall denote by the sub- 
script 1, while those for the medium inside the 
transition layer and behind the front we shall de- 
note by 2. If viz =0, Hiz =0 then the system (6) 
assumes the form: 
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0101 x = P2V2x = M, Mh, = Ho, = H,, 


al. 
2 
= Ohy Nelo ae Yn ae = CE: 


010, xVyy = Ay, Hy, /4x = 0209xVoy =e AoxHoy/4n = &, 


; (7) 


VyxTyy — VjyHyx, = Vox oy 


u cE 
0 of (ae ae omens Sh 21 
fa0rx( D) T anes 01 - T= Hops 
Soft) ( v ot x P2 \ ue CE 25 H ban. 
Reieer a eed tea) An any! 


py + Hy/8= + Prix = po + H3/8x + OpVex = I. 


By solving the system for dHpy /dx, and by elimi- 
nating all the variables except fee Foy, we obtain 
the following equation: 


dH. 


as ed Ayy (7 fel Hy Jel, \ 
Waetgge y—1 8x ) m (a+ 4 Hoy} — CEz 
HE, v3 
y 
Be ~ =i arma! 8x ) (8) 


k—%y =m \ dHey/f (Hay). (9) 


Foy, 


The integral (9) is obtained by numerical methods. 
Let the wave be propagated in monatomic deu- 
terium whose initial parameters are given by: 


pi = 2-10' g/em-sec?, 
Hy, = 700 oersted, 
Ay aa Ay, tan DP; 


the => 2: 104°K, 
Ux = 2.36-108 cm/sec, 


Uyy = Vy, tan XxX; 


(10) 


and let gy =x = 45° to simplify the calculations. 
The results are given in graphical form (Fig. 1), 
where the dimensionless quantity £ =xa/vp is 
plotted along the horizontal axis. 

The width of the front may be defined by 


Ax = AH, | (dH y/dx) max: (11) 


In the present case the width of the front is given 
in dimensionless units by A& =6. On calculating 
the number k = Ax/Z of mean free paths / = tij/a 
contained in the width of the wave front we obtain 


Ax = vpAb/a = c2At/aut tei. (12) 
Finally 
k= c2Ak/oa?teit4i > | (13) 


according to the inequality (6). In the case con- 


sidered above k ~ 10°. 


1105 


Pate Ap SE EP PM a a 


FIG. 1. Curve I shows the dependence of p/p,, on & 
curve II shows Hy/Hyy, curve III shows p/ Py». Pyo/p, = 1.45, 
Hay o/Hiy = 1.32; p2,/p, = 1.22, where the subscript ~ refers to 
the limiting values of the quantities behind the wave front. 


3. THE LIMITING ANGLE FOR THE PROPAGA- 
TION OF AN OBLIQUE SHOCK WAVE IN A 
PLASMA OF INFINITE CONDUCTIVITY 


The following system is equivalent to an equa- 
tion of the type which holds for a shock wave in an 
ideally conducting plasma with Hjz = 0: 


4m (mcE, + «H,) + Hy,H (+ A Ao y/4n) 
anmH,, dates va m . 


(14) 


Vox = 


where the parameter Hy is the first root of the 
equation 


Sl Saale Sie is <0) 
Ee lee («+3 te 4) = yl} 
‘<Gaen 


which satisfies the condition y = Hiy. 

In order to find voy ~ (vox) it is necessary to 
vary vy, keeping vy constant. Variation of the 
magnitude of H, and of the angle at which H, is 
inclined with respect to the front will yield a two- 
parametric family of shock waves. 

It is possible to obtain an expression for the 

limiting angle of tilt of an oblique shock wave in 
a certain special case when H, (0, Ay, Hiz); 
Vi (Vix, 9,0), i.e. when the coordinate system is 
so chosen that the wave front is at rest in it, and 
makes a certain angle y withthe YZ plane (cf. 
Fig. 2). 

In order to obtain boundary conditions for this 
problem we rotate the original system of coordi- 


nates by anangle x aboutthe Z axis. Then 
0101x = 02 (Vox — Uoytany); (15) 
Hep =H. tany; (16) 


1106 Wes Wy KES We Byrel Wy Ih, 
Uyxlt yz = Aye (Voy — Voytany), Oyxlyy = Hoy (Vox — Veytanx); 
(17) 
2 2 2 
Kal Vee My 2 yz 
2 y—1 ep 4mp, cos* x AT 
v5 os: Hejl, Holga 
oF ere ie, Umm coteg © ames. (18) 
ie fale 
2 9 l 1 
pi recast + getitee + 
i) A, | Hs) oy % 
= Po a 640 1x COS* y (Vox => Uyytany ) ao COs? y oh ast (19) 
Uj,tany = VoxtanZ% + Voy, Use = 0. (20) 


For Vox ~ Vix, Vzy ~ 0 we have Hoy — Hty, 
Hoz ~ Hiz, P2—~ Pi, Po > Py and from (20): 


(dUgy/d02x) v5, U1, > tan Yo, 


Lx 
where xX, is the limiting angle for the propagation 
of an oblique shock wave. From (15), (17) and (19) 
we obtain p2, Hey, Hzz and p, as functions of 

Voy and v2x. On substituting these values into (18) 
we obtain the implicit relation f(v2x, Vay )=0. On 
differentiating it with respect to v2,, and then after 
setting Vx ~ Vix, Vey ~ 0 we obtain 


7) P3 
2 a Hy, 
oe ( 
2 vf 47-910; 
{ pe 2 2 le 
ae lol 5 2y—1 #,} (21) 
— vi 4r0 05 ) TOU; TENN 


where a? = yp,/p; is the velocity of sound in the 
medium ahead of the front. It is necessary to re- 
tain the plus sign in formula (21) as is evident 
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FIG. 2. AB is the front of an oblique shock wave, v, is 
the velocity ahead of the front, v, is the velocity behind the 
front. 


from a transition to ordinary hydrodynamics 
(H =0) where cos? yy = a3/v?. 

It is clear from formula (21) that the limiting 
angle for the propagation of oblique shock waves 
in the presence of a magnetic field is greater than 
in the field-free case. 

In conclusion we consider it to be our pleasant 
duty to express our gratitude to K. P. Staniukovich 
for suggesting the problem and for constant inter- 
est in the work. 
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Theoret. Phys. (U.S.S.R.) 38, 1417 (1957). Soviet 
Phys. JETP 6, 1090 (1958). 

2S. I. Syrovatskii, Usp. Fiz. Nauk 62, 247 (1957). 
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The relaxation time resulting from the interaction of spin waves with each other, in ferromag- 


netic dielectrics, is calculated. 


ibe present paper is concerned with those relaxa- 
tion processes, in ferromagnets, that result from 
the interaction of spin waves with each other. In 
contrast to the work of Akhiezer,! the treatment is 
carried through without any assumption about the 
nominal magnetization of the ferromagnetic in its 
ground state. 

Relaxation processes in a ferromagnetic are not 
limited to interactions within the spin system; spin 
waves also interact with lattice vibrations. How- 
ever, as will be shown below, there are a number 
of cases in which interactions between spin waves 
play the fundamental role in the establishment of 
equilibrium. 


1. THE ENERGY SPECTRUM OF A FERROMAGNET 


As was shown by Herring and Kittel,” the energy 
spectrum of a ferromagnet in the neighborhood of 
the ground state can be obtained without assuming 
a model for the spin structure of the ground state. 
Instead, purely phenomenological assumptions are 
made in regard to the existence of exchange inter- 
action with a positive exchange integral and, con- 
sequently, the presence of a spontaneous magnetic 
moment at T=0. 

In order to study kinetic processes in ferromag- 
netics, it is necessary to know not only the energy 
spectrum, which determines all the thermodynamic 
quantities? but also the wave functions of the spin 
waves; it is by means of these that the probabilities 
of transition between different states of the system 
are calculated. Therefore we shall here use a sys- 
tematic quantum-mechanical method to find the en- 
ergy levels related to the motion of the magnetic 
moment in a ferromagnetic. We shall take account 
both of the large exchange interaction and of the 
small relativistic contribution (the anisotropy en- 
ergy and the magnetic interaction). At very low 
temperatures, as was shown in reference 3, the 


magnetic interaction plays an essential role in the 
spectrum. 
We shall start with the Hamiltonian 
= \ do { — HM + 6M}, + an so o| 
(( dudov’ (1) 
+ \\ Spe IM) M Or’) R? = 3 (RM (H) (RM), 


where the first term in curly brackets describes 
the interaction of the magnetic moment of unit vol- 
ume, M=M(r),* with a constant magnetic field 
Hy); Hy coincides with the external magnetic field 
if the demagnetizing factor is negligible. The sec- 
ond term is the anisotropy energy; M, is the pro- 
jection of the magnetic moment on a plane perpen- 
dicular to the axis of easiest magnetization, and 6 
is the magnetic anisotropy constant at T=0.f+ The 
third term describes an isotropic exchange inter- 
action; the quantities aj, are the constants of this 
interaction, and in order of magnitude they are 
equal to @,a/uMy, where a is the lattice con- 
stant and yw the Bohr magneton.° 

The second term in (1) (the double integral ) 
describes the magnetic interaction; R=r-r’. 

The integration extends over all space (the 
ferromagnet is assumed to be infinite ). 

Let the magnetic field Hy be directed at angle 
gy to the axis of easiest magnetization. Then the 
magnetic moment in the ground state, My), makes 
some angle ~ with the axis of easiest magnetiza- 
tion. The-angle ~ is determined by the condition 


*M(r) is the magnetic moment density. The total magnetic 
moment of the ferromagnetic is = f M(r)dv. 

+The form of the anisotropy energy that we have chosen is 
correct for small angles of inclination of the magnetic moment 
to the axis of easiest magnetization.4 In the general case the 
anisotropy energy is a complicated function of M,, My, and 
M,. As will be clear from what follows, spin waves can always 
be introduced in the manner described here. 
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that the magnetic energy in the ground state be a 
minimum: 


sin (9 — ) = (8M, /2H,) sin 2g. (2) 


We note that in the ground state (M = const.) 
the magnetic interaction energy is equal to zero.* 

We choose a system of coordinates in the follow- 
ing manner: with the z axis along the direction of 
the magnetic moment My, and with the x axis in 
the plane of the vectors My) and Hy. Then the 
anisotropy energy 3, has the form 


Ha= \ de (M, cos + M, sin p)? + M2}. (3) 


As regards the other terms in the Hamiltonian (1), 
their form, by virtue of invariance, is independent 
of the choice of the coordinate system. 

In quantum theory, the projections of the mag- 
netic moment must be treated as operators with 
the commutation rules 


M- (r) M* (r’) — M* (r’) M(r) = 2ghM6(r—r’), (4) 


where 


M*=M,+iM,, (5) 
and where g is the gyromagnetic ratio (g>0). 
The commutation rule for the components of M(r) 
follows from the commutation rule for the compo- 
nents of the total moment, 


M,My — MMe = — ighMz. 


Following Holstein and Primakoff,® we introduce 
operators a(r) and a*(r) that satisfy the com- 
mutation rule 


a(r)a@’ (r’) — a’ (r’)a(r) = 8(r—r’), (6) 
and we express in terms of them the operators M*, 


Me and <M): 


M* = (2ghM,)'a" (1 — gha‘a/2M,)'h, 
M~ = (2ghM,)'* (1 — gha*a/2M,)'ha, 
M, = M,—gha'a. 


(7) 


In the neighborhood of the ground state, Mz * Mp, 
and Mx and My are much smaller than My. We 
may therefore treat the operators a and a* as 
small and expand the integrand in the Hamiltonian 
(1) in powers of a and a*. For finding the spec- 
trum, we may limit ourselves to terms of the sec- 
ond order in a and a* (the first-order terms 


*The Hamiltonian (1) takes no account of the dependence of 
the magnitude of the magnetic moment in the ground state upon 
the magnetic field. This is legitimate up to fields of order 
€,/p ~ 10°, where ©, is the energy of an electron in the atom 
(eq ~ 10°” erg). 
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Aa(r) = | ght, cos (pe — p) + 
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drop out by virtue of the choice of the ground state ). 
After simple transformations we get dC = Ky + 


’, where 5’ contains the terms of third and ; 
higher orders in a and a*, and where 
= (a° Aa) + */,(aBa) + 1/2 (a°B*a’). (8) 


In the expression (8), the parentheses denote inte- 
gration over the volume of the ferromagnetic, and — 
the operators A and B are defined by the equa- 
tions. 


+ Beh, (cos 2p + cos? °4)] a(r) 


— ghMain a — ghM, a (+ RR —R ) a(t’). 
F { . (9) 
Ba(r) = -> 8gnM, (cos? p — 1) a (r) 
= gh \ a(r’). 


Ret = IR aa Re 


The finding of the spectrum is related, as is 
well known, to the diagonalization of the Hamilton- 


ian (8). For this purpose it is convenient to go over 
to the equations of motion of the operators a:'8 
a=(i/%)(#,a—aF,). (10) 
By use of (8) and (6), we get from (10) 
a= —(i/%)(Aa + Bra’). (11) 


Since Eqs. (11) are linear, and since the operators 
A and B have difference-dependent kernels, we 
may seek a solution of (11) in the form of a Fourier 
series 


a(r, t) = >) {ua(r) a, (t) + 0 (r) a (2), (12) 
r 
where 
u(r) = ue"; ov, (f)i= ve Kar 
Q (t) =a,exp {—iet /a}, (13) 


and the operators a, and a} satisfy the commu- 
tation rules 

ay, — a, Ay == On (14) 
On substituting (12) in (11) and comparing coeffi- 
cients of a, and aX, we get 


3b, = Ajux 4 Bixoy, (15) 


Here 


— 2,0, = Anv, +: Byuy. 


A, = gil, cos (p — ) + 1/2 BgkM, (cos 2p + cos? d) 
+ gi Moaejhrs kit 2nghMy (Rix + Riy)/RXs (16) 


B, = —"/oBghM,sin® > + 2ngnM, (Rav + ikay)? / RP. 
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From Eqs. (15) we find 

sen) APT By. 
The homogeneous equations (15) determine the 
values of uy, and v) except for an arbitrary fac- 


tor, whose value may be obtained from the normali- 
zation condition 


(17) 


| Wy |? —| 0 


iV. (18) 


where V is the volume of the ferromagnet. Con- 
dition (18) guarantees conformity to the commuta- 
tion rules (14) and (6); it can be obtained by using 
the orthogonality relation for the solutions of the 
system (15): 


{ {ua (r) up (rt) — 02 (r) 0, (r)} do =0, (AEB), 


| (uh. (0) wa (F) — (6) 24 (0)} do = 0. a 


From (15) and (18) we have, except for a phase 
factor, 


No 
A, — & 


a} 
i aye ( 1) : yee diy By 
V QV =) V2v |B | oN 


By use of the equations of motion (11), the Hamil- 
tonian Sy can be put into the following form: 


(20) 


Hl. = (ih / 2) {(a", a) — (a’, a)}. (21) 


On substituting a and a* from the Fourier 
series (12), we get 

Hy = Dien (Gia, + Ya) + G; G=—¥, >A; (22) 
G is a constant, which may always be omitted in 
the Hamiltonian. 


The quantities aXa,, as is evident from (14) and 


(22), have the meaning of occupancy numbers (n) ) 
for spin waves. Thus 


Hoy = Dyan (m+ Yh); (23) 


where ¢€, is determined by formulas (17) and (16). 
We consider the limiting cases: 
(1) Magnetic field Hy parallel to the axis of 
easiest magnetization. In this case g =y~=0; 


Ay = gh (Hy + BMy) + gaMyaijkas Rag+ 2ngiM, sin? 6, 
(24) 
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By, = 2nghM, sin? be 
(6, and ¢, are the polar angles of the vector 
k,): If we treat ajj as an isotropic tensor, Qjj 
= a6jj, we arrive at the well known spectrum.” 
Here the quantity BM, plays the role of a magnetic 


anisotropy field. However, in the general case ( Ho 
not parallel to the axis of easiest magnetization ), 
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the magnetic anisotropy density cannot be expressed 
in the form —MHa, since the constant 6 enters 
in a different way in the expression for A, and B 
(fete (6) ir 

(2) For large ky (ajjkyik,j > 1),* Ay >| Bal, 
and 


&, = A, = ghH, + ZAM a; jkyckj. 
(We recall that 6B ~ 1.) 
(3) For small ky (a@jjk,yikaj « 1), Ay and By 


are of the same order of magnitude. In this case 
the expressions for A, and By do not simplify. 


(25) 


2. INTERACTION OF SPIN WAVES WITH EACH 
OTHER 


In the processes of interaction of spin waves 
with each other, a fundamental role is played by 
the terms of third and fourth order with respect 
to the operators a and a*. The third-order 
terms arise from expansion of the anisotropic , 
relativistic terms in the Hamiltonian (1) (aniso- 
tropy energy and magnetic interaction energy ): 


Hea = —~- (2ghM,)" Bgk sin 2p\(a° + a) a°ado 
(26) 
a* (r)a(r)a(r’) du dv’ + c.c. 


= 2: (2ghM))'"? gh \\ aa 


(c.c. denotes the complex conjugate terms ). 
The fourth-order terms arise from expansion 
of the exchange interaction energy 


VARS wage \ {2 [V (a’a)]* — Va°V (a°aa) 


ti 
— V (a‘a*a)Va}do. Gs) 

(a) We consider first the terms of third order. 

Henceforth we shall suppose that the magnetic 
field is applied in the direction of the axis of easi- 
est magnetization.{ Therefore ~=0, and 


/ 3 : RR ' ' 
Hoa = — > (2ghM,)"* gk \\ ps & (t)a(r) a (r’) do do 


aC,.c, (27) 


On substituting in (27) the expansion (12) of the op- 
erators a and a*, we get 


*This corresponds to a temperature T > 2mpuM, ~ 1°K. 

tIn the general case (w # 0), the terms related to the ani- 
sotropic energy do not change the magnitude of the relaxation 
time to any essential degree, since the structure of the first 
term in (26) is similar to that of the second and since the coef- 
ficient 6 ~ 1. 
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Ha= » Dy nya, S=SCECH. (28) 
where 
( Re ey weiss 
Oy,v = — 2ngh (Zeno Be V,Uy (Vy Ry -F Uy ky) 
ke * * | 
= @ (unk ++ Oki) (Uptty + Oy0,) pr (29) 


and where the sum extends over all wave vectors 
ky, k,, and k, satisfying the law of conservation 
of quasi-momentum 


ky + ky = ky. (30) 


We do not consider transfer processes, since they 
play no role in the problems being solved here. 

We may consider the Hamiltonian (28) as a per- 
turbation that causes transitions between station- 
ary states of the system of spin waves. 

The probability of transition (per second) is, 
as is well known, 


Wig = (20 /h)| Ha? 3(Ei — Ep), 


where Ihe is the matrix element for a transition 
from the initial state (i) to the final state (f), 
and Ej(E¢) is the energy of the initial (final ) 
state. 

According to the commutation rule (14), the 
nonvanishing matrix elements of the operators 
a, and a} are 


GQ) =) het e oe 
* on Sill 
(a;) jae L=Vnm efeatlh ; ( ) 
Therefore, according to (28), the nonvanishing 
matrix elements of the operator %’ are the 
following: 


Mr My» My rrr Nyy Ny 


(FO Vn —1, nul, nNy+1 » (7 )ny 4, ny—, fhyatel 2 


My My Ny 


(Soa ae nyt, my +1 
together with the matrix elements of the opposite 
transitions. 
The corresponding transition probabilities have 
the form: 


Mr My» 


an & 
Wee ny ann nt = Ajpyflany (ny + 1)6 (er + «, —s,); 


1s ys Ny 


2 
WH, ny —1, fh el > Tape (1), ae 1) Ay (ny ae 1) 


X (2, — en +); (32) 


Nr My, My 20 
Wi Myopia a ope Ayyuat (My + 1) (ny + 1) 


Here 

Axpy = | Diu + Dury |’. (33) 
Using the expressions obtained for the transition 
probabilities, we write the collision integral for 
Ny: 


ive coll — ae a {Aruy [My (fy se 1) 
Av. 


— (m+ 1) (m, + 1) m4) 8 (e+ &u — 8) (34) 


_ 


A Aayy [(m + 1) tye (ty + 1) = ma (tu + 1) y) 8 (2, — Su + &y) 
ar Are plity (fy, ar 1) (ay ab 1) — (fy = 1) nuny} 6 (2 ge — &y)}. 


We shall calculate the mean relaxation time of 
a gas of spin waves with the processes under con- 
sideration taken into account. 

For small deviations of the system from the 
state of statistical equilibrium, the mean occupancy 
numbers ny can be expressed in the form 


ny = ny + Any, hye Ly (eee ==); (35) 


where Any is a small correction to the Bose 
equilibrium distribution 

Upon substituting (35) in (34), we shall limit 
ourselves to linear terms in the expansion with 
respect to the correction td the equilibrium dis- 
tribution function. 

The coefficient of Any in the linearized colli- 
sion integral, averaged over all the equilibrium 
states, may be regarded as the reciprocal of the 
mean relaxation time.! After simple transforma- 
tions we get 


5s ears » (ny + 2nyne,) 0) (& SF Sp — ey) Axuy > Ass 
Apy v 


(36) 


where A)yp is determined by formulas (33), (29), 
(20), (16), and (17). 

We consider first the case of high temperatures, 
T > 2muMy. As was pointed out in Sec. 1, under 
these conditions the spectrum is considerably sim- 
plified. If we suppose that aj, = adj, = (@ga*/UMy) 
x Oik, then 


& = LF ete + 0, (ak;)?. (37) 
Here Heff = Hy) + 8My. In this approximation 
w=1/VV; n=0. (38) 
From (33), (29), and (38), we get 
__ (2)? 2uM Re RE Bele Ae 
Arne = ies 2 - a 5 (39) 
u 


In expression (36) we go over from summation 
to integration; after integrating over angles and 


if 
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changing to dimensionless variables, we get 


a, =e eM aa (4) "F Cn) (40) 
where 
Jot No a Ba i ca oe a 
« rere fey 
ee LH ore / 27. (C2) 


On calculating the asymptotic behavior of the func- 
tion F(7), we get 


(2/36(3)) In? a, (n< 


| 
~ | 2m. 43 
mes laVar (n> 1) 8) 
Thus for @¢ > T > 27M): 
zt beh i Int 9) (ui cee <Q) 
4 _ |iseay Mo asg,(5,) ars (oboe 
a an 2 (wo l2 
a ~ gM, a6 | an , (tH ef. S>T). 
c c 


(44) 


It should be noticed that at strong magnetic fields, 
the relaxation time slowly decreases with increase 
of the field (Tg ~ H7Y2) but is independent of tem- 
perature. The relaxation time at small fields 
agrees in order of magnitude with the result ob- 
tained by Akhiezer,! if we suppose that My © p/as 
and if we set wHeff equal to p?/a’. 

In the case of low temperatures (T K 27uM)), 
the fundamental role in the expression (16) is 
played by the term related to the magnetic inter- 
action of the spins.* Therefore for small k,, A, 
and |B,| > «,. On taking account of this, we get 
from (33), (29), and (20) 


T2u3M AL Ae. 
ANironUco 6. 2 te: / a sin 2, cos (@u — y) 
AW ~y f1y 
VA 
é, 1/ Y sin 26, cos (©, — y 
=a U V A, Sin u 0 (0) © ) (45) 


he : 
aie, / a: sin 26, cos (©, — u) f° 


v. 


If in the dispersion law we limit ourselves to the 
lowest power of ky, then 


= V 4ru.M,0- ak sin 6). 
*At low temperatures the whole treatment is carried out in 


the absence of a magnetic field. Furthermore it is assumed that 
B K 2n. This permits neglect of the anisotropy energy in (16). 


Li det 


Under these conditions, however, simultaneous 
fulfilment of the laws of conservation of energy and 
of momentum leads to a divergence of the integral 
in the expression for 1/Tg to the extent ofa delta 
function. On the other hand, Au approaches 
zero. Therefore in the calculation of the relaxation 
time, it is necessary to take account, in the spec- 
trum, of further terms in the expansion with re- 
spect to ky (~k}). 

After rather tedious calculations we get, except 
for a numerical factor: 


1 /ta~ gM, (7 /9.)"2 (7 /pM,)?, (F< 2xM,). (46) 
Thus, according to (44) and (46), 
Th = (T-< 2myM,) 
Cavan ey) -97 va (47) 
Pl eT (2M eo eee OF), 


(b) We now calculate the relaxation time with 
the exchange interaction taken into account. 

From (26’) we have, for T > 2muM,) (for T<« 
27mLMy), the exchange interaction is quite unimpor- 
tant for kinetic processes ), 


Hoxch cae >» Dense an ayay, (k,, + k= ky, oF k,), (48) 
XARY 
where 
Dou = (ua / 4V) (2k,k, — (ky. ae k,) (ky aa k,)]. (49) 


Hence the transition probabilities, which corre- 
spond to nonvanishing matrix elements of KXaych, 
have the form 


Ny) Nyt Qn 
Wrst mad realy ses) — 2 ae {Arayy + Axavn} Mtr (My + 1) 


x (+ 1) oe. + 3 — = —s), 
Kian cee a Aunts (1, => 1) Ny 


2 
Wry m+1ny—iny, +1 > Te 


x (ty + 1) 3 (ex — & + Sp — By); 


NyNyNy Ny, 2 
Wace: oat (ees OL ea = Dame > Ayaux (Mx + 1) many a) 
xX (ty + 1) 6 (s, — e, — en + 8). 
Here 
Anas = | Dany ata Dy xpy i (51) 


With the aid of the collision integral correspond- 
ing to these transition probabilities, we find the 
relaxation time in the same manner as before: 


ta EY Arayy (rn (n, + 08 + 2) 


Texch 


KAY (52) 
b nh.ny (re + Me + 2)}8 (&% + 2x — eu — 8) / Sym. 


On substituting the value of Aydyp and going over 
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from summation to integration, we get except for 
a numerical factor 


l | Texch~ (Oc /%) (T /®)*. (53) 


By comparison of this expression for 1/Texch 
with 1/Ta ~ gM)(HUMy/@c)(T/@c)'” [cf. formula 
(44)], we conclude that for 


T > uM, (Bc/uMo)", 


Texch K Ta» 


and that for 


T < pM, (9¢/pM,)", Texch=>> “a° 


This means that for T > ~M)(@¢/uM))/" ~ 10 to 
30°K, the relaxation of a spin-wave gas occurs in 
the following manner: ina time t= Texch, the spin 
waves reach a quasiequilibrium state with a non- 
equilibrium value of the magnetic moment;* there- 
after, the magnetic moment “slowly” (ina time Tq) 
relaxes to its equilibrium value. For T<«KpMy x 
(oc /uMy)7/ Ge ait nonequilibrium state of the spin 
system cannot be described as having a definite 
value of the moment. 

It must further be remembered that for T > 
@?/ ®o (@ = Debye temperature), a fundamental 
role is played by processes of interaction of the 
spin waves with phonons.'! These processes will 
be treated from the phenomenological point of view 
in a separate article. 


*This is a consequence of the fact that the exchange inter- 
action does not change the magnetic moment of the system. 
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A theory is developed for the energy states of odd nuclei corresponding to collective nucleon 


motion in which the axial symmetry of the nucleus is preserved. 
spectrum of the nucleus can be determined by only two parameters. 


It is shown that the energy 
Conditions under which 


the energy spectrum splits up into a system of rotational-vibrational bands are determined. 


In the articles of Davydov and Filippov! and Davy- 
dov and Chaban? a theory of collective excitations 
of states of even-even axially-symmetric nuclei 
was developed without assuming that the rotational 
energy is small in comparison with the energy of 
the surface vibrations. It was shown that the en- 
ergy of excited states in which the axial symmetry 
of the nucleus is not destroyed, can be represented 
by a function which depends on only two param- 
eters; conditions under which collective excitations 
split up into a system of rotational-vibrational 
bands were found. In the present work the theory 
is extended to the case of axially-symmetric odd 
nuclei, having a spin equal to or larger than 7, in 
the ground state. 


1. COLLECTIVE EXCITATIONS OF ODD NUCLEI 
WHICH PRESERVE THE AXIAL SYMMETRY 
OF THE NUCLEUS 


According to the unified model of the nucleus,? 


in the case of strong coupling the classical energy 
of collective motion of the nucleus is obtained after 
averaging the energies of the interaction of exter- 
nal nucleons with the nuclear surface over the 
states of motion of the external nucleons. In the 
case that interests us — motion which preserves 
the axial symmetry of the nucleus (y= 0, jj3 are 
good quantum numbers) — this energy can be 
written in the form 


E=T+V(), (1.1) 
T = /,Bb? + 22 {J (J + 1) — K*}/6BB?, (1-2) 
V (8) = 2/2 CB? + AB + 27D / 6BB", (1.3) 


where C and B characterize the properties of 
the nucleus, A and D depend on the number of 
external nucleons and on the state of their motion, 


K = J3 =) ii3 is the spin of the nucleus in the 
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ground state, J is the total angular momentum 
of the nucleus, 8 = 0 determines the deviation 
of the nucleus from spherical symmetry. 

Equation (1.1) corresponds to the Schrodinger 
equation 


{7 +V(8)—E} ¥ =0, (1.4) 
A ne ee Le BAR 
T= — Ege eal \B a6 m): TScin0 0. (sin 655) 
4 @ 1 3825) 
is ata | 2 COS au 5 = sel arf 


The solution of Eq. (1.4) can be obtained in the 
form 


¥ = SF eye (Ding (9, 9 (1.6) 
J 

WHET Blasi. I | creas Die are the general- 
ized spherical functions which are the irreducible 
representations of the rotation group. 

Substituting Eq. (1.6) into (1.4) we see that the 
functions ujx should satisfy the boundary condi- 
tion 


tt ,,(0) = 0 (1.7) 
and the equation 
ee [JJ +41)—K (K +1)] 
\- 2B dB? + Ve (B)+ 6BB2 E} ie = 0, 
(1.8) 
where 
=fsCB* + AB-+A(D+K)/6B 4 


== Vx (Bx) + */2Cx (8 — Br)? 


The quantities Bx and Cx which enter into Eq. 
(1.9) can be expressed in terms of A, B, C, D 
and K by means of the equations 
Be = —A/C+#2(D+ K)/3B Bx, 
Cyr=C+#?(D+ K)/B. 


However, it is more convenient to consider them 
as some parameters characterizing the nucleus 
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in the ground state (J =K). Then Eq. (1.8) can 
be put in the form 


h2 a2 7 8 
[ae art Wx ()—e]u,,=0, (7-88) 


where € = E — Vx(8x), 


Cr R[J(J +1)—K(K +1)] 
Wax (8) = > (B— Bx)? + i B 


= Wax (Bre) + > Cr (8 — Bix)? 


(1.10) 


Here 


Bix = Bet 2 [J (J + 1)—K (K + 1))]/3BCx 83x, (1-11) 
Cin= Cx + (0? / BBGx) [J (J + 1) —K (K + 1)], (1.12) 
W yx (Bux) (1.13) 

= 12 Cx (81x — Bx)? + #7 [J (J + 1) —K(K + 1)] /6B Bie. 


After introduction of the dimensionless param- 
eters* 


8 = Bx (BCx/#)", §=Bix/Be>1, o =VCx/B, 
Equations (1.11) to(1.13), respectively, take the 
form 
S(é—1)=((J + 1)—K (K + 1)]/ 384, (1.11a) 
Cre = Cx (1+ [J J + 1)—K (K + 1)] / 8484), (1.124) 
Wx (Bux) / RO, (1.13a) 


= 1,39 (E—1)® + [J (J + 1) —K(K + 1) / 68%. 


*From Eq. (1.8a) follows that for J =K the square of the 
amplitude of zero-point vibrations 83, =4/2 BCx. Thus, the 
ae 282 )-% ; : : 
parameter Bx(265.) ” is proportional to the ratio of the 
value of Bx, which defines the equilibrium form of the nucleus 
in the ground state, to the amplitude of zero-point vibrations 
of the nuclear surface. 
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Substituting Eq. (1.10) into (1.8a) we find 


{ ie OP 


‘3B ape : Ca (8 — Bax)” (1.14) 


= [2 — We Bre) I} ty = 0. 


In order to determine the eigenfunctions and eigen- 
values of Eq. (1.14) we introduce the new variable 


= 


C = £8, (B — Bux) / Buk, 8 = Cy / Ck, 

which varies in the interval 5; < ¢>, and the 
new function v(¢) using the relation 

Uy, (8) = 0 (6) exp (—67/2). 
Then the function v(¢) will satisfy the equation 

uo” (&) — 260" (6) + 2vo (6) = 0, 

& — W jx (35x) 4 
clogs peed oF (1.15) 
Cyp\ 2 F( TERA) ee Ree ay 
aga (gr) = o0[1+ ae 


and the boundary condition 
0 (= &6,) = 0, 


exp (— €?/2)u(€) 0 for C— oo. (1.16) 


The solution of Eq. (1.15) satisfying Eq. (1.16) can 
be put in the form 
vy (6) = aH, ©), (1.17) 


where 


CoP Ne te 
eee ert ee 
al) 


are Hermitian functions of the first kind. Here the 
energy of collective motion of the nucleus will be 
determined by the formula 
J(J 4-1) — 1) 7" 
a = (9 + 4/2) [1+ (J+ aa At | 


o7(E— 1)? J(J+1)—K(K+1 
eee ct eee eee 


(1.18) 


The quantum number v (which is, in the general 
case, not integral) is the kernel of the transcend- 
ental equation 


(EAB) (1.19) 


The quantities and 6,, for given J and Ke 
are determined using Eqs. (1.11a) and (1.12a) 
through the parameter 6. For 6 > 2, 61, * 6. 


2. SPECTRUM OF COLLECTIVE EXCITATIONS 
OF ODD NONSPHERICAL.NUCLEI 


In the preceding section it was shown that the 
energies of collective excitations (for which the 
axial symmetry is preserved) of odd nonspherical 
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Energy level, kev 


Nucleus Aree ' 
\ Theoret. Exptl. Theoret. Exptl. 
Tbs 3/2 3/2 0 0 
{*] 5/2 5/2 57.6 Sif 
7/2 7/2 130 136 353 2.43 
3/2 3/2 364 364 
5/2 — 440 = 
) Gd'57 3/2 3/2 0 0 
[°] 5/2 5/2 55 55 732 3.5 
| 7/2 1 130 134 
3/2 = 732 ae 
| Euls3 5/2 iP 0 0 
[*°] 7/2 7/2 84 84 
| 9/2 9/2 184 194 700 3.34 
11/2 == 300 = 
5/2 5/2 700 700 
7/2 — 805 = 
Res? 5/2 5/2 0 0 
[4,5] 7/2 7/2 134.6 134.6 
9/2 9/2 294 300 
41/2 = 473 as 910 2.99 
5/2 = 910 910 
7/2 — 1075 = 
U333 5/2 5/2 0 0 
[4] 7/2 7/2 40.4 40.4 
9/2 9/2 92 92.8 476 3.988 
Ty — 154 = 
yf = 476 476 
7/2 —_ 528 = 
Np?*? 5/2(-) By 2(—) 0 0 
fet 7/2(-) Tee) 33.4 Ban 
9/2(-) 9/2(—) 78 76.1 433 3.99 
5/2(-) = 433 433 
7/2(-) = 476 a= 
5 /2(+ 5/2(+) 59.8 59.8 
7/2(+) 7/2(+) 103.2 103.2 
9 /2(+ 9 /2(+) 157.6 457.2 
11 /2(+) 44/2(+) 220.2 224 433 3.60 
13/2(+) 13/2(+) 289 303 
5/2(+) os 492.8 = 
Th229 5/2 5/2 0 0 
[4.8] 7/2 Tie 43.2 43.2 
9/2 9/2 98.2 100 
44/2 44/2 163.2 164 555 4.0 
5/2 ns 555 = 
Hol 7/2 7/2 0 0 
[4] 9}2 9/2 94 94 
44/2 41/2 247 216 
43/2 ae 356 360 989 4.06 
7/2 = 989 989 
9/2 = 4108 4100 
U235 7/2 7/2 0 0 
[4] 9/2 9/2 46.5 46.5 
41/2 41/2 405 104.3 
13/2 — 168 172 379 3.63 
7/2 = 379 379 
9/2 = 436 430 
Lu 712 7/2 0 0 
[4.5.8] 9/2 9/2 ais; 113 
41/2 11/2 248 250 
7/2 ee 990 = 990 3.80 
5/2 5/ 342 342 
ie (5/2, 7/2) 434 434 
9/2 == 540 — 
5/2 s 1332 — 


nuclei can be represented by the formula (1.18) de- 


pending only on the two parameters wy and 6. 
The values ¢/fiw) are given on the figure as a 


function of the parameter 6 for K= 4p, % and 
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%, respectively. From the figure it follows that 


for some values of 6 the spectrum of collective 
excitations of the nucleus splits up into a system 
of rotational-vibrational bands. 
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In the table a comparison is given between the 
theoretical values of the excitation energies of the 
first and second rotational-vibrational bands of ex- 
cited states of odd nuclei and experimental data. 
There the values of the parameters fl) and 6, 
used in the calculation of theoretical values, are 
also given. 

Comparing the spectrum of collective excitations 
of odd nuclei with the spectrum of collective exci- 
tation of even-even nuclei, it is possible to draw 
the following conclusions: (1) The break-up of col- 
lective excitations into a system of rotational- 
vibrational bands in odd nuclei sets in for lower 
values of 6 than in even-even nuclei; (2) The 
values of the parameter wy), which can be called 
the frequency of vibration of the nuclear surface, 
in the ground state is smaller in odd nuclei than 
in even-even nuclei having the same value of the 
parameter 6. 

For 6>3 the quantity v takes on values near 
to integral ones 0, 1, 2,...; further, according to 
Eq. (1.1la) one can approximately set 


peed LCP) IC aay one 


Then Eq. (1.18) can be replaced by the approximate 
equality 
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Submitted to JETP editor January 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1625-1628 (June, 1958) 


The form of the distribution function of a system of electrons is studied in the Hartree approxi- 
mation near the Fermi surface, for the case of a weakly inhomogeneous distribution. It is 
shown that in this region the inhomogeneity has a particularly strong effect, so that the cor- 
rect expression for the distribution function, as given in this paper, is decidedly different in 
this region from the expression usually employed (that calculated from the Thomas-Fermi 
model). It is pointed out that the latter expression is completely unsuitable for use in prob- 
lems in which the neighborhood of the Fermi surface plays an important part. 


Ae is well known, the distribution function (the 
density matrix in a mixed representation) is the 
most important quantity characterizing a many- 


particle system. By means of it one can calculate 
without difficulty quite a number of physical quan- 
tities for the system in question. 


THE DISTRIBUTION FUNCTION OF A MANY-PARTICLE SYSTEM 


In the present note we study in the Hartree ap- 
proximation the form of the distribution function 
in the region of phase space near the Fermi sur- 
face. Our specific problem is that of a system of 
nonrelativistic electrons in a stationary state at 
temperature zero, and we confine ourselves to the 
case in which the occupation numbers of the levels 
depend only on the energy. 

If our system is characterized by a sufficiently 
smooth distribution of the density and potential en- 
ergy, namely if the condition for quasi-classical 
behavior, 


£=|V(P2)|/ <1, (1) 


is satisfied, then it is common practice to use for 


the distribution function the following expression, 
which corresponds to the Thomas-Fermi model:* 


P(r, p) = 2 (2x) °6 (p? — pi (r)), (2) 


6 (x) = */,(1 —x/|x)). 

Here pp is the Fermi limiting momentum, related 
to the sum ©@(r) of the potentials of the external 
and self-consistent fields and the limiting energy 
Eo by- the equation p3(r) =2(E)— @(r)). We use 
throughout atomic units with e=h=M=1. 

It will be shown below (cf. also reference 1) 
that near the Fermi surface, namely for 

[P—Pol~VE Por (3) 

the expression (2) is not a useful one even when 
Eq. (1) holds, since in this region effects of the 
inhomogeneity of pe become very pronounced. 
It turns out to be possible to find an expression 
for f which is acceptable also in the region (3). 

It is convenient to start from the operator ex- 
pression for f in the Hartree approximation}? 


f(r, p) = (2n)-2 (8 (p? — p2(r))>,, 


where for an arbitrary operator a 


(4) 


(a), = exp (— ipr) aexp (i pr). 


Apart from an unimportant factor the argument of 
the function @ is equal to the quantity H — Ep, 
where H= p2/ 2+ 6(r) is the Hamiltonian. Ex- 
pression (4) thus corresponds to a step-function 
distribution in the energy space; it is clear, how- 
ever, that in the phase space this distribution must 
inevitably be smeared out because of the fact that 
the coordinates and momentum do not commute with 
the Hamiltonian. This fact is displayed formally 2 
the failure to commute of the operators p and red 


*The factor 2 in this formula corresponds to the two orienta- 


tions of the spin. 


é i be hyd 


in the argument of the @ function in Eq. (4). If 
we denote by Gy the corresponding n-th order 
commutator, then we have for small é, in order 
of magnitude* 


Sw penta” 
CKa/p = Po tee". 


On the other hand, the quasi-classical value of the 
argument of the @ function, corresponding to com- 
plete neglect of the commutators, is given by p* — 
p3. From this it follows that the ratios 


je (5) 
are dimensionless parameters that determine the 
part played by the commutators of various orders, 
and thus also determine the importance of the in- 
homogeneity. 

If the phase point lies far enough from the Fermi 
surface so that | p?— p2| ~ p?, then for small ¢ 
we have ky, ~ &", and we actually arrive at Eq. (2). 
Near the Fermi surface, however, ky increases 
because of the decrease of the denominator, and 
the inhomogeneities begin to play a decisive role. 

To find the region of phase space in which the 
commutators must not be neglected, it suffices to 
equate Kn toa quantity of the order unity. Then 
the difference Ds _ pe defining the size of this re- 
gion will be equal to the largest of the quantities 


xn == CKnyy/ | 2? mate 


a ale too 


| OG» ee ca ae peel 
For small € we must take n=1, which at once 
leads to the estimate (3). 

The next question is to find out the relative im- 
portance of commutators of different orders. The 
answer is provided by the values of the ratios 


Wega 


tea iO (6) 


In the region (3) in which we are interested these 
ratios are of the order £-1)2 and vanish for 

& —- 0, which shows that only the first commuta- 
tor needs to be taken into account. The region in 
which other commutators also become important 
is considerably narrower: 


|[P— Dol ~ Po (7) 


The contribution of this region is usually small 
because of its small width. 

It must be noted that the behavior of the distri- 
bution function just at the Fermi surface has been 
studied by Migdal.’ There, moreover, the inter- 
actions between the particles were taken into ac- 
count exactly, but only an isolated system was con- 
sidered, without any external field. 


*A characteristic value of the momentum is a quantity of the 
order of po. 


1118 


Proceeding to a quantitative study of the situa- 
tion in the region (3), we note that the function of 
noncommuting arguments appearing in Eq. (4), 

i c dt . $ 2 
a \ pie Ox lit (p? — po)] 


—oo 


(8) 


6 (p? — py) = 


: ; f : 1,2 
can be given a meaning by means of the relations” 


Cexp [it (p? — po) lp (9) 


= exp lit( pep) LCF (2K, .. ot Kp 


where F is a certain function of the commutators 
of the operators tp? and tp2, which reduces to 
unity when the latter commute. According to the 
estimates given above, which are immediately con- 
firmed if one makes the replacement t — t|p” — pel" 
in Eqs. (8) and (9), in the region (3) we can neglect 
all the commutators except the first. This makes 

it possible to use a well known formula of Glauber* 
which takes account of the first commutator and 

all its powers* 


CF >, = exp (Ky / 2), = exp {— if*p y (p3)}. 


-) 7p» 


(10) 


Here we neglect quantities of higher order in &. 


Substituting Eqs. (8) to (10) into Eq. (4), we get 
F(t, p) = (2a) {1 — (1 —is) (C (x) + is S(x))}, 11) 
S=Pp v (P2) /Ip Vv (p2)|, ¥ = (0? — p?) /2 |p Vv (p2) |". 


C and § are the Fresnel integrals. 
For reference we present the general formula, 
which may be useful in the nondegenerate case: 


\ eo [(p?— pd) (1 +t /x)] dt, 
(12) 


4 — is 


V dn 


(9 (0? — pi), = 


—o 


where qg is an arbitrary function. 
We also give the expression (11) in a form av- 
eraged over the directions of p 


f(r, p) = @ay*2 [9 (pte) x + 54), 
z= (1 + 2y’) S (y) + (1 — 297) C (y) 
+Y Fy cosy’ + sing’) 


y =| p? — p?|/2(p| Vv (p2) |)". 


For y >1 we get the required value x =1, but 
for y ~ 1, i.e., in the region 3, the expressions 


(13) 


*At points where the first commutator vanishes, the main 
role will be played by commutators of higher order. Nevertheless 
this fact is unimportant, since ordinarily we are interested in in- 
tegral expressions, to which these points contribute very little. 
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(11) and (13) are decidedly different from Eq. (2). 
In particular, for small y we have x = 2( 2/ ry ay 
The distribution obtained is qualitatively similar 

to the curve corresponding to the nondegenerate 
case with the effective temperature 


RT ete ~ VE po- 


From this it follows in particular that in the non- — 
degenerate case the effect in question is unimpor- 
tant for T > Teff. We emphasize once again that 
Eqs. (11) to (13) apply only in the region in which 
lp ~ pol/é + © for £—0. 

From what has been said above it follows that 
if a quantity with which we are concerned and which 
relates to a system of particles is expressed in 
terms of an integral of fhe function f over a suffi- 
ciently wide region of the phase space, |p — po| ~ 
Py, then it is permissible to use Eq. (2) if the con- 
dition (1) holds. 

In a number of problems of many-body theory, 
however, the decisive part is played by the neigh- 
borhood of the Fermi surface, with the width of 
this region determined by the distribution smeared 
out by the inhomogeneity, as discussed above. In 
this region, where |p — po| ~ gif Pp, it is neces- 
sary to use Eqs. (11) to (13). This is the case, for 
example, in the problem of calculating exchange 
and correlation effects, which will be dealt with 
in special papers. 

Finally, if for any reason the decisive role is 
played by a still narrower neighborhood of the 
Fermi surface, with |p — po| ~ po, the problem 
becomes much more complicated, and it is evi- 
dently impossible to give a closed expression for 
f in this case. 

In conclusion I thank V. L. Ginzburg for a num- 
ber of helpful remarks, and A. B. Migdal, who kindly 
made the results of his work available to me before 
their publication. 


'D. A. Kirzhnits, Dissertation (in Russian), 
Physics Institute of the Academy of Sciences, 1956. 

*D. A. Kirzhnits, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 115 (1957), Soviet Phys. JETP 5, 64 
(1957). 

*A. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 399 (1957), Soviet Phys. JETP 5, 333 (1957). 

“R. J. Glauber, Phys. Rev. 84, 395 (1951). 
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REFLECTION FROM A BARRIER IN THE QUASI-CLASSICAL APPROXIMATION. II 


V. L. POKROVSKII, F. R. ULINICH, and S. K. SAVVINYKH 


Institute of Radiophysics and Electronics, Siberian Branch, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1629-1631 (June, 1958) 


An asymptotic expression for the coefficient of reflection from a barrier, valid for the whole 
range of the parameters U,/E and kpa, has been obtained using the condition for the quasi- 
classical approximation ka > 1 and the condition kya(E—U))/U) > 1. 


ae was shown in a previous paper! that the ampli- 
tude of reflection R from a one-dimensional po- 
tential barrier has the following form in the quasi- 
classical approximation: 


R= —iexp {2h kde}. (1) 


We follow the notation of reference 1. It was 
shown that formula (1) is applicable in that region 
of the parameters x =U)/E and a =1/kja where 
perturbation theory is inapplicable. For example, 
if the potential U has only poles of first order, 
formula (1) is valid for xk/a> 1, whereas pertur- 
bation theory is applicable for xk/a@<«<1. Here the 
intermediate region k/a@ ~1 is not included in the 
investigation. The aim of the present paper is to 
present an asymptotic formula for the reflection 
amplitude which is valid in the whole range of the 
parameters xk, a, (l1—k >a). The form of this 
formula depends essentially on the type of singular- 
ity of the potential. 

We restrict our discussion to the two most im- 
portant cases: poles of first and of second order. 

As in reference 1, we seek the reflection am- 
plitude in the form of the expansion 


ViirVea 


4 4 1 
Re a a re 


Via ay Viy, be he, 1 \ 
: \\ (Lis) (2) 


Vin = — % \ exp {7 —k) a g (t) dt. 


We write the function q in the form 
g = 5 [(k?)’]? / 16k5 — (k°)” / 4k*. (3) 


For small x the root &) of the function k? = 
1-—U/E lies close to the singularity & of the 
potential U(é). Let this singularity be a pole of 
first order. Close to & we have then 


U aS A ; i OS Si 4 
ery Go SH acer (4) 


where &) = &;,+ Ax and the quantity A is of order 
unity. By formula (3) we obtain the approximate 
expression 


- 8 (— — &) + ou (oe A 
Sg aGeny CEpe sae 


g 
For T= [kdé we get 


(5) 


tt / 6 =e C— a) 
u =V uu U 


5 a (/ 2 


With the notations 


(6) 


(tc—)/e=t, (E—H)/R= 


we obtain: 


t=f(n), (7) 
h(=Vad+)——In(VatVI+%). (8) 


We denote by g the inverse function of f. We 
have 


n=elt), g= (8g (4) + 5)/16u* [1 + gle (2). (9) 


Computing the leading term of the matrix ele- 
ment, we obtain 


He! =) oy (22 == J? 
Vr, ame Sh exp{@ a sabe, | a 1 
8g (t) +5 i Ou a 
\ Teale {a oy) 
(t) =p + és), 


where the integral is taken along a contour C 
which encloses the singular points of the expres- 
sion under the integral sign. We use the notation 
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1120 POKROVSKII, 
Mae see Se()+5 pix 
AW) == tel regen ee LN) 
2 
Then formula (10) takes the form: 
Vin = (k —h) Fy ((k’ —b) =) 
(10’) 


oan fie ee hk) o| ie k i . 


In computing the reflection amplitude (2) we re- 
strict the integration to the interior of the region 
-l=k<k s...=k, = 1. The function F,(x) 
is small x proportional to x. Therefore all in- 
tegrals converge, and the sum of the series (2) is 
represented in the form 

o 


R= F (£)exp{=\ kath, 


a a 


(12) 


where F(x) is a universal function independent 
of the form of the potential U(é). We find the 
function F(x) with the help of the known exact 
solution of the Schroedinger equation with the po- 
tential U = U)/(1+ eS) (reference 2): 


2ni exp {ix In (x/2e)— mx/2} 


ae (13) 
T (ix/2) TV (1 + ix/2) 


F(x) = 


The absolute value of this function is equal to 


| F (x)| = 2sinh Fe—™, (14) 


It is easily seen that for small values x = Ak/a, 
the function | F(x)| * mx, and for large x, 
[| F(x)| #1. 

In the case of a pole of second order, analogous 
considerations lead to the formula 


e We. 
hea G = exp 4 ra} . (15) 

where G(x) is the universal function 
|G (x)| = 2eosh(= V #5) one (16) 


ULINICH, 


and SAVVINYKH 


(Here we made use of the known exact solution of 
the Schroedinger equation with the potential U = 
U,/cosh? — (reference 2).) ‘ 

Schiff and Saxon**4 investigated the potential 
scattering of particles with high energies in three 
dimensions under the assumption k/a~1, a<1. 
The results of the present paper show that the 
methods of these authors cannot be applied to the — 
scattering into large angles, when the cross sec- 
tions are exponentially small. In the one-dimen- 
sional case it can indeed be easily shown that their 
method leads to the following expression for the 
reflection amplitude R (the potential is assumed 
to have a pole of first order ): 


TUL 


RI= = 


eM a 
| 
| 


Comparing this expression with (12) and (14), we 
see that the results agree only for small k/a, 
i.e., in the region where perturbation theory is 
applicable. The error arises from the fact that 
in their calculations Schiff and Saxon neglect in- 
tegrals along the real axis over small quantities 
of order x?/a and higher multiplied by strongly 
oscillating functions. However, these integrals 
give a contribution comparable to the included 
terms. 


1 Pokrovskii, Ulinich, and Savvinykh, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 1272 (1958), Soviet 
Phys. JETP 7, 879 (1958). 

21. D. Landau and E. M. Lifshitz, Ksanrosaa 
MexaHuka (Quantum Mechanics), GITTL, 1948. 

31. I. Schiff, Phys. Rev. 103, 443 (1956). 

4D. S. Saxon and L. I. Schiff, Nuovo cimento 6, 
614 (1957). 
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EXACT NONLINEAR GRAVITA TIONAL 
EQUATIONS FOR A SPECIAL CASE ON 
THE BASIS OF BIRKOFF’S THEORY 


A. A. BORGARDT 
Dnepropetrovsk State University 
Submitted to JETP editor December 16, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1632-1633 
(June, 1958) 


Brrxsorr’s linear theory of gravitation,!~4 un- 
like the general theory of relativity, is based on 

the general premises of modern field theory. This 
theory, like the general theory of relativity, pre- 
dicts a number of observable effects (the deflection 
of light rays in a gravitational field, the red shift, 
and the advance of the perihelion) in good agree- 
ment with experiment.* We select as initial equa- 
tions 


Ohupry / Oxy a CA os (a =¢ Ga) (1) 
Phy v0} | OXu + Ag fouj | OXy + Ohrfuyy /OXp = 0, (2) 


where Tuy is the symmetrized momentum -energy 
tensor of gravitating matter. 

Equation (2) can be replaced by the equivalent 
definitions of hyjyp] in terms of the potentials 


h pv 
Rutvey = Oh | OX, — OMyy | OX. (3) 
Equations (1) and (8) lead to the potential equation 
CPAyy = «Tuy, (4) 


if we take into account the additional Lorentz-type 
condition that follows from conservation of Ty,: 


hyn | Ox, = 0. (5) 


This theory is a good approximation under or- 
dinary conditions because of the smallness OLmar 
but it is still only an approximation because the 
field h,,, itself possesses energy and momentum 
that produce a gravitational effect. This inherent 
nonlinearity of the gravitational field can be taken 
into account only by perturbation theory, since the 
exact nonlinear equations are unknown. We shall 
not attempt here to treat Birkhoff’s theory as a 
limiting form of the general theory of relativity 
for slightly curved space (which is shown to be 
justified by subsequent calculation). We shall 
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show that in the special case of static fields of 
masses the infinite expansions of perturbation 
theory can be put into closed form. This proced- 
ure results in exact nonlinear equations of the gen- 
eralized Birkhoff theory. 


In the absence of an external Typ» Eq. (4) is 
obtained from the linear Lagrangian 
Ly = — 1/400 (Aor | 0X2) (Ags / OXe). (6) 


The Lagrangian of the nonlinear field, with the 
self-force taken into account, must be 


Lut = Lr + (a /2) mol 0”, (7) 
where The is the unknown momentum -energy 
tensor of the nonlinear gravitational field. This 


can be defined in terms of the Lagrangian yz, 
which is also unknown, in the usual form 


Thy > = (Aor / OX) (OL.vz | O (Agr | O%)) —SyvLnr» (8) 
thus giving an equation for NL: 
Ly = LL 
+ (/2) fro ((Dhos / O%2) OL nt | O (Ops | 0X0) — ProLn1). (9) 


This equation can be solved by representing nL 
as a power series in a/2: 


Lyi = Li + (a/2) € + (4/2)? €y+---, (10) 

from which we obtain for %y: 
Lr, = —Yshe (Ope / Xn) (her / OXe); (11) 
Gy = Nee deg aaa (12) 


Thus 
Lyi = — Yar (hwy) (Ope | 0X2) (ONor /OXp); (13) 
where ayy isa series like (10), with the coeffi- 
cients ak) (al!) = Sup): 
For fields produced by masses 
Ayy = A8uv, Mytve) = (Bpedva — Suv8pr) Oh / Ox, (14) 


and all the series can be summed. For a static 
gravitational field that takes account of the non- 
linear self-force we obtain 


V2h (x) + (2/2) (VA (x))®/(1—ah(x)) = 0. (15) 


The solution will always be a function of the linear 
solution hy,(x) =MG/c?|x| in the form 


h(x) = (c4/G) (1 —(MG?/2c*|xj—1)%). (16) 


For |x| ~ 0,h— hy, with xj) = MG?/2c® the 
potential is at its maximum and equal to c4/G; 
h=0 when xj = MG?/4c® and h-> — © when 
|x| + 0. The phase plane of Eq. (15) contains no 


1121 


1122 


solutions of another kind. It is easily seen that the 
solution (16) cannot be reduced to Schwarzschild’s 

solution, which follows from the general theory of 

relativity. 


*There is an evident illusoriness in the currently widely 
discussed “test” of the general theory of relativity through 
measurement of the perihelion shifts of artificial satellites.° 
Such a test can provide no basis for a choice between the gen- 
eral theory of relativity and Birkhoff’s theory. 


1G. Birkhoff, Proc. Nat. Acad. Sci. 29, 231 
(1943); 80, 324 (1944). 

2 Barajas, Birkhoff, Graef and Vallarta, Phys. 
Rev. 66, 138 (1944). 

3A. Barajas, Proc. Nat. Acad. Sci. 80, 54 (1944). 

oR Birkhoff, Bull, Soc. Mat. Mexicana 1, 1 
(1944). 

5 V. Ginzburg, Usp. Fiz. Nauk 63, 119 (1957). 
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ON THE THEORY OF THE POSITIVE 
COLUMN IN AN ELECTRONEGATIVE GAS 


M. V. KONIUKOV 
Tula Pedagogical Institute 
Submitted to JETP editor March 17, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1634-1635 
(June, 1958) 


] - Ina positive column where negative ions are 
produced spatially and disappear at the wall, their 
relative concentration, which was obtained in ref- 
erence 1, satisfies the condition x > De /2Dp —1,* 
where Dg and Dp are the diffusion coefficients 
of electrons and positive ions. This condition is 
required for the flow of negative ions to the wall, 
where they recombine. The wall is a surface sink 
for the negative ions produced within the volume. 
2. When decay of the negative ions through col- 
lisions with neutral atoms? is included, the situation 
becomes somewhat more complicated, but we still 
have a linear problem which can be completely 
solved. For ambipolar diffusion, subject to the 
assumptions De> Dp, Dp * Dy, be > bp ahd 
Dp = Dn, we obtain an equationy for the concentra- 
tion of negative ions in the column: 


2x (1+) D,/D,—x 
1+ 2x 


beg HOE an 
Br a RS 
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where y is the rate of decay of negative ions per 
ion and the rest of the notation is that used in ref- 
erence 1. This is a cubic equation in «x which can ‘ 
be solved as follows: 

(a) k > De/2Dp — 1. With this concentration 
more negative ions are created per unit volume 
than decay, so that the column is a spatial source 
of negative ions. The negative ions produced in 
the column diffuse to the wall, which serves as a 
surface sink. 

(b) k =De/2Dp — 1. In this case the negative 
ions created by electrons adhering to neutral atoms 
equals those vanishing through decay. There is no 
effective resulting creation or disappearance of 
negative ions in the column. Their radial flow is 
zero and the total number of negative ions in the | 
column is determined only by processes in the 
space. 

(c) K < De/2Dp — 1. Here the number of nega- 
tive ions disappearing from the column exceeds 
the number produced, so that the column is a spa- 
tial sink for negative ions. Their radial flow is 
directed toward the axis and a stationary state is 
possible only in the presence of a surface source 
at the wall.t 

Thus in a positive column, where the disappear- 
ance of negative ions obeys a linear law, small val- 
ues of kx are possible when there is near the sur- 
face of the wall** a layer that produces a flow of 
negative ions into the column, where they disappear 
through decay as a result of collisions with neutral 
particles. Our conclusion that a surface source 
exists agrees with Gtinterschulze’s hypothesis‘ of 
a layer of negative ions at the wall. 

3. When we take into account the spatial re- 
combination of positive and negative ions, we can 
in general distinguish two regions of the column, 
an inner region where recombination predominates 
over creation, and an outer region where creation 
is stronger than recombination. We are here con- 
cerned with effective spatial sources and sinks.}t 
Since the equations of balance are nonlinear the 
problem can be solved more or less simply only 
for regions close to the axis of the discharge.! 


= 


*In reference 3 it was assumed that » < 1 in the absence of 


spatial disappearance of negative ions. This is unacceptable 
to us, Since x is a solution of the system and is fully deter- 
mined by the kinetics of the column. The analysis carried out 
in reference 1 and in the present note shows that x can be 
small only when a spatial loss occurs. 

+The solution is obtained as in reference 1. 

tThe strength of the surface source per unit length of the 


R 
column is given by the integral 27 f (8 —y)Nerdr, where N. 
0 


is the electron density. 
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**Reference 3 considers negative ion concentrations which 
fulfill the condition bpx/be K 1, Then, as is easily seen from 
the expression for the flow given in reference 2, there must be 
a source of negative ions at the wall. We therefore consider the 
boundary condition N,(R) =0 not to be stringent enough. 

ttThe inclusion of surface sources of negative ions will 
only shift the boundary between the regions toward the wall. 


UMEty: Koniukov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 908 (1958), Soviet Phys. JETP 7, 
629 (1958). 

?R. Seeliger, Ann. Physik 6, 93 (1949). 

°L. Holm, Z. Physik 75, 171 (1932). 

“A. Giinterschulze, Z. Physik 91, 724 (1934). 
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SURFACE WAVES ON THE BOUNDARY 
OF A GYROTROPIC MEDIUM 


M. A. GINTSBURG 
Submitted to JETP editor January 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1635-1637 
(June, 1958) 


lk: We consider the surface waves (Ss.w.) 
exp[i(hz — wt) + yx] propagating along the inter- 
face x =0 of two semi-infinite media. Medium 1 
(x >0) is isotropic (€ =€), w="). Medium 2 
(x < 0) is gyrotropic with a dielectric constant ¢€ 
and magnetic permeability pj: 


Pere = Byg = By By = Bg Pye = — ME, = MH, = (1) 


that is, the direction of the external magnetizing 
field is such that Hj) | OY. We shall consider 
H-mode surface waves (Hz ~0) ina medium 
with tensor pj, (ferrites). All of our results 
will also be valid for media with tensor €j, 
(plasma, Hall effect etc.) when E, H, €, Hix, w 
are replaced by H, E, yw, €jk, —w. 

2. From the continuity of Ey and Hz at x=0 
(Hz is givenin terms of Ey in reference 2) we 
obtain an equation for u = —hc/w, the retardation 
coefficient of the wave (u= c/V¢, where Vo is 
the phase velocity ): 


By (u? — ep.) +p, (UY? — Solo)? = Hol UW, (2) 
T= po /t1- 


Equation 2 was analyzed graphically. Some of the 
results follow. For IT >0 and p,>0, Eq. (2) 
has a real root if 
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for EL >Folto: BR > Mol’ > Uy (1 — Eqity / ep), 
For ep <eqlto? By + Mo > Mol > to (1 — oh, / eo)" (3) 


This is the only root; the wave thus propagates in 
only one direction (h<0). For €9u9 4 eu, slight 
gyrotropy (I’<1) cannot invalidate the law for 
an isotropic boundary. Just as in the isotropic 
case,! a s.w. does not propagate for «€>0, w>O0. 
But with eu, close to € 9 a unidirectional wave 
(only in the z direction) is possible even for 
slight gyrotropy (theoretically also for paramag- 
netics ). 

For w,<0, [>0, and |y,| > the condition 
for propagation of the direct wave (h>0O) is 
Hol’ < |uo + w,|, while for the reverse wave (h< 0), 
r<(1+ lew |/equy)'/. Thus, depending on the 
values of € and pix, both waves are propagated 
or one alone, or, finally, s.w. are impossible. 

3. We now consider the more complicated case 
of s.w. ina gyrotropic plate 3 (0<x<d, p=) 
between isotropic media 1 (€=€); w=) and 
2(€=€; w=). Let d be large; for the boundary 
x =d we set up an equation similar to (2), differ- 
ent from (2) only in the sign of the right-hand side, 
i.e., the boundary x=d guides s.w. ina direction 
opposite to that on the boundary x =0. Accord- 
ingly the field of the direct wave is concentrated 
at one boundary and the field of the reverse wave 
at the opposite boundary: for €,=€ and py =2: 


Ey = Aye™ + Age, Ais = Yatto = abs F bol A. 


When the boundary which conducts energy in the 
undesired direction is covered with an absorbing 
film we obtain a unidirectional system. 

For y3d = 1 we must take into account the in- 
teraction of the boundaries and investigate the char- 
acteristic equation. In the general case (€) = €, 

My ¥ #1) this equation is 
AT + AL Gia lon aiVolo a) Naya lartre eee 13 
= 73 (¥i1P1 + Y2P2)coth Ys, (4) 
Ci wo? 


Cae = 5 n/t erp fj hee eRe 
Py= ie? lamagge: 2 ht — G2 colo». 


nw 2 
f= = oe = h®——ep,. 

This equation contains a term which is linear 
in h, so that the direct and reverse waves differ 
not only with respect to the field distribution but 
also with respect to the phase velocity and critical 
velocity. For €, > €oMy > €u 


c aP, + BP» 


@cr =~ G (aPy +1) (8P2—T) ’ ©) 
Ig rated "I 
St [oe ee En ess 
ae (1 a) : P (1 Shea ) 
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When Ww > Wey, a Sufficient condition for the propa- 
gation of s.w. is M<0, where M=(I'+ Py +1) 
(I -P,-—1). When w< Woy, the sufficient con- 
dition is M>0. Equation (5) applies to the direct 
wave; for the reverse wave the sign of [T must be 
reversed, giving different conditions for propaga- 
tion of the two different waves. 

4. Analogous conflicting properties are charac- 
teristic of a channel 3 (0<x<d; €=€93 M=LM) 
between two gyrotropic media 1 (x <0; yw =H) 
and 2 (x>d; w=fj,). With wy<0 and pi, <0, 
the gyrotropic plates 1 and 2 insulate channel 3 
from the surrounding medium like the walls of a 
metal waveguide. The characteristic equation 
which corresponds to (4) is 


PIT + A(y,F— yl) — we — v2QQ 
= ys (A(TQ — FQ) + 2Q + 11Q] cothysd, (6) 


where Q = 41/0; Q =f, /uy. The critical fre- 
quency is 


Sufficient conditions for the propagation of the 
direct s.w. are N<0 for w>Wey and N>0 
for W< Wer, where N=(T+Q+1)(T-Q-1). 
By interchanging the signs of [T and f we obtain 
the conditions for the propagation of the reverse 
wave. 

Waves of the waveguide type (by which we mean 
waves for which M4 <0) can also propagate in this 
channel. In such waves the energy maximum is not 
at the walls as in s.w. but in the middle of the 
channel, so that we can expect smaller loss. 

5. The boundary of a gyrotropic medium and 
the plate and channel discussed in Secs. 3 and 4 
are of considerable interest as retarding systems. 
Their advantages are the possibility of modifying 
(and specifically, modulating) the retardation co- 
efficient in time (by changing H)) and in space, 
and the absence of distortions. 


11. D. Landau and E. M. Lifshitz, 
JuekTpowMnaMUKa cnsoMHBIx cpex (The Electro- 
dynamics of Continuous Media), GTTI, 1957, 

p. 364. 

2M. A. Gintsburg, Izv. Akad. Nauk SSSR, Ser. 

Fiz., 18, 444 (1954). 


Translated by I. Emin 
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As a continuation of our earlier work,! we studied 


the energy spectrum of nuclear-active particles in 
extensive air showers (EAS) of cosmic radiation 
at 3860 m above sea level. Nuclear-active par- 
ticles of the shower were identified by production 
of electron-nuclear showers in lead plates of a 
large rectangular cloud chamber.* Total thickness 
of the lead plates amounted to ~100 g/cm”. Asa 
criterion of the nature of secondary showers we 
used the presence of penetrating or heavily ioniz- 
ing particles in electron-nuclear showers, which 
corresponds to that used in reference 3. 

The experiment was carried out in two vari- 
ants, one with no absorber above the chamber, and 
another with an absorber of ~100 g/cm? Al. A 
diagram of the arrangement is shown in Fig. 1. 


a b 


FIG. 1. Diagram of 
the array, a— front 
view, b—side view. 


EAS with total number of particles N between 
10*to 10° were recorded. The average shower 
size was N ~ 10° in the first variant of the ex- 
periment, N ~ 2x 10° in the second. A hodoscope 
consisting of a large number of self-quenching 
counters made it possible to select EAS, the axes 
of which fell within 9 m from the cloud chamber, 
and to determine the total number of particles in 
a shower.‘ 
to ~l1m. The energy of nuclear-active particles 
was determined from the energy of the electron- 
photon component produced by these particles.? 
Integral energy spectra of nuclear-active par- 
ticles for the energy region 2 to 50 Bev at dis- 


The error in the axis location amounted 
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FIG. 2. Integral energy spectrum of nuclear-active particles 
in the energy region 2 to 50 Bev. The x axis represents the en- 
ergy of nuclear-active particles in ev, and the y axis the ab- 
solute flux density of nuclear-active particles. 


tances 0 to 9m from the shower axis were con- 
structed from 52 nuclear interaction events. Since 
the spectra obtained in the two variants of the ex- 
periments were identical, we averaged the results 
of both series of measurements. 

The observed integral energy spectrum of nu- 
clear-active particles in the 10 to 50 Bev energy 
region can be approximated by a power law EK, 
where k= 0.95 + 0.25 (cf. Fig. 2). This result is 
not surprising, since a spectrum of this shape can 
be expected from the integral energy spectrum of 
M mesons in EAS, measured at the same altitude.® 
Furthermore, the same value of the spectrum ex- 


ponent has been obtained for 10!!to 10" ev nuclear- 


active particles.! 

We estimated the fraction of nuclear-active par- 
ticles of > 2 Bev, at a distance of 0 to 9m from 
the axis, by comparing the observed number of 
nuclear-active particles with the electron flux den- 
sity in showers detected by our array. We have 
obtained a value (1.3 + 0.3)% which, within the 
limits of experimental error, is in a good agree- 
ment with the value (1 +0.1)% obtained earlier® 
by means of a hodoscope. It should be noted that 
the fraction of nuclear-active particles measured 
in the present experiment may be underestimated, 
in view of the difficulties in identifying nuclear - 
active particles when the number of electrons in 
the shower produced in the chamber is large. 


*For details of the cloud chamber, cf. reference 2. 


! Zatsepin, Krugovykh, Murzina, and Nikol’ skii, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 298 (1958), 
Soviet Phys. JETP 7, 207 (1958). 

2 Danilova, Dovzhenko, Nikol’skii, and Rakobol’ - 
skaia, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 541 
(1958), Soviet Phys. JETP 7, 374 (1958). 

3 Tvanovskaia, Sarycheva, and Chikin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 45 (1958), Soviet 
Phys. JETP 7, 30 (1958). 
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4Dovzhenko, Zatsepin, Murzina, Nikol’ skii, 
Rakobol’ skaia, and Tukish, Dokl. Akad. Nauk SSSR 
118, 5 (1958). 

> Dovzhenko, Nelepo, and Nikol’ skii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 463 (1957), Soviet 
Phys. JETP 5, 391 (1957). 

6 Nikol’ skii, Vavilov, and Batov, Dokl. Akad. 
Nauk SSSR 111, 71 (1956), Soviet Phys. “Doklady” 
1, 625 (1956). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1639-1641 
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a tits nuclides Hf!”® and Hf!®? have excited states 
from which transitions occur to a level of the rota- 
tional band with total angular momentum I= 8, 
with emission of El radiation. The y-ray ener- 
gies are 88.8 and 56.6 kev, respectively. The life- 
times of these long-lived states are 3 seconds and 
5.5 hours. The standard theoretical estimates 
of the lifetimes of these excited states according 
to the independent particle model (examples of 
which can be found in reference 3) give values 
approximately 10!* times smaller. However, in 
highly deformed nuclei (such as Hf!” and Hf!®0 ) 
a new quantum number K appears — the magni- 
tude of the projection of the total angular momen- 
tum on the symmetry axis of the nucleus. For y 
transitions in such nuclei there is therefore a new 
selection rule on K: AK <= L, where L is the 
angular momentum of the emitted radiation. The 
selection rule on K is not strict, since the rota- 
tional motion of the nucleus somewhat perturbs 
the nucleon configuration and distorts its shape. 
Transitions with AK >L are said to be K -for- 
bidden, and their degree of forbiddenness is char- 
acterized by the number v = AK — L. The occur- 
rence of K-forbiddenness can explain the long 
lifetimes of the Hf nuclides. 

The possibility of K-forbiddenness has been 
treated by A. Bohr in the uniform nuclear model 
which he proposed.* For a numerical estimate of 
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the transition probability when K -forbiddenness 
occurs, we still have to make assumptions about 
the nature of the interaction of the nucleons in the 
nucleus. We shall use Nilsson’s scheme,’ which 
gives the correct order of levels for an unpaired 
nucleon. However, the nuclides Hf!"8 and Hf!® 
are even-even. We must therefore, in treating the 
nucleon, also take into account its interaction with 
its paired partner. We shall assume that the pair- 
ing energy is zero when the nucleons are in differ- 
ent single particle levels as given by the Nilsson 
scheme, while the pairing energy of nucleons which 
are in the same single particle level (so that they 
have equal and opposite projections of their total 
angular momenta on the symmetry axis) is equal 
to the difference between the excitation energy as 
calculated from the uniform model and the experi- 
mental value. The pairing energies for Hf!”® and 
Hf!®° are then 1100 and 1300 kev, respectively. 
According to the Nilsson scheme, in the ground 
state of the nucleus the nucleons successively fill 
all the single particle levels, and there can be no 
more than two nucleons in each of the levels. The 
long-lived states are the first excited states which 
involve a change in the nucleon configuration, since 
rotational excitations are associated with slow ro- 
tation of the nucleus, which does not affect its in- 
ternal structure. It is therefore natural to assume 
that these long-lived states are formed as a result 
of the shift of a nucleon which is in the last filled 
level to the next higher level. According to the 
collective model, the lowest excitations with change 
of internal structure will be those in which I=K= 
Qj, where Qj; is the projection of the total angu- 
lar momentum of the i-th nucleon on the axis of 
symmetry. From the fact that an El transition 
was observed to a rotational level with I= 8, it 
follows that the total angular momentum I of the 
long-lived excited states is 7, 8, or 9. From the 
positions of the single particle levels in the Nilsson 
scheme, we see that, for the Hf! and Hf!®? nu- 
clei, the only one of these three values which is 
possible is 2Q; = 8 (when a neutron is excited). 
However, there are experimental data which ap- 
parently favor K=9 for the case of Hf!®? This 
may occur, for example, as a result of a poor es- 
timate of the pairing energy. If it happens that the 
difference between the pairing energies when the 
nucleons are in levels 49 and 40* (so that the pro- 
jections of their angular momenta on the symmetry 
axis are 7, and Te) and when they are in levels 

49 and 48 (with projections of their total angular 
momenta on the symmetry axis equal to us and 

VES) is less than or approximately equal to 200 kev, 
then the energy of the state with K=9 willbe 
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lower than that of the state with K = 8. In this 
case it is difficult to say anything definite about 
the lifetimes of the excited states. However, if 
the pairing energy of nucleons which are in dif- 
ferent levels is small, the lifetime of the excited 
state will be approximately one order of magnitude 
greater than that calculated here (because the de- 


gree of K-forbiddenness is increased by unity). ~ 


The E1 transition to the rotational level with 
K =0 is possible because K is nota strict 
quantum number. 

We have treated the perturbations 


uy = — (2 / Jy) Lyf, — (bh? / Je) Lode, a4 
uy = — BsinyMagr* (Yo (9, ) + Yo-2(% @))/V2; 
Us = (A / 4d, — hr” / Jn) (4 — 12), 


where Ix, jx are the projections on the k axis 
of the total angular momentum of the nucleus and 
the total angular momentum of the particular nu- 
cleon; r, %, g are the coordinates of the nucleon, 
and M its mass. w, is determined by the number 
of nucleons in the nucleus, and I, = 4B? sin? (y — 
270) oie 

The matrix elements of u, and ug, are differ- 
ent from zero only between states with different 
values of the quantum number ny which charac- 
terizes the nuclear surface oscillations. In the 
calculations we included corrections only from in- 
termediate states with ny=1, since the contribu- 
tion from intermediate states with ny >1 will be 
much smaller. The corrections from up, and uz; 
are smaller, but are still significant in the cases 
we are considering, since they affect the order of 
magnitude of the lifetime. 

It was assumed that the long-lived state of 
Hf'®9 results from the ground state through the 
shift of a neutron from level 49 (2 =—%) to 
level 48 (having Q=%), so that I1=K=20;=8. 


The single particle energies and nucleon wave func- 


tions were taken for 8B =0.2. The lifetime of the 
long-lived excited state was found to be T=175 
hours (while the experimental value is T = 5.5 
hours ). 

For Hf'® it was assumed that the long-lived 
gtate is formed by the transition of a neutron from 
level 41, with Q=-—%, to level 49, with Q = -—%, 
so that I= K= 7Q; = 8, and that B=0.25. The 
calculated lifetime was t= 130 sec (while the ex- 
perimental value is T =3 sec). 

The values of the deformation parameter B 
were chosen to be close to the experimental values 
(as determined from the nuclear quadrupole mo- 
ment), and to give the smallest possible values of 
the lifetimes. We should remark that the result 
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changes very slightly for small changes in the size 
Ofne: 

The cases we are considering are of interest 
because the magnitudes of the lifetimes are deter- 
mined by corrections in the 7-th order of perturba- 
tion theory, since the degree of K -forbiddenness 
is 7. Therefore any deficiencies of the scheme 
will strongly affect the result. The calculated val- 
ues were found to be 30 to 40 times those observed 
in experiment. It should be remarked that, in ad- 
dition to the perturbations considered here, there 
may also be perturbations due to the presence of 
the paired nucleon. Even though we cannot, be- 
cause of possible deficiencies of the scheme, defi- 
nitely assert that these perturbations give a con- 
tribution amounting to approximately vy, of the 
contribution of the perturbations considered here 
(as would follow from our result), it is clear that 
these perturbations will be small. The main con- 
tribution will come from the perturbations which 
we have considered. 

I am deeply grateful to L. A. Sliv for his inter- 
est in this work, and also to K. A. Aristova for 
carrying out the numerical computations. 
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Tue interaction energy of two electrons in polar 
crystals can be split into parts. The first part is 
the direct Coulomb interaction of the electrons, 
including the polarization of the electron shells of 
the atoms. This polarization is evaluated by intro- 
ducing the dielectric constant €o = n’, where n 
is the index of refraction of light. The second part 
is the interaction through the phonon field. An 
evaluation of the phonon interaction is also impor- 
tant for a system consisting of an electron and a 
hole, for instance, an exciton. This problem was 
considered by a number of authors: in the strong 
coupling approximation by Dykman and Pekar,! 
and in the intermediate-coupling approximation by 
Meyer,” Haken,’ and others. The authors of the 
cited papers used different variational principles 
to find the energy spectrum of the exciton. 
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*The levels are designated according to reference 5. 


Aor Felber, Nucl. Sci. Abstracts 11, No. 1126 
(LOST) 4 

“1. I. Rusinov and V. S. Gvozdev, Ilporpamma 
M TesHcbl COBelUlaHHA TIO AepHou CHEKTPOCKOMmnwv 
(Program and Abstracts of the Conference on 


Nuclear Spectroscopy ) Acad. Sci. Press (1958). 
33. M. Blatt and V. F. Weisskopf, Theoretical 


Nuclear Physics, Wiley, 1952. 

TA. Bohr, Kgl. Danske Videnskab. Selskab Mat.- 
fys. Medd. 26, No. 14 (1952); A. Bohr and B. Mot- 
telson, Kgl. Danske Videnskab. Selskab Mat.-fys. 
Medd. 27, No. 16 (1953). 

°S. G. Nilsson, Kgl. Danske Videnskab. Selskab 
Mat.-fys. Medd. 29, No. 16 (1955). 
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In the present communication the phonon inter- 
action potential of the electrons is derived in the 
intermediate-coupling approximation, with allow- 
ance for their relative momentum. 

The operator of the interaction energy of an 
electron with the phonon field can be written in 
the form’ (we put henceforth fi = 1): 


Sine ao V0; Clan (1) 
k 


Vn = — (iw/k) (4/2 mo) |* (4ro /V)'*, 


2 \"le 4 
3 (=) & <a =). 
The quantity a@ plays the role of the coupling 
constant, m is the effective mass of the electron, 
w the limiting frequency of the longitudinal optical 
vibrations, and the a, are the second-quantization 
operators. In the center-of-mass system, the en- 
ergy operator of the two-electron system under 
consideration is of the form 


(2) 


Oo 


as 4 2 e + 
H=—> > vi—5, Vr + + Dioararn 
: k 


4 S2c0s ** (Vrane™® +c. ¢.), (3) 
k 
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where 


R = 1/2 (ti +12), M = 2m. 


r=T,—fy., 


The center-of-mass coordinates can be eliminated 
from (3) by means of the canonical transforma- 
tion §; 

S = exp ji(P — D, kaa, |} R; (4) 

{i(P — Dkaja,)} 
P is the total momentum of the system. After the 
transformation we have 
s 4 2 e p2 1 Rk (pk)\ 

S 1HS = ers Vr +a tt S(° + sm) 


nr 


k ; 4 , ry 
= »» 2 cos = (Va, +V a3) + ay pa (kk’) afa),.a,@,,. (5) 
“ ; 
In the following we consider, for the sake of sim- 
plicity, the case of zero total momentum. We single 
out in the energy operator (5) the following three 
terms: 


+ D\V,a,ei!2 + Viate—irle, (6) 
Rk 
The operator Hy, describes the “free” motion of a 
polaron of effective mass yp in the center-of-mass 
system of the two particles. The remaining terms 
in (5) distort the motion of the free polaron and de- 
scribe the influence of the second particle on the 
motion of the first one, thus playing the part of a 
potential energy operator. If we denote these terms 
by H,, we can find the correction to the energy ap- 
proximately from the relation gg(r) =<Qq, HyQq_q> 
where Qgq is the eigenfunctional of the operator Hp, 
the approximate form of which was found in the 
paper by Lee, Low, and Pines.® Using the explicit 
form of these functionals we get, apart from an ad- 
ditive term which does not depend on r, the follow- 
ing expression for gq(r): 


fl 1 \a®*— 26? 
w= —>(a-—)$ 


1 1 


or ae aa Nig) ) 


x a [(a? — 26°) cos br — 2 (a? — 0?) " b sin or], 


where 7 is a parameter defined in reference 5, 
a*=Mw, and 2b=q(1— “ine 

One must note that if the total relative momen- 
tum q is zero the expression for @q(r) in the 
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limits of applicability of the intermediate coupling 
approximation is not approximate, but exact. The | 
phonon interaction itself goes leads to the attrac- 4 
tion of two electrons, but the magnitude of the at- 
traction is insufficient for the formation of a “bi- 
polaron,” since the sum of the Coulomb potential 
e’/n’r and the phonon potential gg(r) is always 
positive. As r— 0 the potential Pq ( fC). Stay Seip 
finite, andas r— © it has a Coulomb character. 
If r— , the interaction of the two electrons is 
described by the usual Coulomb law, e*/er. 

The source of the deviation of the phonon inter-_ 
action from the Coulomb interaction consists in 
taking into account the recoil during the emission 
of phonons. Owing to recoil, the electrons experi- 
ence fluctuating displacements, which leads to an 
additional interaction energy. 

In a Similar manner one can show that the in- 
teraction of an electron with a hole in an exciton 
is described by the potential? 


— (e2/ er) —e2 (1 /n?—1/e)e-4"/r. 


The deviation of the potential from the Coulomb 
potential is important at distances of the order 
(Mw )7!/2 which amounts to 10to15 A for Cu,O. 
The ground state and partly the next energy levels 
of the exciton are shifted downwards. 


1T, M. Dykman and S. I. Pekar, Trans. Phys. 
Inst. Acad. Sci. Ukr. S.S.R. 92, No. 3 (1952). 

2H. J. G. Meyer, Physica 22, 109 (1956). 

3H. Haken, Z. Physik 146, 527 (1956). 

Sat Pekar, Uccneyqosanua no o1eKTpoHHoOL 
TeopuHu KpuctannoB (Investigations on the Electron 
Theory of Crystals) Gostekhizdat 1951; German 
translation: Untersuchungen tiber die Elektronen- 
theorie der Kristalle, Berlin, Akademie Verlag, 
1954. 

°T. D. Lee and D. Pines, Phys. Rev. 92, 883 
(1953); Lee, Low and Pines, Phys. Rev. 90, 297 
(1953). 
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We consider the Schrédinger equation for a many- 


electron system. We assume that the Hamiltonian 
in this equation does not contain spin operators. 
Because of the equivalence of the electrons, the 
Hamiltonian is invariant under the symmetric 
group of interchanges of the spatial coordinates 
of the electrons. According to Wigner’s theorem, 
the eigenfunctions belonging to each eigenvalue of 
the energy will then form the basis for one of the 
irreducible representations of the symmetric 
group. If we assume that the system is ina state 
with definite spin S, then the only allowed energy 
eigenvalues are those which correspond to the defi- 
nite irreducible representation given by a Young 
scheme of two columns containing respectively A, 
and A, cells,’ where 


Ay a>he, y thg =n, ry — hg = 2S. (1) 


This gives the connection between the energy val- 
ues and the value of the spin, although, as we men- 
tioned, the Hamiltonian of our system does not con- 
tain spin operators. 

The symmetry properties of the many-electron 
coordinate function necessary and sufficient to 
make this function an element of the subspace 
transforming according to a definite irreducible 
representation {2,\.} are conveniently illustrated 
with the help of the corresponding Young scheme. 
We write into the cells of the Young scheme the 
position numbers of the arguments, e.g., in their 
natural order (cf. figure). 


Then one can so choose the basis functions of the 
subspace transforming according to the irreducible 
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representation {,\,}, that each of them is anti- 
symmetric with respect to the interchange of the 
arguments whose numbers lie in either of the col- 
umns of the Young scheme; oné can also choose 
them such that each of the functions is symmetric 
with respect to the interchange of the arguments 
whose numbers lie in each of the rows of the Young 
scheme. These properties we shall call properties 
A. 

There exists, however, another set of conditions, 
the three Fock conditions,” which are equivalent to 
the conditions A, as we shall show. The Fock con- 
ditions, which we shall call conditions B for brev- 
ity, consist in the requirement that the function be 
antisymmetric with respect to two groups of k 
and n—k arguments (two conditions), and in 
the requirement of cyclic symmetry. Moreover, 


ST AS. (2) 


Comparing (1) and (2), we see that A; =n —k, 

A, =k, and that, of course, the first two of the 
conditions B coincide with the first half of con- . 
dition A. The requirement of cyclic symmetry 
may be interpreted as the impossibility of anti- 
symmetrizing the function in more than n —k 
arguments. 

We proceed to the systematic proof of the equi- 
valence of conditions A and B. We shall make 
use of a group-theoretical method based on the 
material of chapters IV and V of Murnaghan’s 
book.? 

We consider the space of the functions subject 
to the first two of conditions B. We denote it by 
the symbol (A,A,). This space is subdivided into 
several subspaces transforming according to the 
irreducible representations of the symmetric group. 
Among these will certainly be the irreducible rep- 
resentation {A,A,}, as well as some representa- 
tions {Aji} with A, > 4, but there will be no 
representation {XX} with Xj < Ay. 

We now impose the requirement of cyclic sym- 
metry on the functions of space (A,A,). Evidently, 
the functions of the subspace transforming accord- 
ing to {A{A5} do not satisfy this requirement, 
since they can, according to property A, be anti- 
symmetrized in more than A, arguments. Of the 
whole space (A,A,) there remains only one sub- 
space, transforming according to {Aro \, whose 
functions satisfy the requirement of spherical sym- 
metry.’ Indeed, the subspace transforming accord- 
ing to {Ary } is not contained in the spaces 
(AjA$), and hence cannot, according to the reci- 
procity theorem of Frobenius, be antisymmetric 
in more than A; arguments. 
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Thus the three Fock conditions are necessary 
and sufficient for the functions satisfying these 
conditions to belong to the subspace transforming 
according to the irreducible representation of the 
symmetric group of interchanges of their argu- 
ments. 

In closing I want to express my sincere gratitude 
to M. I. Petrashen’ for a discussion of this paper. 


1H. Weyl, Gruppentheorie und Quantenmechanik, 
1931. 

2vV. A. Fock, J. Exptl. Theoret. Phys. (U.S.S.R.) 
10, 961 (1940). 

3. Murnaghan, The Theory of Group Represen- 
tations, Baltimore, 1938. 

4Tu. N. Demkov, J. Exptl. Theoret. Phys. JETP 
35 (1958), Soviet Phys. JETP 8 (1959) (in press). 
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THE HEAVY NEUTRAL MESON: DECAY 
MODES AND METHOD OF OBSERVATION 
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Submitted to JETP editor March 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1644-1646 
(June, 1958) 


Tue classification of the elementary particles ad- 
mits the existence of a meson with strangeness 0 
and isotopic spin 0 ( see, e.g., the review by Okun’! ye 
Such an hypothesis has been advanced repeatedly .?* 
Evidently such a meson (let us call it p) must be 
neutral and interact strongly with nuclei; in par- 
ticular, it may be produced singly in collisions of 
two nucleons. 

We assume that the p meson differs from the 
neutral pion only in mass and isotopic spin, but 
that the space spin and parity of the p meson are 
the same as for the neutral pion (pseudoscalar ). 
Let the p meson be equivalent to a nucleon-anti- 
nucleon pair in the state 0° 1S), whereas the neu- 
tral pion is equivalent to a pair in the state 1° ics 
Tz =0 according to the classification of Bethe and 
Hamilton’ (see also reference 5). These two pair 
states differ by the relative phase PP and NN. 
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In this letter we consider the possible decay 
modes of the p meson and the method of observ- 
ing it in an experiment. It is obvious that the mass . 
of the p meson is greater than that of the neutral 
pion; otherwise the p meson would have been dis- 
covered in experiments on neutral pion production. 
The transformations p > 2r° and p— mw +17 
are not possible as they would not conserve parity: | 
two pions in a state with L=0 are an even system, | 
whereas the p meson is odd. 

By applying the operator CT (C is charge con- 
jugation, i.e., conversion of particles into antipar- 
ticles; T is charge symmetry, i.e., conversion of | 
protons into neutrons). Bethe and Hamilton have | 
shown that three-pion annihilation cannot occur in 
a 0S state. Hence the decay modes p — 3m° and | 
fe) n= t' +m + 7° are forbidden. This applies to | 
any odd number of pions. 

To treat the decay into four pions, we separate 
them into two pairs and denote the isotopic spin of 
the first pair by t,, its orbital angular momentum 
by l,, the corresponding quantities of the second 
pair by t, and /, and the angular momentum of 
the center of mass of the first pair relative to the 
other by L. From the assumption that the p me- 
son is pseudoscalar and has T=0, it follows that 
t,=t, |L| = |2,+0,], and that L+7, +2, is odd. 

If t; is even, then J, and J, are even; if t; is 
odd, then J; and J, are also odd. 

If 2; = 2,, then both pairs can be regarded as 
identical bosons, and the wave function must be 
symmetric with respect to their exchange. 

The lowest values of the momenta that satisfy 
all these conditions are 1,=1,=2, L=1, t= 
t.=0, or ty =t, =2. 

For J,#1l,, sucha state is 1,=1, 1,=3, 

L=38, and ty =t,=1. The need for large orbital 
momenta can reduce substantially the probability 
of the p — 4m decay. 

The decay p — 1° + y is forbidden, since radi- 
ative 0 —0 transitions are forbidden. The decay 
p> +7 +/¥ is allowed, if the pion pair is in 
a state with L=1. Also allowed is the decay 
p > 2y, which is analogous to the decay 1’ — 2y. 

If mp > 2m7z, one can expect the single photon 
decay to be more probable. 

The expected time of decay is 107!® to 1072° 
sec. 

It will be extremely difficult to identify the de- 
cay p~m +7 +yY in the presence of photon 
background from the 7? — 2y decay. 

We propose below a method for detecting events 
of single production of p mesons in interactions 
of charged particles by energy-momentum balance. 
Consider the reaction p; + py > P3 + Py +p, where 


| 
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Py is a proton from the accelerator, P, is a proton 
at rest, and p3; and py, are also protons. 

This process is followed by the decay of the p 
meson, but we do not record the decay products. 
The energies and momenta of the protons Pi, P3, 
and py must be measured with great accuracy. 

Let us form the expression 


A=[(E,+ Mc? — E; — E,)? — c* (Pp; — ps — p.)*]. 


For single production of p mesons we have A = 
mic". In the case of an arbitrary process with 
production of two or more pions, we have a con- 
tinuous spectrum of A values. 

If it is observed in an experiment that there is 
a sufficiently narrow line (whose width must cor- 
respond to the accuracy of measurement of the 
magnitudes and directions of p3; and p,) in the 
distribution of A, the existence of a neutral me- 
son with a strong nuclear interaction will have been 
demonstrated and its mass will have been deter- 
mined. 

Iam grateful to V. B. Berestetskii and L. B. 
Okun’ for their valuable advice. 


1T,. B. Okun’, Usp. Fiz. Nauk 61, 535 (1957). 

2. Teller, Science News Letter 71, 195 (1957). 

3. B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 469 (1958), Soviet Phys. JETP 7, 322 (1958). 

4H. A. Bethe and J. Hamilton, Nuovo cimento 4, 
1 (1956). 

°T. D. Lee and C. N. Yang, Nuovo cimento 8, 
749 (1956). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1646-1648 
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In fhe present note we analyze the interaction of 

a constant, straight current of strength I with a 
medium occupying the half-space x = 0 and de- 
scribed by arbitrary » €(w). The current is 
parallel to the dividing boundary and moves onto 
the medium with a velocity v which is perpendicu- 
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lar to the dividing boundary. Morozov! considered 
the interaction for the motion along a metal. 

The force acting upon a unit current length is 
of the form 


Pye [et Ot a, (1) 


c2V 1 = B2 C (—ikv) + pv 


0 


p= 0, C(— ho) = Oo), 


@®=—ikv’ 


ReC>0, Im¢(—ie) = 0, (2) 


Expression (1) can be obtained, for instance, by 
applying the image method to the separate terms 
of a plane-wave expansion of the potential, taking 
it into account that the only singularities of the 
expressions under the integral sign are the poles 
€ and 1/e which lie in the upper half-plane of 
complex w (see references 2 and 3; the time fac- 
tor here is eit), 

For a dispersionless medium we get 


r2 u—V1+(eu—1) 6? 4 


ary utVit(p—iper 


(3) 


For #2 >(p2 —1)/(eu —1) the attraction changes 
into repulsion. For sufficiently small r, expres- 
sion (3) is, of course, inapplicable since dispersion 
becomes important (from dimensional considera- 
tions, the order of magnitude of the excited frequen- 
cies is w-~v/r). 

If ¢ is expanded in terms of (€ — 1) 6’, and if 
we put (w=l1, B <<, iL) 


4rne? hr 
— —, (4) 


we find 
k mne28 —anp+ia Ei C) 
Pm oe i (a7) 1.) 
Rk 
— eh Fi (— wn, + ia)}, (5) 


where Ei is the exponential integral, and 
Fr=DdyfaFts on = Vor —¥3/4; 
R 
Nh = Y,/ 20,3 % = 20,77] 0. (6) 


For r > v/wy,, from (5), in particular, we get in 
accordance with (3) 


¢(0)—1 jE 4 
i wt ake (7) 


fio gi 
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and for r «K v/w_ we have 
FE = w1?ne2B / me%ap, (8) 


If a current moves onto a plasma or a metal, 
such an expansion is impossible, since we must 
assume 


= 1— | (o* — yaa y= we Aro, 
we = 4nne?/m, p=, (9) 


where o is the electrical conductivity for w=0. 
In that case it is necessary to evaluate expression 
(3) more accurately, retaining the radical under 
the integral sign. We shall give the results for 
particular cases. If r > c/w and Bp > (¥/wy) x 
(c/wor), we have* 


Fe=P/ery1—=8?. (10) 


If the conditions r >>c/wy and B K (Y/uw) x 
(c/wor’) are satisfied, we get 


27128 1.356 ¢c 
eVT— es | Bnopr (11) 


For r<c/wy) and B= y/2w,) the evaluation 
of the integral (3) gives 


Poo, oy eo 
Tea gey T= me {2K (V1 — 7/4) 


+ 2(2—7) E(V1 — 97/4) +4 (7? — 3)}, (12) 


where K and E are the complete elliptic inte- 
grals. In the particular case B > y/2wy), we ex- 
pand (12) in powers of 7 = y¥/wf, 

Fp (412 ise? V 1387) 0, fe. (13) 


If r«c/wy and B = y/2wo, we get the following 
result 


21a, 4 D) 
= aihti|-bat gye Pte 

AP (22) 2a | eee aes 
3 V{a| ae /) RE (9, re], (14) 


where E(¢,k) and F(g,k) are incomplete 
elliptic integrals, and 


k? = (z, — 2,)/2,; Rk’? = 1 — R?; 


tan’e = 1/12); 4 = y/eB; (15) 


= 1-7 + EV Tape. (16) 


The expansion of (14) for B « y/wy gives 
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20n/2 30 1.492 wy 17 
3083 V 1 — 82 In 2B ( ) 


Pp 


F,= 


I express my sincere gratitude to M. S. Rabino- ° 
vich, M. L. Levin, and L. M. Kovrizhnyi for discus- 


sing the results of this paper. 


*The second condition is in fact equivalent to r > 6, where 
Sis the skin depth for a frequency v/r. 559 


14.1. Morozov, J. Exptl. Theoret. Phys. (U.S.S.R.) 


31, 1079 (1956), Soviet Phys. JETP 4, 920 (1957). 
2N. Bohr, The Passage of Atomic Particles 
Through Matter (Russ. Transl.) IIL, 1950, p. 145. 

Note from the editor of the translation. 
31. D. Landau add E. M. Lifshitz, Inexrpo- 


MHaMMKa CIIOUIHbIx cpex( Electrodynamics of 
Continuous Media), M., Gostekhizdat, 1957. 
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Submitted to JETP editor March 12, 1958 
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Ir follows from very general assumptions that the 
reaction cross section for low-energy neutrons is 
proportional to EY? (cf., e.g., reference 1): 


Coss (6,E'l:), melas (1) 


where the index 0 denotes evaluation at the neu- 
tron energy E=0. Expression (1) is essentially 
the first term in the series 


Saa— (3,f "2 Yo (E—b ne ey Ee eke ). (2) 


The aim of the present paper is to show that the 
assumptions leading to the 1/v law also determine 
the quantity qa in (2). The effective reaction cross 
section can be expressed through the logarithmic 
derivative of the wave function of the incoming par- 
ticle at the nuclear boundary (f)). In the notations 
of Blatt and Weisskopf! the reaction cross section 
for s neutrons incident on a nucleus with spin zero 
is. equal to 


| 
: 
: 
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aii —4rR Im f, i 1 
; (Re fo)? + (Im fy —kR» Rk (3) 


Expanding f) in a power series in k, we obtain 
only even powers of k: 


Fo = (Re fo)o(l + ak? + +--+) +i (Im fy) (1 + bk? +--+), 
(4) 


Qualitatively this follows from the fact that fy) is 
determined by the neutron state inside the nucleus 
(for r < R), which can approximately be charac- 
terized by the wave number K = (K%+k2)'/2, where 
Ki >> k?. If the effect of the nucleus on the neutron 
can be described by an operator V that satisfies 
the condition 


J) Vel) — eM) Vo(Ndr = 0 


[e.g., a complex potential V=U(r)+iW(r)j, then 
one can prove (4) rigorously, following, e.g., Bethe. 
Substituting (4) into (3) and using 


R= 2mER?(A/(A+ 1), (5) 


where E is the neutron energy in the laboratory 
system, m is the mass of the neutron, and A the 
mass number of the target nucleus, we obtain 


(cE), /o,E'2 = 1-+ak?+ BE 4+ ---, (6) 


where 
m A \2 
a= 0 = er (a4) 
Expressions (6) and (2) are equivalent. For a nu- 
cleus with spin i 0, the expansions (2) and (6) 
remain unchanged, but instead of (7) the relation 
between @ and dQ) is 


(2/E"')o. (7) 


a=a,[x_/g + (1—x_)?/(1—g_)), (8) 


where g_ = i/(2i+1) is the statistical weight of 
the reaction channel with spin J=i-%, and x_ 
is the relative contribution of this channel to the 
thermal cross section. The value of @ goes 
through a minimum Qpjin=% at x_=g-. Ex- 
pressions (6) to (8) have been previously obtained? 
from the Breit-Wigner formula for an isolated 
level. Actually, as is clear from the foregoing 
considerations, the validity of these relations is 
not restricted to the range of applicability of the 
single-term Breit-Wigner formula, nor to the 
applicability of the concepts of the compound 
nucleus. 

If the reaction induced by a slow neutron has 
only one open channel for a given channel spin then, 
using the reciprocity theorem, one can obtain from 


2 
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(6) an expression for the cross section of the re- 
verse reaction close to its threshold: 


A+1 


(Grevlas od Seavlna” =I+4 A Ba Ie ByEn+ a5 (9) 


where Ey, is the kinetic energy of the emitted neu- 
tron in the center-of-mass system, and a@ is given 
by (7) and (8) if the statistical weights of the en- 
trance and exit channels are identical. 

The term @E!/? in (6) can be noticed in experi- 
ment if the thermal reaction cross section is very 
large, but the coefficient 6 is small. This last 
condition is fulfilled if there are no narrow reso- 
nance levels for small neutron energies. In refer- 
ence 3 the qa term appears in the expression for 
the energy dependence of the reaction cross sec- 
tions for the processes He? (n, p) and B?? (n,@). 
A value a = 4.1 X107? kev-¥? was found for the 
first reaction. Comparing (7) and (8), it appears 
that for low energies the reaction goes essentially 
through the channel J=0. The cross section for 
the reaction Li! (p,n), measured in reference 4, 
agrees near the threshold with (9) if a ~0.21. 
From this and from the value for (cEY? )o there 
follow two possibilities for the spin of the channel: 
(1) x. =0, x,=1 and (2) x_=0.75, x, = 0.25. 
The mere presence of the a term in the expres- 
sion for the reaction cross section does not yet 
tell anything about the resonance levels of the com- 
pound nucleus. However, the fact that the reaction 
has a very large cross section and goes essentially 
through one of two possible channels, as in the re- 
action He? ( n,p), supports the argument in favor 
of the presence of the level. 


1 J. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics, Wiley, N. Y., 1952. 

2H. A. Bethe, Phys. Rev. 76, 38 (1949). 

3 Bergman, Isakov, Popov, and Shapiro, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 88, 9 (1957); Soviet Phys. 
JETP 6, 6 (1958). Proc. of the Columbia Confer- 
ence on Neutron Interactions, 1957 (in press). 
Proc. of the Moscow Conference on Nuclear Reac- 
tions, 1957 (in press). 

4R. L. Macklin and J. H. Gibbons, Phys. Rev. 
109, 105 (1958). 
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Nomenous articles have appeared recently (see 
reference 1, for example) concerning approxima- 
tions to the solution of the Thomas-Fermi equa- 
tion’? for a free neutral atom: 


” = ole / cle, (1) 


Here &=r/p, r is the distance from the center 
of the atom, p = vay /2¥3, ay is the Bohr radius, 
and v = 0.88538. 

As a measure of the accuracy of an approximate 
solution, Umeda® has suggested using the numeri- 
cal solution of an integral whose variation gives 


1SYe), (G0) 
I(9) = \ [p> + (7/5) pes] dé. (2) 


This functional has a minimum value’ of 1.3612 
when gy is an exact solution of (1). The deviation 
of I from the minimum value can serve as an es- 
timate of the degree of accuracy of the approxi- 
mate solution. Thus for Sommerfeld’s approxima- 
tion® y = [1+ (é/127/3)4]-YA, 1 = 1.3670; for 
Kerner’s form yg =[1+Aé]‘', I1=1.3679; for 
Tietz’s solution g =[1+Aé]7*, I= 1.3662; and 
for Rosenthal’s solution® 9g = 0.7345e 70-5628 4 
0.2655e73-3828 || = 1.3636. 

We can write g in anew form for which I = 
3.624, which is much closer to the minimum value: 


9 (8) = ere (1 + ax'h)?. (3) 


Here and hereinafter x =A, where A is a param- 
eter which can be determined in different ways. A= 
AUm = 6.119 is determined by Umeda’s method 
from the condition 91/8A = 0. 

Equation (3) can be derived by making the tran- 
sition from the Lenz-Jensen approximate expres- 
sion p(r) for electron density in an atom to the 
function g(é). For this purpose let us consider 
the following relation between p(r) and 9 (é): 


p; (r) = (2/ 4ru?) 9" /&, (4) 
0 (7) = (2 / 4ru3) (9/6). (4a) 
When ¢ is an exact solution of (1), py and py 
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will of course coincide. When ¢g is approximate, 

(4a) must be used because the function itself is a 

better approximation than its second derivative. 

But (4a) does not generally satisfy the normaliza- 
ioe) 


tion condition ii parr’ dr = Z for approximate 


0 
and arbitrary A. Therefore instead of pyj we 
must take a 


P= 0 A/ Aya) (4b) 


where Aya is determined by the mean value 
method: 


\ (o” — th /Bh) bd? = 0, 

0 
which has been proposed by March.’ The trans- 
formation (4b) insures normalization of p for 
arbitrary A as well as fulfillment of the virial 
theorem 2Hk + Hp =0. The advantage of (4a) and 
(4b) over (4) now also follows from energy consid- 
erations. Thus using Tietz’s simple and conven- 
ient approximation of yg, (4) gives for the total 
energy of an atom by the Ritz method? H = —0.660 
in the units 77/3 €2/ aj, whereas from (4a) and (4b) 
we obtain H = —0.768, which is much closer to 
the exact value H = —0.769. The value of p ob- 
tained from (4a) and (4b), with A =Apj as deter- 
mined by the Ritz method from 8H/9A = 0, may 
be regarded as the approximation that corresponds 
to a given approximate gy. For example, from 
Tietz’s form (Aya = (77/8 )*/3 = 0.536), we obtain 
an expression which insures normalization and ful- 
fillment of the virial theorem, and also gives a 
good value for the energy: 


Z 823 : 2 
t= es a aes (5) 
where A =Apj = 0.527. 
On the other hand, let us start with the well- 


known Lenz-Jensen approximation® fon p: 
i tb, 3 —] 1) 1) Ss 
Oia te iraas apie exp (= 4"2),C1 + Cx'k) (6) 


and pass in reverse to @~ using (4a) and (4b) 

[Ama = (4P)¥%?]. Letting C = %, we then obtain 
(3), where A differs from the A of (6) by the fac- 
tor ‘4. The selection of C = %, which differs 
somewhat from Jensen’s value C = 0.265, is re- 
quired to improve the form of @ at zero [9'(0) = 
-—1.530 instead of y’(0) =—© with the exact so- 
lution g’(0) = —1.588]. When C='%, Ap; = 11.41 
and H=-0.76 [for comparison Aj, = 11.87 and 
Aum = (%4) 6.12 = 13.77]. The form (3) which has 
been obtained is quite simple and convenient. In 
the principal range of variation, 0< <1, the 


LETTERS TO THE £DITOR 


value of y obtained from (3) differs on the aver- 
age from the exact solution obtained numerically 
in reference 9 by less than 0.5%, and never differs 
by more than 1%. In the same region, yg’ differs 
by less than 2.5% on the average and by not more 
than 5% from the exact value of 9’. 

In conclusion it should be noted that any attempt 
to derive an extremely accurate approximation of 
the Thomas-Fermi function at small and at large 
distances from the nucleus is devoid of meaning, 
for there Kq. (1) does not correctly indicate the 
potential in the atom. 

I am indebted to D. A. Kirzhnits for suggestions 
and discussions. 
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Submitted to JETP editor March 27, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1652-1653 
(June, 1958) 


Tue production of a star by a y-quantum through 
an intermediate m-meson pair was investigated in 
reference 1. In the present work we consider an 
analogous process: a high-energy y -quantum pro- 
duces a proton-antiproton pair one particle of which 
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is absorbed in the nucleus, producing a star. The 
other particle carries away energy of the order of 
the energy of the star. The study is carried out 

for the ultra-relativistic region where only small 
angles between the momentum of the y -quantum 
and that of the emitted proton (or antiproton) are 
of importance. The strong interaction between the 
proton (and antiproton) and the nucleus is ac- 
counted for by using the optical model. The nucleus 
is regarded as an ideal black body of a given radius, 
as far as the proton and antiproton are concerned. 

We shall assume that the behavior of nucleons 
is described by Dirac’s equation. The anomalous 
magnetic moment of the nucleon is not of great 
importance for such high energies. Let us assume, 
for example, that the proton is absorbed and the 
antiproton is emitted to an infinite distance. Dirac’s 
equation for such a process can be written as fol- 
lows: (h=c=1) 

(1V — yak, + 1) bo, (0) = ae (re) CMY (1). (1) 
where p, Ej(p., E,) are the momentum and energy 
of the proton (or antiproton). We shall denote the 
momentum of a y-quantum of frequency w by k, 
and its polarization vector by e. The wave function 
of the antiproton, which is a free particle in its final 
state, is a superposition of a plane wave and of a 
wave diffracted on the black nucleus.” 

We find the wave function %p, of the proton by 
means of the Green’s function? of Eq. (1), under the 
condition that the antiproton is at infinity. We ob- 
tain the cross section for the process by calculat- 
ing the total flux of protons incident upon the nu- 
cleus: 


ds = \ j (Sy) ds; | F |? dpy dk, / (2)*; 
1 (S1) = (bp, (Si) oe Dp, ($1); 


where k, is the transverse momentum of the 
emitted antiproton and F is in the nature ofa 
nucleon form-factor.’ Integration over 8; (8) 
is carried out along a circle with radius R, per- 
pendicular to p;(p.) and passing through the 
center of the nucleus. 

We obtain the following expression for the dif- 
ferential cross-section of the process, averaged 
over possible polarization of the y -quantum: 


SWEET 
ds (Ex, 1) = Sr Gage ((E2 +0 — E,VIK ©) 
dE,dn 
+ E,(o— E2) E(s)} Gaye? (2) 
q=k/m, ®=v/(1+7), dy =rdnde,, 


where K(e) and E(«) are complete elliptic in- 
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tegrals of the first and second kind respectively. 
It can be seen from Eq. (2) that Neff ~1, i.e. 
eff ~ m/E,. The form-factor F can be deter- 
mined from comparison with experiment. At high 
energies, the differential cross section for small 
angles attains large values. 

Integration over E, and 7 can be carried out 
only for F=1. We have then 


o = (e2/ 24x?) (R/m) ® (Hmax); 


Nmax 


® (tmx) = | [4K (ag (3) 


+E eae eat 


If we put Nmax =~ (in general, Nmax should be 
of the order of unity) we have @() = 91°/8, 

o ~107%8cm?. As in the scalar case,’ the total 
cross section is independent of the y -quantum 
energy and is proportional to R/m and not to Ry 
since in the effective region for the process, that 
ahead of the nucleus, the ~%-function of the emitted 
particle has a shadow and the whole process is de- 
termined by the penumbra region. 

Equation (2) has been obtained under the assump- 
tion that the nuclear radii (R, with respect to pro- 
tons and R», with respect to antiprotons) are equal, 
R, = R, =R. The cross section for the process is 
then independent of which particle, the proton or 
the antiproton, is free in the final state. If R, # Rb, 
and AR > 1/m, then the cross section for the proc- 
ess with emission of the more strongly interacting 
particle is, in the given approximation, exponentially 
small (~exp(—@AR), @~m). The cross section 
for the process with emission of the less strongly 
interacting particle (the proton) can be obtained 
from Eq. (2) by replacing R with 2R; for R, > R, 
(or with 2R, for R»< Rj). 


‘Tu. A. Vdovin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 782 (1956), Soviet Phys. JETP 8, 755 (1956). 

“Tu. A. Vdovin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 542 (1957), Soviet Phys. JETP 5, 452 (1957). 

3.1. Akhiezer, Dokl. Akad. Nauk SSSR 94, 651 
(1954). 

ligt Pomeranchuk, Dokl. Akad. Nauk SSSR 96, 
265, 481 (1954). 
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Recentiy a number of papers!~4 have appeared 
in which different modifications of the Overhauser 
method are proposed to obtain nuclear polarization 
in nonmetals. In particular, these papers discuss 
the polarization of the nuclei of paramagnetic atoms 
in salts and of the nuclei of donor and acceptor im- 
purities in silicon and germanium. The problem is 
mainly to obtain a nonequilibrium nuclear polari- 
zation thanks to the fast passage effect. In the 
present paper we shall be concerned with obtaining 
a stationary nuclear polarization. 

Let us consider a system consisting of a nucleus 
of spin I and an electron located in a magnetic field 
of strength H. The system will have 2(21+1) 
levels corresponding to two values of the electron 
spin component (M), and 2I1+1 values of the 
nuclear spin component (m). Assuming the ex- 
ternal field to be sufficiently strong (Zeeman en- 
ergy of the electron considerably larger than the 
spin-spin interaction energy of the electron with 
the nucleus) we get 21 +1 transitions in the para- 
magnetic-resonance spectrum (selection rules: 
AM=z1, Am=0). To evaluate the population of 
the levels, we neglect the spin-spin interaction 
energy and the Zeeman energy of the nuclear spin, 
and we obtain 2] +1 pairs of levels with an en- 
ergy level difference in each pair equal to 26H 
(see figure). 


We consider the most important case, where 
we can neglect for the nuclear spin all interac- 
tions except the contact interaction, which is pro- 
portional to (S-1)6(r). In that case we have, for 
the relaxation processes involving the nuclear spin, 
the selection rule A(M+m)=0. 

Let complete saturation be reached (that is, 
let the saturation parameter be equal to unity) for 
all 21+ 1 paramagnetic resonance levels. We 
get then Overhauser’s known result, i.e., the de- 
gree of polarization is equal to 


f = B, (2/8), 8 = BH /kT, (1) 
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where By is the Brillouin function. In other words 
we have the result that the effective nuclear gyro- 
magnetic ratio is equal to the electronic gyromag- 
netic ratio. 

In the case of nonmetals, however, we have a 
developed hyperfine structure of the paramagnetic 
resonance, and it is difficult to saturate all its 
components. Simple calculation shows that upon 
total saturation of the hyperfine structure compo- 
nents corresponding to a nuclear spin component 
equal to m, we get for the nuclear polarization 


[Z (/ + 1) —— m*| (ce — e— 2) Lm Cee e—>)2 
ai (2(2 +1) + (i — me? 4+ (1+ mye) * 


f= (2) 


In particular, we have for 6 «1 


IT(1+14)—m? 
T(ai+1) 


f= 


(3) 
and for 6 >1 


fea dem) 21, if mae, 


f=1/2 +1), if 7 (4) 

We see thus that for small 6 it is more advan- 
tageous to saturate the lines with m=0 or m= 
+3 (depending on whether I is integral or half- 
integral) to obtain the largest f. In the case of 
large 6 it is advantageous to saturate the line 
with m=I-—1. In particular, in the latter case 
we get {1 for 6 > 1, as can easily be under- 
stood (practically only the level M=-—4%, m=I 
will be occupied). 

Experimentally the magnitude of the nuclear 
polarization can be measured from the intensity 
of the unsaturated paramagnetic resonance lines, 
from the intensity of the nuclear magnetic reso- 
nance lines (transitions AM=0, Am=#1), or, 
in the case of the polarization of radioactive nuclei, 
from the angular anisotropy of the y-radiation. 


1G. Feher, Phys. Rev. 108, 500 (1956); G. Feher 
and E. A. Gere, Phys. Rev. 108, 501 (1956). 

2A. Abragam and J. Combrisson, Nuovo cimento 
Suppl; 6,.1197. (1957). 

3C.D. Jeffries, Phys. Rev. 106, 164 (1957). 

4Pines, Bardeen, and Slichter, Phys. Rev., 106, 
489 (1957). 
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MEAN FREE PATH OF ELECTRONS IN 
HIGH-PURITY TIN 


B. N. ALEXANDROV and B. I. VERKIN 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor March 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1655-1656 
(June, 1958) 


lee production of many pure metals has been 
made possible by to the development of the method 
of multiple zone crystallization ingots.! Thus, mul- 
tiple zone crystallization of tin ingots? combined 
with prolonged high-temperature heating of this 
metal in high vacuum? has yielded tin of very high 
purity. 

The purification of the tin was controlled by 
measuring the residual resistance 6 = Ry.»/Ryoom 
of samples taken from different sections of the 
thoroughly heated and re-crystallized ingot. (Here 
Ry. is the resistance of the sample at 4.2°K and 
Rroom — its resistance at room temperature.) 
While working with high-purity tin, Ry» was found 
to depend on the cylindrical-sample, wire diameter, 
owing to the fact that this diameter became com- 
mensurate with the electron mean free path. 

Figure 1 A presents 6 as a function of the 
cylindrical-wire diameter for tin with 6, =1.8 x 
LOR 


bs. 


ew ae 
ad/r=H 
FIG. 1. A — Variation of residual resistance of tin with 
doo = 1.8+ 10° with the diameter of the cylindrical wires. 
B — theoretical curve+ of 5/5. as a function of k = d/A for 
p = 90; d — diameter of the cylindrical wires, A — electron mean 
free path, O — experimental data for 4 = 0.65 mm. 


It is known that the investigation of the electric 
resistances of thin films and metal wires is the 
oldest method of determining the electron mean 
free path in these materials. This problem was 
theoretically investigated for cylindrical wires by 
Dingle.* His work contains a table of o,, /o for 
arbitrary k, along with the formulas 
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iy peso eZ 8, (1) 


(where k=d/X, d is the wire diameter Oo the 
conductivity of the bulk metal, and p the proba- 
bility that the electron scatters elastically). The 
curve of Fig. 1B displays this function graphically 
for p=0. The dots represent the experimental 
values. They fit the theoretical curve best when 
A = 0.65 mm. 

It is known that 


Sa |i = 1 / Pook = (82/3) e% (nan)'* /h 
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where na_ is the number of electrons per unit 
volume, and n their number for one atom of 
metal. For tin at room temperature, p=1.1 * 
10~>ohm-cm, while p43? = 1.98 x 107'?ohm-cm. 
Using this value we find, according to formula (2), 
that at 4.2°K 


ni ls = 5.7: LO 


or n* 0.8. This value agrees with Borovik’s? 
data, obtained for tin by experimental investiga- 
tions of galvano-magnetic phenomena at low tem- 
peratures. The results of the present work, as 
well as data of other authors who investigated the 
influence of size on the electric resistivity of tin 


= 72110? (nan), (2) are given in a table below. 
Rene ae ACen Gren’) @ State of specimen 
Present work ae eo N= ll) CARD 6.5-10-2 1. || Ox Crystal 
Andrew® fe =1.8-10-2 | 3.8 | 9.5-40-2 | 2.0 | 0.43 f ee ee 
sag ae —3.5-10-° | 4.2 | 4.5-40-2 | 2.3 | 0.35 Crystal 


All these data are in full agreement with the 
results obtained when investigating the anomalous 
skin effect in tin. Really, Chambers® has obtained 
by similar investigations of tin pA = 1.0 x 10 s:@ 
em? and n*# 1.1. 

‘Ww. G. Pfann, J. Metals 4, 747-753 (1952). 
Alexandrov, Verkin, Lifshitz, and Stepanova, 
@Mus3zvka MeTalI0B WU MeTammoBemenue (Phys. of 
Metals and Met. Res.) 2, 105 (1956). 

? Alexandrov, Verkin and Lazarev, ®usuxa 
MeTaIJIOB H MeTanoBeqeHHe (Phys. of Metals and 
Met. Res.) 2, 93 (1956). 

3 Alexandrov, Verkin and Lazarev, ®usuxka 
MeTaIIOB H MeTatIoBefqeHue (Phys. of Metals and 
Met. Res.) 2, 100 (1956). 

*R. B. Dingle, Proc. Roy. Soc. A201, 546-560 
(1950). 


5. S. Borovik, Izv. Akad. Nauk SSSR, Ser. Fiz. 


19, 429-443 (1955). [Columbia Tech. Transl. 19, 
383 (1955)]. 

6. R. Andrew, Proc. Phys. Soc. A62, 77-87 
(1949). 

"J. E. Kunzler and C. A. Renton, Phys. Rev. 
108, 1397 (1957). 

8R. G. Chambers, Nature 165, 239-240 (1950). 
E. H. Sondheimer, Advances in Physics 1, 1-42 
(1952): 
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WVeren dealing with a metric which is almost 
Galilean, we can write 


G = grV— g 


6900 — Wik ee VP 


g = 34 — ky; k= V l6xx =x / C3 


=— 88 =1. (1) 


It is then possible to expand the Lagrangians of all 
the fields in powers of the constant k. For the 
scalar (or pseudoscalar), spinor (as developed 
by Rumer! ), electromagnetic, and gravitational 
fields these expansions are, respectively 


4 yd 
Loo = oe (8°90 u9,y — mg?) 


=i +5 sy Yang? — 1% uP 2.) + O (R’); (2) 
Lop = © (Py (#) Bu — Guu (a) Y) 3 (@) 
+ [= (Pr (4) du — dur )Y) (3) 


th ee es Ai LNs Ye ; 
x (-+ Oeed% (a) + d206 (a) \+5 5 MPP «| yee + 0 (k?); 
Lom = — EPP ap [2 x58 
I Nea % 
fe e ye Oe ) + O (R*); (4) 


V—g 4 V, suv | = v 
errno: ee = AO Vols of 9 


io 4 ne, 
Hat Yee ee = ou Maps Or 


ers: ee 2 ey? Fat, wv 


— = Nee rece” pitas HY uy aa me ie Vas, y (9) 


1 ? a v 
a as, re ees 
— 4 sal alan a un ony HY fo Byog, a vy) + Ok) 


89(0) = 1, 34(1) = 8°(2) = 8%(3) =i 


From these expressions, it is an easy matter to 
obtain the cross sections for scattering of the quan- 
ta associated with these fields by a static spheri- 
cally-symmetric gravitational field given by 
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et = 4 288803 Yea = — MR / Aer. (6) 


It is clear that one of these processes, namely 
the scattering of a graviton by a Schwarzschild 
field, is entirely nonlinear. We remark that this 
effect is similar to the well-known Delbriick scat- 
tering effect (scattering of a photon by the Cou- 
lomb field of the nucleus), which lies at the fron- 
tier of modern experimental techniques. Graviton 
scattering by a Schwarzschild field, however, takes 
place at a lower order of perturbation theory. We 
shall here make use of the usual expressions for 
the commutation relations for all the fields involved 
(see, for instance, Bogoliubov and Shirkov? ) includ- 
ing the gravitational,’ since we shall be using the 
interaction representation (which was first used 
for the gravitational field by Gupta‘). The matrix 
elements for our processes are 


ae ere 
F sc (R, B') 8 (Ry — ko) = ——gys- —ppe “sin? (072)? 
(7) 
eM Rove (K’) x (0) ty (Kk) , 
Fisp (Ry 8’) = ayn ain Dy =e (8) 
, ik?M 1 aha 2 ) k; Rp ci es 
Fem (le, k’) = 35 Bsint(@ 7) (ci’ekco tara ik 
(9) 
ik?M 1 
Fy (R, eee 428m? k, sin? (0 / 2) 
de O01 Ceres eon 
x 1 — 2sin zy) eyes = os Ou v9x6 (10) 
X cabseue OS OrOe 8 ei, DUE at eal Ome ce becker oa 


and from these, after the usual summation and av- 
eraging over polarizations of the particles involved, 
we obtain the differential cross sections 


bt ( ko — m? / 2 2 Te 
d5sc = “aga ke sin? (0/2) ’ 
hie ke ye ; 
dsp = (167)? & ) sin* ney hy 2% (11) 
k*M? kt M2 cos? 0 
Asem = (16r Pe 7 Cot? ( (9/2) ) dQ; dog = Emer aint (0/2) Oe 


It is interesting that these cross sections all be- 
come the same at small angles for zero rest mass 
of the quanta, independent of the spin. For non- 
zero rest mass, however, as well as at large an- 
gles, the different dimensionalities of the tensors 
describing the fields lead to large differences in 
the cross sections. In general one can say that 
the mass causes the cross sections to increase. 
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Thus when the mass is included in the equations, 
it is found to have gravitational properties, from 
considerations of special relativity (energy con- 
siderations). 

We note that one of the cross sections here ob- 
tained (that for photon scattering) was previously 
obtained by Pijr,? who clearly showed the analogy 
of this effect to the corresponding classical effect. 
Since, as we have seen, the scattering cross sec- 


tion of a particle with zero rest mass by a Schwarz- 


schild field is 
Sy = (k4M? / 8x) | db / 63), 


then, inserting the angle 9 = k*?M/4mR (the angle 
through which light rays are bent according to the 
classical theory), we have doy = 27RdR, which 
is the classical expression for the cross section 
for scattering by a sphere of radius R. 

In conclusion I thank D. D. Ivanenko and M. M. 
Mirianashvili for their interest in the work. 


‘Tu. B. Rumer, Uccuexosanua no naTuontTuKe 
(Investigations in Five-Optics) GITTL, M., 1956. 

2N. N. Bogoliubov and D. V. Shirkov, Bsexenne 
B TCOPHIO KBaHTOBaHHbIx DOKeH (Introduction to the 
Theory of Quantized Fields) GITTL, M., 1957. 

37, Pijr, Tp. Wu-ra dbus. u acrpon. AH Ocronck. 
CCP (Trans. Inst. Phys. and Astron. Eston. 
Svs. ).b, 41 (1957): 

4S. N. Gupta, Proc. Phys. Soc. (London) A65, 
161 (1952). 
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In the present paper we consider the possibility 
of constructing a molecular amplifier and genera- 
tor (MAG), for waves shorter than 1 mm, using 
ammonia molecules. The rotational transitions 
of the NH; molecules lie in the wavelength region 
below 1 mm. These transitions can be used to 
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J=J5 


The rotational spectrum of NH, 
for J = 3, 2, 1, and 0, and for K=0. 


construct the MAG. The rotational transitions 
are sorted out at the same time as the inversion 
levels, viz.: molecules in the lower inversion level | 
are sorted out by passing the molecular beam | 
through a quadrupole condenser. The system of | 
rotational-inversion levels after sorting is given 
in the figure for J=3, 2,1, and0 andfor K=0. 
Levels which are not occupied by molecules are 
shown by dotted lines. The solid arrows show 
transitions increasing the energy of the incident 
radiation; dotted arrows show those absorbing 
energy. 

An amplifier can be constructed using a device 
in which the radiation coming from one horn crosses | 
a number of molecular beams and falls on a second 
horn. If the average density of the number of ac- 
tive molecules is equal to N, the coefficient of 
negative absorption is determined by the equation 


a = 8x7v | mn 2 NV /hedy, (1) 


where v is the frequency of the transition, Umn 
the dipole-moment matrix element, Av the line 

width, h Planck’s constant, and c the velocity 

of light. 

If the power of the radiation leaving horn 1 is 
equal to Py, the power after passing a path 7 and 
entering horn 2 rises to Py, = Ped, Let v=6*x 
10"cps (XA =0.5 mm), |Mmpl® =2 x 1078, Av = 
5 X10%cps, and N=10!%em73. Then a =1 cm. 
If 2=10cm, Py, /Py) = 2.2 x 104. The maximum 
power which such a beam can produce is about one 
microwatt. To construct a molecular generator one 
can use two plane-parallel mirrors as the resonator.. 
If the distance between the mirrors is J, the re- 
flection coefficient of the mirrors is k, and we 
assume that energy losses of the plane waves oc- 
cur only upon reflection from the mirrors, the 
Q-factor of such a system is equal to 


Q = (2! /d)/(1 —). (2) 


If 1=1em, %=0.05cem, k=0.95, then Q = 2400. 
However, energy losses occur also because the 


| 
. | 


| 
: 
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wave is not plane but has an angular spread 26 ~ 
A/D, where D is the linear dimension of the mir- 


‘ ror. Because of this effect, the energy Py, after 


n reflections will be 
P,= P,/(1+nlh/ D2). (3) 


The quantity nl is the path traversed by the wave 
during the n reflections. This time is equal to 
m= nl/c. 

If we know the Q-factor of the system, the time 
in which the power decreases by a factor e is 
equal to T= Q/2mv. During this time the wave 
traverses a path nl=crT; if Q = 2400, and p= 


6 x10'! cps, n/ = 21 cm. 


If D=3 cm, we get from (3) Py =0.8P), i.e., 
in our case the losses during reflection play the 
dominant part. 

The condition for self-excitation can be written 
in the form 


heal > 1, (4) 


If @=1em?, J=1 cm, k = 0.95, condition (4) is 
satisfied by a wide margin. If eal > 1, self-ex- 
citation occurs for small k. 
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In reference 1 it was proposed to use a molecular 
system possessing three energy levels for the con- 
struction of molecular amplifiers and generators. 
Later this problem was considered in more detail 
as applied to paramagnetic crystals.” There are 
reports about the construction of three-level para- 
magnetic amplifiers using a single crystal of gado- 
linium ethylsulphate® and a single crystal of chro- 
mium cyanide.‘ We have investigated the possi- 
bility of constructing a paramagnetic amplifier and 
generator using a single crystal of chromium ce 
rundum (Al,03-Cr,03). The spectrum of Cr°” in 
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Photograph of the M = 3/2 > % absorption line at 3000 Mcs 
for different power levels of the auxiliary radiation P,,,. 
Fig. la corresponds to Pay, = 0. Fig. lc corresponds to a 
value of Pay, for which saturation is reached. Fig. 1b corre- 
sponds to an intermediate case. 
corundum was investigated in a number of papers.°~® 
The Cr** ion in corundum is in an axial electrical 
field which splits the spin quadruplet of the lower 
orbital singlet level into two doublets, the distance 
between which is equal to 2D = —0.3824cm™!. The 
spin-lattice relaxation time of Cr**, even at liquid 
nitrogen temperatures, is sufficiently long,'° ~10~4 
sec. 

For a paramagnetic amplifier, we have used the 
levels that are characterized by the quantum num- 
bers M=%, +¥, when the crystalline axis is 
oriented parallel to the constant external magnetic 
field. If the axis of the crystal is turned, the states 
mix and transitions between all three levels be- 
come allowed. The levels M=—'%, ¥, were used 
for amplification, and the auxiliary radiation ex- 
cited transitions between the levels M = %, —%. 
The frequency at which emission (or generation) 
occurred was ~3000 Mcs and the frequency of 
the auxiliary radiation ~15000 Mes. 

In the figure we show photographs of the line 
corresponding to the —4 <— + ¥, transition at a 
frequency of 3000 Mcs, as a function of the power 
level of the auxiliary radiation. It is clear from 
the photographs how the absorption line (la) goes 
over into an emission line (1c) when the power of 
the auxiliary radiation is increased. At T ~ 2°K, 
the system became self-excited and acted as a 
generator. 

Detailed data on the operation of the constructed 
amplifier will be published later. 

The authors express their gratitude to Professor 
A. I. Shal’ nikov for his assistance with the perfor- 
mance of the experiments at low temperatures. 


1. G. Basov and A. M. Prokhorov, J. Exptl. 
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3 Scovil, Feher, and Seidel, Phys. Rev. 105, 762 
(1957). 
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lis is impossible to define a sharp boundary between 


typical ionic crystals and typical molecular crystals. 


1. It is well known, that ionic compounds evapo- 
rate in the form of molecules, which are quite 
stable. Their energy of dissociation (into ions) is 
in the range of 160 to 40 kcal/mole and exceeds the 
sublimation heat of the same crystals. Considering 
the formation of liquid and solid state as the result 
of condensation of molecular vapor, it is possible 
to expect the molecules to be conserved, to some 
degree, also in the crystalline state. 

2. A considerable part of the molecules of ionic 
compounds have large dipole moments, and the in- 
teraction between them can supply binding energies 
on the order of the sublimation heat of these sub- 
stances. For example, for the molecules of CsI, 
uw =10 x10 '8CGS electrostatic units. Supposing 
that the intermolecular distances are equal to 5 x 
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1078cem, we find the work of the attraction forces 
between two molecules to be 11 kcal/mole. Hence 
the contribution of the dipole interaction to the en- ‘ 
ergy in the molecular lattice of CsI is appr oxi- 
mately equal to 11(1/2) = 66 kcal/mole (assum- 
ing that the coordination number is 1=12 for a 
hypothetical lattice comprising two atomic mole- 
cules). In those cases, when the molecules of the — 
ionic compounds have no dipole moments, as for 
example HgCl,, the Van-der-Waals interaction 
between them can provide a binding energy on the 
order of their sublimation heat. Example: 

The energy of the dispersion interaction be- 
tween two HgCl, molecules is 3 kcal/mole (taking 
the ionization potential as 12 ev, the coefficient of 
polarization as 9 x 107*4cm™8 and the distances 
between molecules as 4.3 x 10-°cm) and the lattice 
energy is approximately equal to 3(1/2) = 18 
kcal/mole (if 1=12). In practice the sublimation 
heat of HgCl, is 20 kcal/mole. 

3. The principal feature of the molecular struc- 
ture of crystals is the existence of differences in 
the interatomic distances between a given atom 
(ion) and its nearest neighbor. In these cases it 
is possible to distinguish the “molecules” in the 
structure. At the same time, the structure is char- 
acterized by the distances (radii) between the 
molecules and inside the molecules. The majority 
of studied heteropolar compounds exhibit this fea- 
ture, although, with some exceptions, no attempt 
has yet been made to describe the structures of 
the ionic compounds as molecular ones. Things 
are different for a comparatively small number of 
heteropolar compounds with structures of the NaCl, 
CsCl, ZnS type. It is therefore possible to con- 
sider these structures not as the rule, but as an 
exception in the group of heteropolar substances. 

4. In many compounds such as NaCl, HgCl, or 
HCl properties such as the temperature and the 
heat of melting and evaporation, as well as com- 
pressibility, change gradually from typical ionic 
to typical molecular structures, which indicates a 
gradual change in the degree of molecularity of the 
crystals, and the presence, to a certain degree, of 
bonds of molecular character in typical ion sub- 
stances. 

5. Based on the above, one might think that 
many properties of ionic crystals are determined 
by the energy US of “small” intermolecular in- 
teraction, which is less than the Born lattice en- 
ergy EB. In particular cases, US =S, the sub- 
limation heat. The question of the dimensions and 
forms of the molecules in crystals of different 
substances should be resolved separately. In some 
cases one must consider the “molecules” that make 
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up the crystals as infinitely long unidimensional or 
two-dimensional atom complexes, bound together 
by “small” forces of one nature, whereas in the 
complex itself the atoms are bound by “big” forces 
of another nature. 

6. The difference between the typical molecular 
crystals (e.g., the CH, or CgH, crystals) and the 
heteropolar molecular crystals (such as the NaCl 
HgCl, or PbS crystals) lies: (1) in the degree of 
molecularity 8; (2) in the nature of the forces in 


b) 


forces. The quantity £8 is defined as the ratio of 
the intramolecular energy U®? = D (D is the en- 
ergy of dissociation of the diatomic molecule into 
ions) to the intermolecular energy U® per bond. 
For the substances for which £ is given below, it 
is possible to take U® ~ 28/1. Example: 
B = 300(CH,), 200(HC1), 22(HgCl,), 10(NaCl) 

taking /=12 in all four cases. 
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Extension of the Bogoliubov-Tiablikov Perturbation 
Method to a Non-Stationary Case. S. V. Vonsovskii 
and V. I. Cherepanov — 67. 

Fine Structure and Hyperfine Structure of Paramagnetic 
Resonance of Cr*++t+ in Synthetic Ruby. G. M. Zverev 
and A. M. Prokhorov — 354L. 

Hole Bands in NaCl Type Crystals. T. I. Kucher — 274. 

Hyperfine Interaction and Spin-Electron Resonance in 
Polarons and Excitons. M. F. Deigen and S. I. Pekar 
— 471. 

Influence of the Lattice Vibrations of a Crystal on the 
Production of Electron-Hole Pairs in a Strong Elec- 
trical Field. L. V. Keldysh — 665. 

Interaction between Electrons and Lattice Vibrations in 
a Normal Metal. A. B. Migdal — 996. 

Mean Free Path of Electrons in High-Purity Tin. B. N. 
Aleksandrov and V. 1. Verkin — 1137L. 

Measurements of the Spin-Lattice Relaxation Times of 
Cr*+ in Corundum. P. P. Pashinin and A. M. Pro- 
khorov — 535L. 

Multimagnon Processes in the Scattering of Slow Neu- 
trons in Ferromagnets. S. V. Maleev — 1048. 

On the Electrostatic Theory of Ionic Crystals. A. V. 
Stepanov — 1142L. 

On the Theory of the de Haas-van Alphen Effect for 
Open Isoenergetic Surfaces. G. E. Zil’berman 
— 169L. 

On the Theory of the Thermal Conductivity and Absorp- 
tion of Sound in Ferromagnetic Dielectrics. A. I. 
Akhiezer and L. A. Shishkin — 875. 

On the Theory of Thermal Excitation of Polarons. V. A. 
Moskalenko — 241, 

Optical Properties of Metals in the Infrared Region. 

V. P. Silin — 486. 

Polarization of Slow Neutrons Scattered in Crystals. 
S. V. Maleev — 89. 

Reflection of Slow Electrons from the Surface of Pure 
Tungsten and from Tungsten Covered with Thin Films. 
Il. D. A. Gorodetskii — 4. 

Role of Lattice Thermal Conductivity in the Phenomeno- 
logical Theory of Paramagnetic Relaxation. N. K. Be- 
lousova — 258. 

Specific Heat of Bismuth between 0.3 and 4.4°K. I. N. 
Kalinkina and P. G. Strelkov — 426. 

Structure of Superconductors: XII. Investigation of Bis- 
muth-Cesium Alloys. N. N. Zhuravlev — 571. 

Structure of Superconductors: XII. Investigation of Bis- 
muth-Rubidium Alloys. N. N. Zhuravlev, T. A. Minga- 
zin, and G. S. Zhdanov — 566. 

The Effect of a Strong Electric Field on the Optical 
Properties of Insulating Crystals. L. V. Keldysh 
— 788. 

The Interaction of Electrons with Lattice Vibrations. 

S. V. Tiablikov and V. V. Tolmachev — 867. 

The Phase Diagram of the Hydrogen-Deuterium System. 

V.S.Kogan, B.G. Lazarev, and R.F.Bulatova — 165L. 
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The Thermodynamical Theory of Resonance and Relax- 
ation Phenomena in Ferromagnetics. G. V. Skrotskii 
and V. T. Shmatov — 508. 

Theory of Diffuse Scattering of X-Rays and Thermal 
Neutrons in Solid Solutions. III. Account of Geometri- 
cal Distortions of the Lattice. M. A. Krivoglaz — 139. 

Diamagnetism (see Magnetic Properties) 
Dielectrics and Dielectric Properties 

Collective Oscillations of Electrons in Crystals. E. L. 
Feinberg — 780. 

On the Theory of the Stability of Liquid Jets in an Elec- 
tric Field. G. A. Glonti — 917L. 

On the Theory of the Thermal Conductivity and Absorp- 
tion of Sound in Ferromagnetic Dielectrics. A. I. 
Akhiezer and L. A. Shishkin — 875. 

Peculiarities of the Photoconductivity in Cadmium Sel 
enide. S. V. Svechnikov — 379. 

Phonon Interactions of Electrons in Polar Crystals. 

JX, Wo Bbwilvis, = INA b, 

Radiative Corrections to Compton Scattering Taking 
into Account Polarization of the Surrounding Medium. 
M. 1. Riazanov — 869. 

Reflection of Slow Electrons from the Surface of Pure 
Tungsten and from Tungsten Covered with Thin Films. 
Il. D. A. Gorodetskii — 4. 

Resonance Absorption of Electromagnetic Waves by an 
Inhomogeneous Plasma. N. G. Denisov — 364L. 

Scattering of Light in a Fermi Liquid. A. A. Abrikosov 
and I. M. Khalatnikov — 135. 

The Anomalous Skin Effect in the Infra-Red Region. 

L. T. Pitaevski — 652. 

The Effect of a Strong Electric Field on the Optical 
Properties of Insulating Crystals. L. V. Keldysh 
— 788. 

The Energy of an Exciton in Alkali-Halide Crystals. 

I. M. Dykman and A. A. Tsertsvadze — 910L. 
Diffraction 

On the Scattering of X-Rays and Thermal Neutrons by 
Single-Component Crystals near Phase-Transition 
Points of the Second Kind. M. A. Krivoglaz — 281. 

Diffusion 

Concentration of Negative Ions in the Plasma of a Posi- 
tive Column. M. V. Koniukov — 629. 

Concerning Ambipolar Diffusion in a Magnetic Field. 

A. V. Nedopasov — 923L. 

Energy Diffusion of Fast Ions in an Equilibrium Plasma. 
V.S. Kudryavtsev — 1075. 

Kinetic Theory of the Flow of a Gas through a Cylindri- 
cal Tube. O. German — 1016. 

On the Solution of the Kinetic Equation for Transport of 
Neutrons or y-Ray Quanta by the Method of Partial 
Probabilities. I. G. Diad’kin — 1039. 

Elasticity and Plasticity 

Dynamic Compressibility and Equation of State of Iron 
under High Pressure. L. V. Al’tshuler, K. K. Krupni- 
kov, B. N. Ledenev, V. L. Zhuchikhin, and M. I. 
Brazhnik — 606. 

Dynamic Compressibility of Metals under Pressures 
from 400,000 to 4,000,000 Atmospheres. L. V. Al’- 
tshuler, K. K. Krupnikov, and M. I. Brazhnik — 614. 

Experimental Determination by an Optical Method of the 
Stresses in an Anisotropic Plate under the Action of a 
Concentrated Force. II. V. M. Krasnov, A. V. Stepanov, 
and E. F. Shvedko — 619. 


1156 


Electrical Breakdown (see Dielectrics and Dielectric 
Properties; Electrical Discharges) 

Electrical Conductivity and Resistance 
Contribution to the Theory of Surface Impedance of 

Metals in Anomalous Skin Effect. M.la. Azbel’ — 527L. 

Correlation Relations for Random Electric Currents 
and Fields at Low Temperatures. F. G. Bass and M. I. 
Kaganov — 799. 

Cyclotron Resonance in Lead at 8,900 Mcs. P. A. Be- 
zuglyi and A. A. Galkin — 163L. 

Distribution of Magnetic Induction in the Intermediate 
State of a Current-Carrying Superconductor. B. V. 
Makei — 217. 

Effect of Hydrostatic Compression on the Electrical 
Conductivity of Metals at Low Temperatures. L.S. 
Kan and B. G. Lazarev — 180L. 

Electrical Resistance of Iron, Copper, and Nickel- 
Copper Alloys at Low Temperatures. E. I. Kondorskii, 
O. S. Galkina, and L. A. Chernikova — 741. 

Hole Bands in NaCl Type Crystals. T. 1. Kucher — 274, 

Investigation of the Surface Resistance of Tin in Weak Mag- 
netic Fields. P.A.Bezuglyi and A. A.Galkin — 164L. 

Mean Free Path of Electrons in High-Purity Tin. B.N. 
Aleksandrov and V. 1. Verkin — 1137L. 

Measurement of the Surface Impedance of Superconduc- 
tors at 9,400 Mcs. L. A. Prozorova — 9. 

Oblique Shock Waves in a Plasma with Finite Conductiv- 
ity. M. 1. Kiselev and V. 1. Tsepliaev — 1104. 

Quantum Oscillations of the High-Frequency Surface Im- 
pedance. M. Ia. Azbel’ — 801. 

Quantum Theory of the High Frequency Conductivity of 
Metals. M. Ia. Azbel’ — 669. 

Electrical Discharges 
Concentration of Negative Ions in the Plasma of a Posi- 

tive Column. M. V. Koniukov — 629. 

Concerning Ambipolar Diffusion in a Magnetic Field. 
A. V. Nedopasov — 923L. 

Motion of Ions in a Mixture of Isotopes. Iu. M. Kagan 
and V. I. Perel’? — 87. 

On the Theory of the Positive Column in an Electroneg- 
ative Gas. M. V. Koniukov — 1122L. 

Rotation of a Plasma. V. G. Stepanov, V. F. Zakhar- 
chenko, and V. S. Bezel’ — 353L. 

Spectroscopic Investigation of Intense Pulsed Dis- 
charges in Hydrogen IJ. S. Iu. Luk’ianov and V. I. 
Sinitsyn — 587. 

The Mechanics. of Formation of Striations in the Posi- 
tive Column of a Gas Discharge. I. M. Chapnik — 1033. 

Theory of the Development of a Spark Channel. S. I. 
Braginskii — 1068. 

Electrical Properties (see also Dielectrics and Dielec- 
tric Properties; Electrical Conductivity and Resistance; 
Semiconductors; Superconductivity) 

Collective Oscillations of Electrons in Crystals. E. L. 
Feinberg — 780. 

On the Electrostatic Theory of Ionic Crystals. A. V. 
Stepanov — 1142L. 

On the Theory of Plasma Waves in a Degenerate Elec- 
tron Liquid. V. P. Silin — 538L. 

Peculiarities of the Photoconductivity in Cadmium Sel- 
enide. S. V. Svechnikov — 379. 

Proton Wave Equations. A. A. Borgardt — 913L. 

Quantum Oscillations of the High-Frequency Surface 
Impedance. M. Ia. Azbel’ — 801. 


Quantum Theory of the High Frequency Conductivity of 
Metals. M. Ia. Azbel’ — 669. 

Temperature Anomaly in the Resistance and the Hall 
Effect in Gold. Iu. P. Gaidukov — 577. 

The Antiferromagnetic Orientation of Magnetic Moments 
in the Alloy Ni;Fe. M. V. Dekhtiar — 531L. 

Electrodynamics (see Electromagnetic Theory and Elec- 
trodynamics) 
Electromagnetic Theory and Electrodynamics (see also 

Microwaves) 

Cerenkov Radiation of Longitudinally Polarized Elec- 
trons. A. A. Sokolov and Iu. M. Loskutov — 706L. 

Collective Oscillations of Electrons in Crystals. E. L. 
Feinberg — 780. 

Correlation Relations for Random Electric Currents and 
Fields at Low Temperatures. F. G. Bass and M. I. 
Kaganov — 799. 

Effect of Collective Interaction of Electrons in Cyclic 
Accelerators. L. M. Kovrizhnykh and A. N. Lebedev 
— 679. 

Electromagnetic Waves in Isotropic and Crystalline 
Media Characterized by Dielectric Permittivity with 
Spatial Dispersion. V. L. Ginzburg — 1096. 

Interaction of a Medium with a Current Incident on it. 

Vi. Ne Lsyovich—aril3iin 

Motion of Electron along Self-Intersecting Trajecto- 
ries. G. E. Zil’berman — 513L. 

Oblique Shock Waves in a Plasma with Finite Conduc- 
tivity. M. 1. Kiselev and V. 1. Tsepliaev — 1104. 

On the Polarization of the Cerenkov Radiation from a 
Fast Particle Carrying a Magnetic Moment. Iu. M. 
Loskutov and A. B. Kubanov — 328. 

Potential Wells for Charged Particles in a High-Fre- 
quency Electromagnetic Field. A. V. Gaponov and 
M.A. Miller — 168L. 

Propagation of an Electromagnetic Field in a Medium 
with Spatial Dispersion. V. D. Shafranov — 1019. 

Radiative Corrections to Compton Scattering Taking into 
Account Polarization of the Surrounding Medium. M. I. 
Riazanov — 869, 

Relativistic Motion of an Electron in an Axially Sym- 
metric Field which Moves along the Axis of Symmetry. 
M. V. Koniukov and Ia. P. Terletskii — 692L. 

Resonance Absorption of Electromagnetic Waves by an 
Inhomogeneous Plasma. N. G. Denisov — 364L. 

Rotation of a Plasma. V. G. Stepanov, V. F. Zakhar- 
chenko, and V. S. Bezel’? — 353L. 

Stability of the Stationary Convective Flow of an Electri- 
cally Conducting Liquid between Parallel Plates ina Mag- 
netic Field. G. Z. GershuniandE. M. Zhukhovitskii — 465. 

Stationary Convective Flow of an Electrically Conducting 
Liquid between Parallel Plates ina Magnetic Field. G. Z. 
Gershuni and E. M. Zhukovitskii — 461. 

Surface Waves on the Boundary of a Gyrotropic Medium. 
M. A. Gintsburg — 1123L. 

The Radiation from an Electron Moving in a Magneto- 
active Plasma. V. la. Eidman — 91. 

Theory of the Maser and Maser Fluctuations. V. S. 
Troitskii — 271. 

Use of Moving High-Frequency Potential Wells for the 
Acceleration of Charged Particles. A. V. Gaponov and 
M. A. Miller — 515L. 

Electron Diffraction (see Scattering of Electrons and 

Positrons) 


Electron Optics (see Methods and Instruments) 
Electrons and Positrons (see also Electromagnetic 

Theory and Electrodynamics; Elementary Particle In- 

teractions; Scattering of Electrons and Positrons) 

Angular Correlations of m+ — y+-et Decays in a Pro- 
pane Bubble Chamber. V. V. Barmin, V. P. Kanavets, 
B. V. Morozov, and I. I. Pershin — 573. 

Angular Distribution of Positrons in r+ — y+ -e+ Decay 
in Propane. A. I, Alikhanian, V. G. Kirillov-Ugriumov, 
L, P. Kotenko, E. P. Kuznetsov, and Iu. 8. Popov 
— 176L. 

Asymmetry in the Angular Distribution of w+ — e+ De- 
cay Electrons Observed in Photographic Emulsions. 

I. I. Gurevich, V. M. Kutukova, A. P. Mishakova, 
B.. A. Nikol’skii, and L. V. Surkova — 195, 

Cloud Chamber Investigation of the Electron-Photon 
Component near the Axis of Extensive Air Showers at 
3860 m above Sea Level. T. V. Danilova, O. I. Dov- 
zhenko, S. I. Nikol’skii, and I. V. Rakobol’skaia — 374. 

Compton Scattering of Circularly Polarized Photons by 
Electrons with Oriented Spin. A. A. Sokolov and B. A. 
Lysov — 933L. 

Energy Dependence of Angular Correlation in wy -e De- 
cay. lu. M. Ivanov and V. G. Kirillov-Ugriumov 
— 177L. 

Measurement of the Longitudinal Polarization of Elec- 
trons Emitted in Beta-Decay of Tm!”, Lu'”’, Au!%, 
Sm1*3, Re, sr®, and y*. I. A. I. Alikhanov, G. P. 
Eliseev, and V. A. Liubimov — 723. 

Motion of Electron along Self-Intersecting Trajectories. 
G. E. Zil’berman — 513L. 

Nuclear Interaction in Photographic Emulsions Accom- 
panied by Large Energy Transfer to the Electron- 
Photon Component. G. B. Zhdanov, E. A. Zamchalova, 
M. 1. Tret’iakova, and M. N. Scherbakova — 582. 

O—O Beta Transitions with Parity Change. B. V. Gesh- 
kenbein — 931L. 

Polarization of Electrons in Beta-Decay. A. I. Alikho- 
nov, G. P. Eliseev, V. A. Liubimov, and B. V. 
Ershler — 541. 

Possible Asymmetry of Particles and Antiparticles in 
Weak Interactions. A. A. Ansel’m and V. M. Shekhter 
— 523L. 

Proof of the Absence of Renormalization of the Vector 
Coupling Constant in Beta-Decay. B. L. loffe — 927L. 

Radiative Corrections to Compton Scattering Taking into 
Account Polarization of the Surrounding Medium. M. I. 
Riazanov — 869. 

Two-Photon Annihilation of Positronium in the P-State. 
A. I. Alekseev — 826. 

Yield of Electrons from Gamma-Ray Bombardment. 

M. V. Khatskevich and E. M. Tsenter — 557. 
Electrons, Scattering of (see Scattering of Electrons and 

Positrons) 

Electrons, Secondary (see Electrical Properties) 

Electron-Optical Effects (see Optical Properties) 

Electrostriction (see Dielectrics and Dielectric Proper - 
ties) 

Elementary Particle Interactions 

A Group-Theoretical Consideration of the Basis of Rel- 
ativistic Quantum Mechanics. IV. Space Reflections 
in Quantum Theory. Iu. M. Shirokov — 493. 

Absorption of Polarized »~ Mesons by Nuclei. E. 1. 
Dolinskii and L. D. Blokhintsev — 521L. 
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Angular Correlations of 7+ — y+ -e+t -Decays in a Propane 
Bubble Chamber. V. V. Barmin, V. P. Kanavets, B. V. 
Morozov, and I. I. Pershin — 573. 

Angular Distribution in the Reactions Kt ~ 27+ and 
K* — 2n° + 0+. V.N. Gribov — 514L. 

Angular Distribution of u* Mesons from 7-p Decay. 
N. P. Bogachev, A. K. Mikhul, M. G. Petrashku, and 
V. M. Sidorov — 367L. 

Angular Distribution of Positrons in tt + y+ -e* Decay in 
Propane. A. I. Alikhanian, V. G. Kirillov-Ugriumov, 
L. P. Kotenko, E. P. Kuznetsov, and Iu. S. Popov 
— 176L. 

Application of the Low Integral Equation Method to the 
Problem of Proton-Proton Scattering. F. M. Kuni 
— 113. 

Asymmetry in the Angular Distribution of u‘+et De- 
cay Electrons Observed in Photographic Emulsions. 
I. I. Gurevich, V. M. Kutukova, A. P. Mishakova, B. A. 
Nikol’skii, and L. V. Surkova — 195. 

Compton Scattering of Circularly Polarized Photons by 
Electrons with Oriented Spin. A. A. Sokolov and B. A. 
Lysov — 933L. 

Consequences of the Two-Component Behavior of the 
Electron in the Beta Infraction. B. L. Joffe and V. A. 
Liubimov — 911L. 

Contributions to the Theory of Dispersion Relations. 

S. M. Bilen’kii — 357L. 

Creation of Positive Pions by Negative Pions. lu. P. 
Dobretsov and B. A. Nikol’skii — 351L. 

Depolarization of ~ Mesons in Hydrogen. S. S. Ger- 
shtein — 685L. 

Effect of w -Meson Polarization on the Correlation of 
Gamma Rays Emitted by the Mesonic Atom. V. A. 
Dzhrbashian — 181L. 

Emission of X? Particles upon Capture of K Mesons by 
Nuclei in Emulsion. S. A. Buniatov, A. Vrublevskii, 
D. K. Kopylova, Iu. B. Korolevich, N. I. Petukhova, 
V.M. Sidoroyv, E. Skzhipchak, and A. Filipkovskii 
— 711L. 

Energy Dependence of Angular Correlation in pb -e- 
Decay. Iu. M. Ivanov and V. G. Kirillov-Ugriumov 
— 177L. 

Equality of the Nucleon and Antinucleon Total Interac- 
tion Cross Section at High Energies. I. la. Pomeran- 
chuk — 499, 

Explosion Showers Produced by High-Energy Cosmic 
Ray Particles. I. I. Gurevich, A. P. Mishakova, B. A. 
Nikol’skii, and L. V. Surkova — 185. 

Fission of Uranium Nuclei and Production of Multi- 
Charged Fragments on Photographic Emulsion 
by High-Energy 1* Mesons. N.S. Ivanova — 955. 

Inverse Beta Processes and Nonconservation of Lepton 
Charge. B. Pontecorvo — 172L. 

Lifetime of the KS Meson. I. Iu. Kobzarev and L. B. 
Okun’ — 524L. 

Measurement of the Longitudinal Polarization of Elec- 
trons Emitted in Beta-Decay of Tm!”, Lu!”, Au!%8, 
sm13, Re, sr, and y®. 11. A. I. Alikhanov, G. P. 
Eliseev, and V. A. Liubimov — 723. 

Nuclear Interaction in Photographic Emulsions Accom- 
panied by Large Energy Transfer to the Electron- 
Photon Component. G. B. Zhdanov, E. A. Zamchalova, 
M. I. Tret’iakova, and M. N. Scherbakova — 582, 
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O — O Beta Transitions with Parity Change. B. V. 
Geshkenbein — 931L. 

Observations of Decays of Charged Particles in a 
Double Cloud Chamber. Z. Sh. Mandzhavidze, N. N. 
Roinishvili, and G. E. Chikovani — 769. 

On the Determination of the Covariants in the Ke; De- 
cay. I. Iu. Kobzarev — 930L. 

On the Determination of the Parity of the K Meson. 

L. B. Okun’ and I. Ia. Pomeranchuk — 688L. 

On the Determination of the Relative Parities of Ele- 
mentary Particles. Chou Kuang-Chao — 710L. 

On the Interaction of 2” -Hyperons with Nucleons and 
Light Nuclei. L. B. Okun’, I. Ia. Pomeranchuk, and 
I. M. Shmushkevich — 862. 

On the Polarization of the Electrons Emitted in the 
Decay of  Mesons. L. B. Okun’ and V. M. Shekhter 
— 864. 

On the Relation between the Angular and Energy Dis- 
tributions of Particles in High-Energy Nuclear Inter- 
actions. G. B. Zhdanov — 592. 

Periodic Solution of the Nonlinear Generalized Dirac 
Equation. D. F. Kurdgelaidze — 1093. 

Phase Indeterminacies in Nucleon-Nucleon Scattering. 
L. G. Zastavenko, R. M. Ryndin, and Chou Kuang- 
Chao — 363L. 

Photographic Method of Detection of Dense Showers of 
Charged Particles. I. D. Rapoport — 689L. 

Polarization of 4-Meson in Cosmic Rays. I. I. Gol’d- 
man — 702L. 

Possible Asymmetry of Particles and Antiparticles in 
Weak Interactions. A. A. Ansel’m and V. M. Shekh- 
ter — 523L. 

Production of a Star and a Fast Proton or Antiproton. 
A. S. Bushev and Iu. A. Vdovin — 1135L. 

Proof of the Absence of Renormalization of the Vector 
Coupling Constant in Beta-Decay. B. L. Ioffe 
— 927L. 

Role of Interelectron Collisions in Metals in the Infra- 
red Region of the Spectrum. G. P. Motulevich and 
A. A. Shubin — 520L. 

Scattering of Particles of Arbitrary Spin. L. D. Puzi- 
kov — 655, 

Some Remarks on a Compound Model of Elementary 
Particles. L. B. Okun’ — 322. 

Strange-Particle Decays in the Theory of Feynman 
and Gell-Mann. I. Iu. Kobzarev and 1. E. Tamm 
— 622, 

Strong and Weak Interactions Involving Hyperons. Khu 
Nin — 446. 

The Anomalous Skin Effect in the Infra-Red Region. 
L. P. Pitaevski — 652. 

The Heavy Natural Meson: Decay Modes and Method 
of Observation. Ia. B. Zel’dovich — 1130L. 

The Interaction of K-Mesons, Pions, Nucleons, and 
Hyperons. V.S. Barashenkov — 701L. 

The Keg3 Decay. I. G. Ivanter — 831. 

Time Reversal and Polarization Phenomena in Reac- 
tions Involving Gamma-Quanta. L. I. Lapidus 
— 638. 

Transition between Hyperfine Structure Levels in 
u.-Mesic Hydrogen. S.S. Gershtein — 318. 

Two Classes of Interaction Lagrangians. V. G. So- 
lov’ev — 921L. 


Use of the Optical Model for the Analysis of m -p and 
p-p Scattering at High Energies. V. G. Grishin, I. S. 
Saitov, and I. V. Chuvilo — 844. 

Elements (see Atomic Mass and Abundance) 

Energy Loss of Particles (see Range and Energy Loss) 

Energy States of Atoms (see Atomic Structure and Spec- 
tra) 

Energy States of Nucleus (see Nuclear Reactions; Nu- 
clear Spectra; Nuclear Structure) 

Errata 

Correction to Article ‘‘Fluctuation in Collision of High- 
Energy Particles’’ [J. Exptl. Theoret. Phys. (U.S.S.R.) 
29, 296 (1955)]. M. I. Podgoretskii, I. L. Rozental’, and 
D. S. Chernavskii — 370L. 

Evaporation (see Liquids) 

Excitation of Atoms (see Atomic Structure and Spectra) 

Excitation of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure) 

Faraday Effect (see Optical Properties) 

Ferroelectric Phenomena (see Dielectrics and Dielectric 

Properties) 

Field Emission (see Electrical Properties) 
Field Theory 

Application of Quantum Field Theory Methods to the 
Many Body Problem. V. M. Galitskii and A. B. Migdal 
— 96. 

Application of the Low Integral Equation Method to the 
Problem of Proton-Proton Scattering. F. M. Kuni 
— 113. 

Compton Scattering of Circularly Polarized Photons by 
Electrons with Oriented Spin. A. A. Sokolov and B. A. 
Lysov — 933L. 

Dispersion Relations and the Derivation of the Equations 
for K-Meson Scattering. A. M. Brodskii — 1056. 

Energy Spectrum of a High Density Electron Gas. Chen 
Chun-Sian and Chow Shih-Hsun — 1080. 

General Covariant Equations for Fields of Arbitrary 
Spin. Duan’ I-Shi — 437. 

Inverse Beta Processes and Nonconservation of Lepton 
Charge. B. Pontecorvo — 172L. 

O — O Beta Transitions with Parity Change. B. V. 
Geshkenbein — 931L. 

On the Determination of the Covariants in the Ke3 Decay. 
I. Iu. Kobzarev — 930L. 

Phase Indeterminacies in Nucleon-Nucleon Scattering. 
L. G. Zastavenko, R. M. Ryndin, and Chou Kuang-Chao 
— 363L. 

Proof of the Absence of Renormalization of the Vector 
Coupling Constant in Beta-Decay. B. L. Ioffe — 927L. 

Proton Wave Equations. A. A. Borgardt — 913L. 

Radiative Corrections to Compton Scattering Taking into 
Account Polarization of the Surrounding Medium. M. I. 
Riazanov — 869. 

Semi-Phenomenological Theory of Nucleon-Nucleon In- 
teraction. G. F. Zharkov — 837. 

Strong and Weak Interactions Involving Hyperons. Khu 
Nin — 446. 

Strong Gravitational Waves in Free Space. A. S. Kom- 
paneets — 659, 

The Causality Condition and Spectral Representations of 
Green’s Functions. V. N. Gribov — 903. 

The Energy Spectrum of a Non-Ideal Fermi Gas. V. M. 
Galitskii — 104. 


The Properties of the Green Function for Particles in 
Statistics. L. D. Landau — 182L, 

Two-Photon Annihilation of Positronium in the P-State. 
A. I. Alekseev — 826, 

Use of Moving High-Frequency Potential Wells for the 
Acceleration of Charged Particles. A. V. Gaponov and 
M. A. Miller — 515L. 

Films, Properties 

Film Transfer Rate in Helium Isotope Mixtures. B. N. 
Esel’son, A. D. Shvets, and R. A. Bablidze — 161L. 

Quantum Oscillations of the High-Frequency Surface 
Impedance. M. Ia. Azbel? — 801. 

Quantum Theory of the High Frequency Conductivity of 
Metals. M. la. Azbel’ — 669, 

Reflection of Slow Electrons from the Surface of Pure 
Tungsten and from Tungsten Covered with Thin 
Films. II. D. A. Gorodetskii — 4. 

Theory of Galvanomagnetic and Thermomagnetic Ef- 
fects in Metallic Films. E. A. Kaner — 454. 

Fine Structure (see Atomic Structure and Spectra) 
Fission of Nucleus (see Nuclear Fission) 
Fluid Dynamics 

Dynamic Compressibility and Equation of State of Iron 
under High Pressure. L. V. Al’tshuler, K. K. Krupni- 
kov, B. N. Ledenev, V. L. Zhuchikhin, and M. I. 
Brazhnik — 606. 

Dynamic Compressibility of Metals under Pressures 
from 400,000 to 4,000,000 Atmospheres. L. V. 
Al’tshuler, K. K. Krupnikov, and M. I. Brazhnik 
— 614. 

Oblique Shock Waves in a Plasma with Finite Conduc- 
tivity. M. 1. Kiselev and V. 1. Tsepliaev — 1104. 

On the Existence of a Tangential Velocity Discontinuity 
in the Superfluid Component of Helium near a Wall. 
G. A. Gamtsevlidze — 992. 

Plane Problems in Magnetohydrodynamics. G. 8S. Go- 
litysyn — 473. 

Space-Time Correlation Functions for a System of Par- 
ticles with Electromagnetic Interaction. Iu. L. Kli- 
montovich — 119. 

Stability of Shock Waves in Relativistic Hydrodynamics. 
V. M. Kontorovich — 127. 

Stability of the Stationary Convective Flow of an Elec- 
trically Conducting Liquid between Parallel Vertical 
Plates in a Magnetic Field. G. Z. Gershuni and E, M. 
Shukhovitskii — 465. 

Stationary Convective Flow of an Electrically Conduct- 


ing Liquid between Parallel Plates in a Magnetic Field. 


G. Z. Gershuni and E. M. Shukhovitskii — 461. 
The Effect of Coulomb Correlations on the Spectrum of 


Electron-Plasma Oscillations. P. S. Zyrianov — 160L. 


Velocity and Temperature Discontinuities Near the 
Walls of a Body around which Rarefied Gases Flow 
with Transonic Velocities. M. F. Shirokov — 1029. 

Fluorescence (see Luminescence) 
Galvanomagnetic Effect (see Magnetic Properties) 
Gamma Rays 

Calculation of the Lifetimes of Excited States of H 
and Hf'®°, v. Vv. Anisovich — 1125L. 

Decay Scheme of Ba'°, A. N. Silant’ev — 394. 

Effect of »~ Meson Polarization on the Correlation of 
Gamma Rays Emitted by the Mesonic Atom. V. A. 
Dzhrbashian — 181L. 
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Energy Levels of Dy"! §. A. Baranovy, Iu. F. Rodionov, 
G. V. Shishkin, and L. V. Chistiakov — 946. 

Investigation of Gamma Rays Emitted in U?> Fission by 
2.8 and 14.7 Mev Neutrons. A. N. Protopopov and 
B. M. Shiriaev — 231. 

Radiative Corrections to Compton Scattering Taking 
into Account Polarization of the Surrounding Medium. 
M. I. Riazanov — 869. 

Some Photo Reactions on Light Nuclei. V. N. Maikov 
— 973. 

Time Reversal and Polarization Phenomena in Reac- 
tions Involving Gamma-Quanta. L. I. Lapidus — 638. 

Yield of Electrons from Gamma-Ray Bombardment. 

M. V. Khatskevich and E. M. Tsenter — 557. 
Gases 

Behavior of the Distribution Function of a Many-Parti- 
cle System near the Fermi Surface. D. A. Kirzhnits 
— 1116. 

Glow of Air During a Strong Explosion, and the Mini- 
mum Brightness of a Fireball. Iu. P. Raizer — 331. 
Glow of Gases Irradiated by Soft X-Rays. S. V. Samoi- 

lov, V. A. Tsukerman, and I. Sh. Model’ — 414. 

Kinetic Theory of Magnetohydrodynamics. K. N. Step- 
anov — 892. 

Liberation of Gas upon Cleavage of Crystalline Quartz. 
V. V. Karasev — 918L. 

Radiation Cooling of Air. I. General Description of the 
Phenomenon and the Weak Cooling Wave. Ia. B. Zel’- 
dovich, A. S. Kompaneets, and Iu. P.Raizer — 882. 

Radiation Cooling of Air. Il. Strong Cooling Wave. Ia. 
B. Zel’dovich, A. S. Kompaneets, and Iu. P. Raizer 
— 1001. 

The Differential Form of the Kinetic Equation of a 
Plasma for the Case of Coulomb Collisions. B. A. 
Trubnikov — 926L. 

The Effect of Coulomb Correlations on the Spectrum of 
Electron-Plasma Oscillations. P. S. Zyrianov — 160L. 

Velocity and Temperature Discontinuities Near the 
Walls of a Body Around which Rarefied Gases Flow 
with Transonic Velocities. M. F. Shirokov — 1029. 

Gravitation (see Relativity and Gravitation) 
Gyromagnetization (see Magnetic Properties) 
Hall Effect (see Electrical Conductivity and Resistance; 

Semiconductors) 

Helium, Liquid 

Density of He’-He‘ Solutions. T. P. Ptukha — 22. 

Energy Spectrum of a Bose Gas. V. M. Eleonskii and 
P. S. Zyrianov — 530L. 

Film Transfer Rate in Helium Isotope Mixtures. B.N. 
Esel’son, A. D. Shvets, and R. A. Bablidze — 161L. 

On the Existence of a Tangential Velocity Discontinuity 
in the Superfluid Component of Helium Near a Wall. 
G. A. Gamtsemlidze — 992. 

On the Theory of Superfluidity. V. L. Ginzburg and L. P. 
Pitaevskii — 858. 

Scattering of Light in a Fermi Liquid. A. A. Abrikosov 
and I. M. Khalatnikov — 135. 

Viscosity of Liquid He’ in the Range 0.35 - 3.2° K and 
He‘ above the Lambda-Point. K. N. Zinov’eva — 421. 

High Voltage Tubes and Machines (see Methods and In- 
struments) 
Hyperfine Structure (see Atomic Structure and Spectra; 

Nuclear Moments and Spin) 
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Hyperons (see Mesons and Hyperons) 
Imperfections in Solids 

Effect of Inhomogeneities of the Crystal Lattice on the 
Thermodynamics of a Gas of Quasi Particles in the 
Crystal. M. A. Krivoglaz — 247. 

On the Scattering of X-Rays and Thermal Neutrons by 
Single-Component Crystals near Phase-Transition 
Points of the Second Kind. M. A. Krivoglaz — 281. 

On the Theory of Thermal Excitation of Polarons. V. A. 
Moskalenko — 241. 

Peculiarities of the Photoconductivity in Cadmium Sel- 
enide. S. V. Svechnikov — 379. 

Theory of Diffuse Scattering of X-Rays and Thermal 
Neutrons in Solid Solutions. III. Account of Geometri- 
cal Distortions of the Lattice. M. A. Krivoglaz — 139. 

Inelastic Scattering (see Nuclear Reactions; Scattering) 
Instruments (see Methods and Instruments) 

Internal Conversion (see Nuclear Spectra) 

Ionization (see also Electrical Discharges; Range and 

Energy Loss of Particles) 

Concentration of Negative Ions in the Plasma of a Posi- 
tive Column. M. V. Koniukov — 629. 

Determination of the Velocity of Ionizing Particles Us- 
ing a High-Frequency Electric Field for Track Mark- 
ing. G. A. Askar’ian — 693L. 

Electron Loss and Capture in Collisions Between Fast 
Hydrogen Atoms and Molecules of Gases. Ia. M. 
Fogel’, V. A. Ankudinov, D. V. Pilipenko, and N. V. 
Topolia — 400. 

Range and Specific Ionization of Multiply-Charged Ion 
in a Gas. Ia. A. Teplova, V.S. Nikolaev, I.S. Dmitriev, 
and L. N. Fateeva — 387. 

Spectroscopic Investigation of Intense Pulsed Dis- 
charges in Hydrogen. II. S. Iu. Luk’ianov and V. I. 
Sinitsyn — 587. 

Ionization Potentials of Atoms (see Atomic Structure and 

Spectra) 

Ions (see also Electrical Discharges) 

Determination of the Velocity of Ionizing Particles Us- 
ing a High-Frequency Electric Field for Track Mark- 
ing. G. A. Askar’ian — 693L. 

Electron Loss and Capture in Collisions Between Fast 
Hydrogen Atoms and Molecules of Gases. Ia. M. Fo- 
gel’, V. A. Ankudinov, D. V. Pilipenko, and N. V. To- 
polia — 400. 

Electron Pardmagnetic Resonance of the Vt** Ion in 
Sapphire. G. M. Zverev and A. M. Prokhorov — 707L. 

Energy Diffusion of Fast Ions in an Equilibrium Plasma. 
V.S. Kudryavtsev — 1075. 

Motion of Ions in a Mixture of Isotopes. Iu. M. Kagan 
and V. I. Perel’ — 87. 

On the Electrostatic Theory of Ionic Crystals. A. V. 
Stepanov — 1142L. 

Relation between Secondary Emission of Negative Ions 
and the Angle of Entry of Primary Protons into a Metal 
Target. I. M. Mitropan and V. S. Gumeniuk — 162L. 

Relaxation of Deuterium Nuclei in Paramagnetic Solu- 
tions. A. I. Rivkind — 695L. 

The Negative Ion H5. V. 1. Khvostenko and V. M. Ku- 
kel’skii — 709L, 

Ions and Electrons, Mobility 

Adhesion of Slow Molecules to SF, and CCl, Molecules. 

N.-S. Buchel’nikova — 358L. 


Circular Waves in an Electron-Ion Beam. R. V. Polovin 
and N. L. Tsintsadze — 440. 

Motion of Ions in a Mixture of Isotopes. Iu. M. Kagan 
and V.I. Perel’? — 87. 

On the Electrostatic Theory of Ionic Crystals. A. V. 
Stepanov — 1142L. 

Quantum Oscillations of the High-Frequency Surface 
Impedance. M. Ia. Azbel’ — 801. 

Isobars (see Atomic Mass and Abundance) 

Isomers, Nuclear (see Nuclear Spectra) 

Isotopes (see Atomic Mass and Abundance; Radioactivity) 
Kerr Effect (see Optical Properties) 

Liquid Helium (see Helium, Liquid) 

Liquids 

Concerning the Theory of Rayleigh Scattering of Light 
in Liquids. V. L. Ginzburg — 170L. 

Film Transfer Rate in Helium Isotope Mixtures. B. N. 
Esel’son, A. D. Shvets, and R. A. Bablidze — 161L. 
Measurement of the Velocity of Sound in Liquids under 
Pressure up to 2500 Atmospheres by an Optical 
Method. L. F. Vereshchagin and N. A. Iuzefovich 

— 369L. 

On the Existence of a Tangential Velocity Discontinuity 
in the Superfluid Component of Helium Near a Wall. 
G. A. Gamtsemlidze — 992. 

On the Theory of the Stability of Liquid Jets in an Elec- 
tric Field. G. A. Glonti — 917L. 

Relaxation of Deuterium Nuclei in Paramagnetic Solu- 
tions. A. I. Rivkind — 695L. 

Scattering of Light in a Fermi Liquid. A. A. Abrikosov 
and I. M. Khalatnikov — 135. 

Stability of the Stationary Convective Flow of an Elec- 
trically Conducting Liquid between Parallel Vertical 
Plates in a Magnetic Field. G. Z. Gershuni and E. M. 
Zhukhovitskii — 465. 

Stationary Convective Flow of an Electrically Conduct- 
ing Liquid between Parallel Plates in a Magnetic Field. 
G. Z. Gershuni and E. M. Zhukhovitskii — 461. 

Viscosity of Liquid He® in the Range 0.35 - 3.2°K and 
He‘ above the Lambda-Point. K. N. Zinov’eva — 421. 

Luminescence 

Glow of Gases Irradiated by Soft X-Rays. S. V. Samoi- 
lov, V. A. Tsukerman, and I. Sh. Model’ — 414. 

Photographic Method of Detection of Dense Showers of 
Charged Particles. I. D. Rapoport — 689L. 

Magnetic Fields (see Electromagnetic Theory and Elec- 
trodynamics) 
Magnetic Properties 

Anisotropy in Magnetic Susceptibility and Dependence of 
Heat Capacity on Field Direction in an Antiferromag- 
net. E. A. Turov — 696L. 

Concerning the Synthesis of the Shape of the Fermi Sur- 
face in Metals. M. Ia. Azbel’ — 518L. 

Contribution to the Theory of Antiferromagnetism at 
Low Temperatures. M. 1. Kaganov and V. M. Tsuker- 
nik — 73, 

Cyclotron Resonance in Lead at 8,900 Mcs. P. A. 
Bezuglyi and A. A. Galkin — 163L. 

Dispersion of Sound in Metals in a Magnetic Field. A. A. 
Galkin and A. P. Koroliuk — 708L. 

Effect of Electric Polarization on Magnetic Properties 
of Ferrites. P. S. Zyrianov and G. V. Skrotskii 
— 153L. 


Electrical Resistance of Iron, Copper, and Nickel- 
Copper Alloys at Low Temperature. E. I. Kondorskii, 
O. S. Galkina, and L. A. Chernikova — 741. 

Energy Spectrum of Electrons in Open Periodic Trajec- 
tories. G. E. Zil’berman — 355L. 

Investigation of the Surface Resistance of Tin in a Weak 
Magnetic Field. P. A. Bezuglyi and A. A. Galkin 
— 164L, 

Magnetic Double Refraction of Microwaves in Paramag- 
netics. F. S. Imamutdinov, N. N. Neprimerov, and 
L. Ia. Shekun — 704L. 

Magnetic Superviscosity of Ferrites. R. V. Telesin and 
E. V. Karchagina — 16. 

Multimagnon Processes in the Scattering of Slow Neu- 
trons in Ferromagnets. S. V. Maleev — 1048. 

On the Theory of Ferromagnetic Superconductors. G.F. 
Zharkov — 286. 

On the Theory of Magnetic Susceptibility of Metals. 

V. L. Bonch-Bruevich and M. E. Gertsenshtein 
— 182L. 

On the Theory of the de Haas - van Alphen Effect for 
Open Isogeneric Surfaces. G. E. Zil’berman — 169L. 
Oscillation of the Electrical Resistance of n-Type Ger- 
manium in Strong Pulsed Magnetic Fields. I. G. Faki- 

dov and E. A. Zavadskii — 716L. 

Paramagnetic Lattice Relaxation in Hydrated Salts of 
Divalent Copper. Sh. Sh. Bashkirov — 10138. 

Phenomenological Theory of Kinetic Processes in 
Ferromagnetic Dielectrics. I. Relaxation in a Gas of 
Spin Waves. M.1. Kaganov and V. M. Tsukernik 
AO 

Plane Problems in Magnetohydrodynamics. G. S. Go- 
litsyn — 473. 

Polyatomic Distances in Ferromagnetics. F. M. Gal’- 
perin — 690L. 

Quantum Oscillations of the High-Frequency Surface 
Impedance. M. Ia. Azbel’? — 801. 

Quantum Theory of the High Frequency Conductivity of 
Metals. M. Ia. Azbel’ — 669. 

Second Moment of the Paramagnetic Absorption Curve 
When the Spin Magnetism is not Pure. U. Kh. Kopvil- 
lem — 719L. 

Spontaneous Radiation of a Paramagnetic in a Magnetic 
Field. V. M. Fain — 714L. 

Stability of the Stationary Convective Flow of an Elec- 
trically Conducting Liquid between Parallel Vertical 
Plates in a Magnetic Field. G. Z. Gershuni and E. M. 
Zhukhovitskii — 465. 

Stationary Convective Flow of an Electrically Conduct- 
ing Liquid between Parallel Plates in a Magnetic 
Field. G. Z. Gershuni and E. M. Zhukhovitskii 
— 461. 

Temperature Anomaly in the Resistance and the Hall 
Effect in Gold. Iu. P. Gaidukov — 577. 

Temperature Dependence of Paramagnetic Resonance 
Absorption at Centimeter Wavelengths. S. G. Salikhov 
— 27. 

The Antiferromagnetic Orientation of Magnetic Moments 
in the Alloy Ni;Fe. M. V. Dekhtiar — 531L. 

The Magnetic Susceptibility of a Uniaxial Antiferromag- 
netic. M.I. Kaganov and V. M. Tsukernik — 361L. 

Theory of Galvanomagnetic and Thermomagnetic Effects 
in Metallic Films. E. A. Kaner — 454. 
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Magnetic Resonance 

A Chromium Corundum Paramagnetic Amplifier and 
Generator. G. M. Zverev, L. S. Kornienko, A. A. Man- 
enkov, and A. M. Prokhorov — 1141L. 

Cyclotron Resonance in Lead at 8,900 Mcs. P. A. Be- 
zuglyi and A. A. Galkin — 163L. 

Determination of Spin-Lattice Relaxation Time from 
Parallel-Field Absorption Curve. K. P. Sitnikov — 755. 

Electron Paramagnetic Resonance of the V+++ Ion in 
Sapphire. G. M. Zverev and A. M. Prokhorov — 707L. 

Experimental Verification of the Thermodynamic Theory 
of Spin-Spin Paramagnetic Relaxation in Parallel 
Fields. K. P. Sitnikov — 757. 

Fine Structure and Hyperfine Structure of Paramagnetic 
Resonance of Cr++* in Synthetic Ruby. G. M. Zverev 
and A. M. Prokhorov — 354, 

Non-Stationary Phenomena in Nuclear Magnetic Reso- 
nance. V.S. Grechishkin — 625, 

Nuclear Magnetic Moments of Sr®’ and Mg?>. WX Ce 
Kucheriaev, Iu. K. Szhenov, Sh. M. Gogichaishvili, 

I. N. Leont’eva, and L. V. Vasil’ev — 533L. 

Overhauser Effect in Nonmetals. G. R. Khutsishvili 
— 1136L. 

Paramagnetic Lattice Relaxation in Hydrated Salts of 
Divalent Copper. Sh. Sh. Bashkirov — 1013. 

Plane Problems in Magnetohydrodynamics. G.S. Go- 
litsyn — 473. 

Quantum Oscillations of the High-Frequency Surface 
Impedance. M. Ia. Azbel’ — 801. 

Relaxation of Deuterium Nuclei in Paramagnetic Solu- 
tions. A. I. Rivkind — 695L. 

Resonance Absorption of Electromagnetic Waves by an 
Inhomogeneous Plasma. N. G. Denisov — 364L. 

Role of Lattice Thermal Conductivity in the Phenomeno- 
logical Theory of Paramagnetic Relaxation. N. K. Be- 
lousova — 258. 

Temperature Dependence of Paramagnetic Resonance 
Absorption at Centimeter Wavelengths. S. G. Salikhov 
— 27. 

The Thermodynamical Theory of Resonance and Relax- 
ation Phenomena in Ferromagnetics. G. V. Skrotskii 
and V. T. Shmatov — 508. 

Magneto-Optical Effects (see Optical Properties) 

Magnetoresistance (see Electrical Conductivity and Re- 
sistance; Semiconductors) 

Magnetostriction (see Magnetic Properties) 

Mathematical Methods 

A Group-Theoretical Consideration of the Basis of Rel- 
ativistic Quantum Mechanics. IV. Space Reflections in 
Quantum Theory. Iu. M. Shirokov — 493. 

Analyticity of the Nonrelativistic Scattering Amplitude 
and the Potential. Ia. A. Smorodinskii — 920L. 

Application of Quantum Field Theory Methods to the 
Many-Body Problem. V. M. Galitskii and A. B. Migdal 
— 96. 

Application of the Methods of Quantum Field Theory to a 
System of Bosons. S. T. Beliaev — 289. 

Damping of Oscillations in a Cyclic Electron Accelera- 
tor. Iu. F. Orlov and E. K. Tarasov — 449. 

Energy-Spectrum of a High-Density Electron Gas. Chen 
Chun-Sian and Chow Shih-Hsun — 1080. 

Energy-Spectrum of a Non-ideal Bose Gas. S. T. Beli- 
aev — 299. 
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Extension of the Boboliubov-Tiablikov Perturbation 
Method to a Non-Stationary Case. S. V. Vonsovskii 
and V. I. Cherepanov — 67. 

Fractional Parentage Coefficients for the Wave Func- 
tion of Four Particles. G.I. Zel’tser — 477. 

Monte Carlo Calculation of an Electron-Photon Cascade 
in Lead. V. V. Chavchanidze, R. S. Shaduri, and V. A. 
Kumsishvili — 631. 

On the Solution of the Kinetic Equation for Transport of 
Neutrons or y-Ray Quanta by the Method of Partial 
Probabilities. I. G. Diad’kin — 1039. 

Possible Asymmetry of Particles and Antiparticles in 
Weak Interactions. A. A. Ansel’m and V. M. Shekhter 
— 523L. 

Reflection from a Barrier in the Quasi-Classical Ap- 
proximation. V. L. Pokrovskii, S. K. Savvinykh, and 
F. R. Ulinich — 879. 

Reflection from a Barrier in the Quasi-Classical Ap- 
proximation. II. V. L. Pokrovskii, F. R. Ulinich and 
S. K. Savvinykh — 1119. 

Remarks on a Note by F. S. Los’ ‘Phase of a Scattered 
Wave’’. V. V. Maliarov — 719L. 

Scattering of Ions by Atoms. O. B. Firsov — 308. 


Scattering of Neutrons from Nonspherical Nuclei. E. V. 


Inopin — 1007. 

Symmetry of the Coordinate Wave Function of a Many- 
Electron System. Iu. N. Demkov — 491. 

Use of Collective Variables and Treatment of Short- 
Range Forces in the Theory of a System of Charged 
Particles. I. R. lukhnovskii — 263. 

Measurements (see Methods and Instruments) 
Mechanics 

Measurement of the Mass of 660-Mev Protons. V. P. 
Zrelov, A. S. Tiapkin, and P. S. Farago — 384. 

The Motions of Rotating Masses in the General Theory 


of Relativity. A. P. Riabushko and I. Z. Fisher — 822. 


Mechanics, Quantum (see Quantum Mechanics) 

Mechanics, Quantum—Atomic Structure and Spectra (see 
Atomic Structure and Spectra) 

Mechanics, Quantum—of Solid Bodies (see Crystalline 
State) 

Mechanics, Statistical (see Statistical Mechanics and 
Thermodynamics) 

Meson Field Theory (see Field Theory) 

Mesons and Hyperons (see also Cosmic Radiation; Ele- 
mentary Particle Interactions; Nuclear Reactions In- 
duced by Mesons; Scattering of Mesons) 

Absorption of Polarized u-Mesons by Nuclei. E. I.Do- 
linskii and L. D. Blokhintsev — 521L. 

Angular Anisotropy in r'-y+-et+ Decay Observed in a 
Propane Bubble Chamber. A. 1. Alikhanian, V. G. 
Kirillov-Urgiumov, L. P. Kotenko, E. P. Kuznetsov, 
and Iu. S. Popov — 763. 

Angular Correlations of m+-y+-e+-Decays in a Propane 


Bubble Chamber. V. V. Barmin, V. P. Kanavets, B. V. 


Morozov, and I. 1. Pershin — 573. 

Angular Distribution in the Reactions Kt— 2m+ and 
Kt + 29° +n. V.N. Gribov — 514L. 

Angular Distribution of y+ Mesons from m-p Decay. 
N. P. Bogachev, A. K. Mikhul, M. G. Petrashku, and 
V. M. Sidorov — 367L. 

Angular Distribution of Positrons in r+-y+-e+ Decay in 
Propane. A. I. Alikhanian, V. G. Kirillov-Ugriumoy, 


L. P. Kotenko, E. P. Kuznetsov, and Iu. S. Popov 
— 176L. 

Asymmetry in the Angular Distribution of ut + e+ Decay 
Electrons Observed in Photographic Emulsions. I. I. 
Gurevich, V. M. Kutukova, A. P. Mishakova, B. A. 
Nikol’skii, and L. V. Surkova — 195. 

Concerning the Hyperon-Nucleon Interaction. L. I. La- 
pidus — 515L. 

Concerning the Letter by P. V. Vavilov, ‘‘The Interac- 
tion Cross Section of 7 Mesons and Nucleons at High 
Energies.’’ N. P. Klepikov — 368L. 

Creation of Positive Pions by Negative Pions. lu. P. 
Dobretsov and B. A. Nikol’skii — 351L. 

Depolarization of » Mesons in Hydrogen. S.S. Ger- 
shtein — 685L. 

Dispersion Relations and the Derivation of the Equa- 
tions for K-Meson Scattering. A. M. Brodskii — 1056. 

Effect of .~-Meson Polarization on the Correlation of 
Gamma-Rays Emitted by the Mesonic Atom. V. A. 
Dzhrbashian — 181L. 

Emission of A° Particles upon Capture of K Mesons by 
Nuclei in Emulsion. S. A. Buniatov, A. Vrublevskii, 
D. K. Kopylova, Iu. B. Korolevich, N. I. Petukhova, 

V. M. Sidorov, E. Skzhipchak, and A. Filipkovskii 
— 711L. 

Energy Dependence of Angular Correlation in p~-e7 
Decay. Iu. M. Ivanov and V. G. Kirillov-Ugriumov, 
— 177L. 

Energy Spectrum and Angular Distribution of * Me- 
sons Produced on Carbon by 660-Mev Protons. A. G. 
Meshkovskii, Ia. Ia. Shalamov, and V. A. Shebanov 
— 987. 

Fission of Uranium Nuclei and Production of Multi- 
Charged Fragments on Photographic Emulsion Nuclei 
by High-Energy 7* Mesons. N. S. Ivanova — 955. 

Hyperfragments in Nuclear Emulsions. B. P. Bannik, 
U. G. Guliamov, D. K. Kopylova, A.A. Nomofilov, M.1. 
Podgoretskii, B. G. Rakhimbaev, and M. Usmanova 
— 198. 

Investigation of the * +d — 2p Reaction for 174-307 
Mev 1+ Mesons. B.S. Neganov and L. B. Parfenov 
— 528L. 

Lifetime of the K3 Meson. I. Iu. Kobzarev and L. B. 
Okun’ — 524L., 

Nuclear Interaction in Photographic Emulsions Accom- 
panied by Large Energy Transfer to the Electron- 
Photon Component. G. B. Zhdanov, E. A. Zamchalova, 
M. 1. Tret’iakova, and M. N. Scherbakava — 582. 

On the Determination of the Covariants in the Ke; Decay. 
I. Iu. Kobzarev — 930L. 

On the Determination of the Parity of the K Mesons. 

L. B. Okun’ and I, Ia. Pomeranchuk — 688L. 

On the Determination of the Relative Parities of Ele- 
mentary Particles. Chou Kuang-Chao — 710L. 

On the Interaction of 2” -Hyperons with Nucleons and 
Light Nuclei. L. B, Okun’, I. Ia. Pomeranchuk, and 
I. M. Shmushkevich — 862. 

On the Lateral Distribution of Particles in Extensive 
Air Showers. G. B. Khristiansen — 661. 

On the Relation between the Angular and Energy Distri- 
butions of Particles in High-Energy Nuclear Interac- 
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